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ABSTRACT. A relation between the coefficients of Legendre expansions of two-dimensional
function and those for the derived function is given. With this relation the normic inequality of
two-dimensional viscosity operator is obtained.
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1. INTRODUCTION

Spectral methods employ various orthogonal systems of infinitely differentiable functions to
represent an approximate projection of the exact solution sought. The resulting high accuracy
of spectral algorithms was a major motivation behind their rapid development in the past three
decades, e.g., see Gottlieb and Orszag [1] and Cuo [2] .

For nonperiodic problems, it is natural to use Legendre spectral methods or Legendre pseu-
dospectral methods. More attention has been paid to these two methods recently due to the ap-
pearance of the Fast Legendre Transformation. In studying the spectral methods for nonlinear
conservation laws, we have to face those equations whose solutions may develop spontaneous
jump discontinuities, i.e., shock waves. To overcome these difficulties, the spectral viscosity
(SV) method was introduced by Tadmaor [3] . Maday, Ould Kaber and Tadmor [4] firstly con-
sidered the nonperiodic Legendre pseudospectral viscosity method for an initial-boundary value
problem, and Ma 5], Guo, Ma and Tadmpor [6] recently developed the nonperiodic Chebyshev-
Legendre approximation. So far, however, few works have been done in multiple dimensions.
This paper will study the relation between the coefficients of Legendre expansions of the two-
dimensional function and those for the derived function, and gives the normic inequality of the
two-dimensional SV operator, which plays important roles in the SV method.
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2. NOTATIONS AND LEMMAS

Letx = (21, 72), A = (—1,1)% We define the spack”(A) and its norml| - ||z» in the usual
way. If p = 2, we denote the norm of spaéé(A) by || - ||, that is

o= ( / \v<x>|2dx)§.

Let AV be the set of all non-negative integers @Ad be the set of all algebraic polynomials
of degree at mos¥ in all variables. Let = (I1,l5) € N?, |I| = max{l, 5}, the Legendre
polynomial of degreé is L,;(xz) = L, (x1)L;,(z2). The Legndre transformation of a function
veL*A)is

Sv(z) =Y dili(x),
l1|=0
with the Legendre coefficients

1 1
U = <l1 + §> (lz + 5) /U(x)Ll(@dJ?a [|=0,1,....
A

Lemma 2.1([2]). Forany¢ € P,,,2 < p < oo and|k| = m, we have
105l < eN*™(|¢]| 1o
Here,c is a generic positive constant independent of any function/and

A viscosity operator) is defined by

N 0o
(2.1) Qu(x) == atili(x), v="> dl(r).

l1]=0 l1]=0
Here,q, are the so-called viscosity coefficients,

G =0 for |l| <m
G=>1-—34 for m<|l| <N,

= 3+13

Observe that thé) operator is activated by only the high mode numbers,. In particular, if
we letm — oo, the @ operator is spectrally small (in the sense th@v|| - < cm™*||v||).
Let R denote the corresponding low modes filter

N
(2.2) Ro(x) ==Y #iyLi(r),  heref, =1—q.
|[]=0
Clearly,
=1 for || <m
< l;ﬁ% for m < |l <N.

3. MAIN RESULTS

Firstly , we consider the relation between the coefficients of Legendre expansiofs)of
and those fob,v(x).
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Theorem 3.1. For anyv(x) € Hl(A), let oy, @,il) be the coefficients of Legendre expansions of
v(x),0v(x), |k =0,1,2,.

o® — @E;i,ﬁ) (2k1 + 1) Z Dpka) + (2 + 1 Z Dir.a):
p=ki+1 q=ko+1
k1+p odd kg+q odd
Proof. By the property of the one-dimensional Legendre polynomial:
(2k +1)Ly(x) = Ly () — Ly (z), k=1
we have

Li(z) = 20+ 1)L(z), k=0,1,2,....

