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ABSTRACT. Inthe present paper, we discuss a subclegg )\, i, A, B) of p-valently Bazileve
functions, which was introduced and investigated recently by Patel [5]. Such results as inclusion
relationship, coefficient inequality and radius of convexity for this class are proved. The results

presented here generalize and improve some earlier results. Several other new results are also
obtained.
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1. INTRODUCTION
Let A, denote the class of functions of the form:

f(z) =2+ Z an2" (peN:={1,2,3,...}),
n=p+1
which areanalyticin the openunit disk

U:={z:2€C and |z] <1}
For simplicity, we write
.A1 = .A
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For two functionsf andg, analytic inU, we say that the functioifi is subordinate tg in U,
and write

flz) <g(z)  (z€0),
if there exists a Schwarz functiasn which is analytic inU with
w(0)=0 and |w(z)]<1l (z€0)
such that
f(z)=g(w(z))  (2€D).
Indeed it is known that
f(z) <g(2) (z€U) = f(0) =g(0) and [f(U)Cg(U).
Furthermore, if the functiop is univalent inU, then we have the following equivalence:

f(z) =g9(z) (z€U) < [f(0)=g(0) and f(U)Cg(U).
Let M, (), 1, A, B) denote the class of functions.iy, satisfying the following subordination

condition:

z2f"(2) z2f'(2) zqg'(z) 1+ Az
+A [1 + —(1- - <p

re T e | P

(-1 B<AZ<1; 2€0)

for some real (1 = 0), A (A 2 0) andg € S;;, whereS; denotes the usual classmkalently

starlike functions irilU.
For simplicity, we write

2
M, ()\,,u, 1— ?Oé, —1) = M,(\ 1, a)

_ . 2f'(2) 2f"(2) 2f'(z) zg’(z)D }
={rea w (g o Fd -0 i) e
for somea (0 = a < p) andz € U.

The classM,,(\, i, A, B) was introduced and investigated recently by Patel [5]. The author
obtained some interesting properties for this class in thexasé, he also proved the following
result:

Theorem 1.1.Let

2f'(2)
f11(2)g"(2)

(1.1)

=0, A>0 and —1SB<AZI.
If f e My(\ p, A, B), then
z2f'(2) A 1+ Az
< = q(2) <
G e Y T

(1.2) (z € 1),

where .
[ sX71 (MBsz) 3B g (B #0),

Q(2) = o
[ sXlexp (2(s —1)Az) ds (B =0),
andq(z) is the best dominant off.2).

In the present paper, we shall derive such results as inclusion relationship, coefficient in-
equality and radius of convexity for the clads, (), 1, A, B) by making use of the techniques
of Briot-Bouquet differential subordination. The results presented here generalize and improve
some known results. Several other new results are also obtained.
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2. PRELIMINARY RESULTS
In order to prove our main results, we shall require the following lemmas.

Lemma 2.1. Let
w20, 220 and —1<B<AZI.
Then
M,(\ 1, A, B) € M, (0, u, A, B).
Proof. Suppose thaf € M,,(\, 1, A, B). By virtue of (1.2), we know that
z2f'(z) 1+ Az
For(z)gr(z) P14 Be
which implies thatf € M,(0, u, A, B). Therefore, the assertion of Leminaj2.1 holds truel

Lemma 2.2(seel[3]) Let

(Z S U)a

—1SBiSB <A <A SL

Then
1+AQZ 1+A12

1+BQZ = 1+B12
Lemma 2.3(seel[4]) Let F' be analytic and convex . If
frge A and f, g=<F,

then
AM+(1=Ng=<F 0=AS1).

Lemma 2.4(seel[6]) Let

f(z) = Z agz”
k=0
be analytic inU and
g(z) = Z b2"
k=0

be analytic and convex id. If f < g, then
a] = [b2] (K €N).

3. MAIN RESULTS
We begin by stating our first inclusion relationship given by Thedrem 3.1 below.
Theorem 3.1. Let
=0 A=2X=20 and —1SB SBy <A, <A <1

Then
Mp(/\27M7A27 B,) C Mp(/\hM;Ah By).

Proof. Suppose thaf € M, (A2, 1, A2, B2). We know that

2f'(2) 2f"(z) 2f'(z) _ z2g'(2) L+ Ayz

T2 i T

AT ) "l | SPTr B

Since
—1SBISB <Ay S A =1,
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it follows from Lemmd 2.2 that

61 2(2) S ) )] LA

+ X |1+

frr(2)g4(2) f'(z) f(z) 9(2) 1+ Bz’
that is, thatf € M, (s, i1, A1, By). Thus, the assertion of Theor3.l holds true for
Ao =X 20.
If
Ao >N\ 20,
by virtue of Lemma 2]1 and(3.1), we know that M,,(0, i, A, By), that is
(3.2) 2f'(2) 1+ Az

i (=)g"(z) "1+ Biz
At the same time, we have

2f'(z) zf"(z) o (&R z2d'(2)
T (2)9(2) 7o T “g(zﬂ

M ARG D) ) )
Uz{flwz)gu(z)“? {” ORIt ”’g(z)”

(3.3)

+ M\ {14—

It is obvious that
. 1 + Alz

hl(Z) N 1+ Blz
is analytic and convex if. Thus, we find from Lemmia 2.3, (3.1), (B.2) apd [3.3) that
f(2) ') ) Mzg’(z)} Lt A
fr=1(z)g(2) f'(2) f(2) 9(2) 1+ B2’
that is, thatf € M,,(\, i1, A1, B1). This implies that
MP(A% y A27 B2> C Mp()\la M, Ala Bl)

+ A\ {1%—

O

Remark 1. SettingA; = A, = AandB, = B, = Bin Theorenj 3.]L, we get the corresponding
result obtained by Guo and Liul[2].

Corollary 3.2. Let
=0, A2X\20 and p>ay=a; 20.
Then
Mp(Aa, p, a2) C My(Aq, p, 0q).
Theorem 3.3.1f f € A, satisfies the following conditions:
!/
g M >0 and L(Z)
g7 F(2)g"(2)
for g € S, thenf is p-valently convex (univalent) i| < R(p, i1, ), where
2 H2u—v =2+ /(2pp+2n — v —2)2 +4(v + p)(p — 2pp)

R(p7:u7 V) _ Q(I/-I—p) .

- P

1
<uvp (O§u<§;0<y§1;z€U)
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Proof. Suppose that
2f'(2)

Ma) = ) )

-1 (z € U).
Thenh is analytic inU with

h(0)=0 and |h(2)]<1 (z€ ).
Thus, by applying Schwarz’s Lemma, we get

h(z) = vzi(z) 0<v=1),
where is analytic inU with
W)=l (2€l)

Therefore, we have
(3.4) 2f'(2) = pf 7 (2)g" (2) (1 + v2u(2)).
Differentiating both sides of (3.4) with respect4dogarithmically, we obtain

ZJJ:/’;(S) (- M)Zf’(Z) n MZQI(Z) L ree) +29'(2)

f(z) 9(2) 1+ vzy(2)
We now suppose that

(3.5) 1+

(36) ¢(Z) = fij) =1+ C1z + 0222 + -

by hypothesis, we know that

(3.7) R(p(2)) >0 (z € U).
It follows from (3.6) that

6, 290

©9) [CREAr O
Upon substituting] (318) intd (3.5), we get

2f"(z2) B L 2(2) 2g'(z)  vz(Y(z) + 2¢/(2))
@9 L+ = (e (L=t o+ e

Now, by using the following well known estimates (see [1]):
29'(2)\ 5 2r 29'(2)\ 51—
W)z w0z

() e

and

for |z| = r < 1in (B.9), we obtain

§R(1+ f”( )) :(1_u)p_2(1_,u)7"_p,u(1—7’)_ vr

f(2) 1—1r2 1+r 1—vr
20 —p)r  pu(l—r vr
> (1 yp - 2 L)
1—r IL+r 1—r
s (WwHpr?—@pu+2p—v—2)r—(p— 2pu)
- 1—1r2

which is certainly positive i < R(p, i, v).
Puttingr = 1 in Theorenj 3.3, we get the following result.
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Corollary 3.4. If f € A, satisfies the following conditions:
f(2) 2f'(z) 1
R 0 d |—————— — 0= —: U
()0 o | o <r (08ney=e
for g € S, thenf is p-valently convex (univalent) iix| < R(p, 1), where
_ 2pp+ 20— 3+ /(2pu + 20 — 3) +4(1 + ) (p — 2pp)
2(1+ p)
Remark 2. Corollary[3.4 corrects the mistakes of Theorem 3.8 which was obtained by Patel
[5]-
Theorem 3.5. Let

R(p, i)

w20, 220 and —-1<B<AZI.
If

satisfies the following subordination condition:

(3.10) £(2) (@)H L [Zf"(z) (- ) (1 ~ zf’(z))] L ltA

f'(2) f(2) 1+ Bz’
then
A-B
<
Proof. Suppose that
fR)=z+ ) a* (z€D)
k=n+1

satisfies[(3.70). It follows that
12 16 (1) [ o (1- 2]

7) 1)
" 1+ Az
=14+ (1+nN)(n+ a1z +“'<1+Bz (z € U).
Therefore, we find from Lemnja 2.4, (3]12) ard < B < A < 1 that
(3.13) |(1+n\)(n+ p)ans| = A— B.
The assertiorj (3.11) of Theorém[3.5 can now easily be derived (3.13). O

TakingA =1—2a (0 £ a < 1) andB = —1in Theorenj 3.5, we get the following result.

Corollary 3.6. Let
=0, A2=20 and 0 a<1.
If
f(z)=z+ Z apz®
k=n-+1
satisfies the following inequality:

(o () g e (- F5)]) 2o
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then
2(1 —«)

1+ n\)(n+ )

Remark 3. Corollary[3.6 provides an extension of the corresponding result obtained by Guo
and Liu [2].

(n € N).
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