Then, forz = (x1, z2),
OpLi(x) = Ly, (1) L, (22) 4+ Ly, (21) Ly, (22)

k1—1 ko—1
= Z (2[1 + 1)L11 (Il)LkQ (l’g) + Z (2[2 + 1)L12 (xz)Lkl (131);
k1 ljljoodd ko lflzoodd
00 =Y 040, Li()
|k|=0
0o oo k1—1
= Z Z UV(ky,k2) Z (2l1 =+ 1>Lll (:Cl)LkQ <x2>
=0 k2=0 11=0
kq1+1q odd
ko—1
+ Y (2l + 1)Ly (w2) Ly (a2)
kzlfljoodd

On the other hand,

OV = Z o Lk Z Zv(k ko) Lk (1) Ly (22).

|k|=0 k1=0 ko=0
We can obtain
~(1 ~ A~
((ki =2k +1) D Oy + k2 +1) Y Diprg)
p=k1+1 q=kg+1
k1+p odd ko+q odd
O
Specially, for any € P, we have
N N
~(1 N A
(3.1) ngi,;@) = (ki +1) D Oy + k2 +1) D Dirrg)
p=k1+1 q=ko+1
kq1+p odd ko+q odd

Let Jy v = {j|k +1 < j < N,k + j odd}, then
éli) k2) (le + 1) Z @(P,kQ) + (2k2 + 1) Z @(klﬂ) Vuve PN

PEJRq,N q4€Jky, N
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Theorem 3.2. Consider the SV operat@ = @,,,, (2.1) with the parametrization and operator
R, (2.2). Foranyp € P, , the following inequalities hold:

10:(R)||* < em™ In N||g||*
10:011* < 2[10:(Qe)II* + em™ In N|¢||?
10:(Qe)1” < 211820 + em* In N ]*

Proof. We decomposé, (R¢(z)) = Ai(z) + As(z), where

m N
Ay(z) =0, | Y fedrLi(x) |, As(w) =0, | D> FrdpLi(z)
|k[=0 |k|=m+1

By Lemma ,||0,6|| < ¢N?||¢||, V ¢(x) € P,,, and hencd A, (z)]]* < em?*||o]>.

Further IetJ,EN = {jlj € Jin.j > m}, JkN = {j|lj € Jin. max{j ks} > m}, here,
m e N,d=1,2. Then

2

”AQ H2 < Z 2k1+ Z T(p,k2) qukz)—i_(Zk?_’_l) Z k’qugkl ) HLkH2

k|=0 (2) (1)
|k|= pet? cJ

ko, N
< 8(A21 + Azo),

in which

1
k) |2y + 1) (2ky + 1)

s
[}
|
S
=
_|_
—_
e
)
5
-

X 2k + 1 L
- Z Z 2k; i 1 Z T (p k2) Dlp,a)

F1=0 k2=0 pEJg),N

N N
2% + 1 A . .
<> > ol D s P L2 D Gk P L I

(2)

k1=0 k2=0 pGJ;g),N PES N
N 2k + 1 mA(2p + 1)(2k + 1) - ,
< Z Z Z 2 2\2 Z ’(ﬁ(p,kz)‘ ”L(p,kz)H
k1=0 ka=0 Zk2 +1 @) 4(p? + k3) )
1= R2 PEJ N PES N
N N %+ 1
<am' 3| 3| Y e Z|¢<m| 1L oy |12
(p? + k3
k2=0 \ k1=0 peg®
ki,N
N N
<em' Y ) Id)(p,kg)IZHLmkz)HQ) > @ki+1) Y p?
k2:0 p=0 kl 0 EJ;CO ‘N
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N N m
ZZ p,kQIHLmHQ( 2N "2k +1) + 2 (2k; + 1) )

p=0 k1=0 k1=m+1
N
< czm 1HNZZ p,k2)|2||L(P7k2)||2
k?z Op 0
4 2,
< cgm”In N||o||%;
Similarly,
2
N N
2ky + 1
A2= 30 3 5 | X Fwadun | < cm' Nl
k1=0 ko=0 geg M
ko,N
Thus

[ A2(2)[* < esm® In N|¢|*.
10:(R)|1* < 2] Ar(2)])* + 2] Az(2)[|* < em™ In N g]|*.
Sinced, ¢ = 0,(Q¢) + 0.(R¢), the desired estimates follow. O
Remark 3.3. The theorem shows the equivalence of fhenorm before and after application
of the SV operator ) = Q,,, for moderate size af:,, < N'/. This holds despite the fact that

form = m, ~ ¢cN°? — oo, 0 < 43 < 1, the corresponding SV operat@,, is spectrally
small.
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