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Abstract

The main result of this paper shows that \-convex functions can be character-
ized in terms of a lower second-order generalized derivative.
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Let I C R be an open interval and : 7> — (0,1) be a fixed function. A
real-valued functiory : I — R defined on an interval C R is called\-convex
if

(L1 fMzy)z+ (1= Az, y))y)
< Mz, y)f(@) + (L= Az, ) f(y) for zyel
A Characterization of A-convex

Such functions were introduced and discussed by Zs. Palék imtjo obtained Functions
a Bernstein-Doetch type theorem for them. A Sibghi-type result, stating

that measurabla-convex functions are convex, can be foundih [Recently

K. Nikodem and Zs. Pales] proved that functions satisfyind.(1) with a con-
stant\ can be characterized by use of a second-order generalized derivative.
The main results of this paper show thatonvexity, for\ not necessarily con- Contents
stant, can also be characterized in terms of a properly chosen lower second-order
generalized derivative.
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If f : I — R is an arbitrary function then define the second-order divided

difference off for three pairwise distinct points, y, z of I by

f@) I e

@Y v = e Tty o2

It is known (cf. e.g.{], [7]) and easy to check that a functigh: I — R is
convex if and only if

flz,y, 2] >0

for every pairwise distinct points, y, z of . Motivated by this characterization

of convexity, a triple{x, y, z) in I® with pairwise distinct points;, y, z is called

a convexity triplet for a functiory : I — R if f[z,y,z] > 0 and the set of

all convexity triplets off is denoted byC(f). Using this terminology,f is

A-convex if and only if

(2.2) (z, Mz, )z + (1 = Xz, v)y,y) € C(f) for x,y € I withz #y.
The following result obtained in5] will be used in the proof of the main

theorem.

Lemma 2.1. (Chain Inequality) Letf : I — Randzy < 21 < -+ < x,
(n > 2) be arbitrary points in/. Then, for all fixed) < j < n,

(23) 1<Izril7£1 f[xz 1, Li, xz—&—l] < f[x07 xj? mn] S 1<I£1<%LX 1 f[xz 1 xwxz—&—l]
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Assumethah : I — (0, 1) is a fixed function and consider th@ver 2nd-order
generalized\-derivativeof a functionf : I — R at a point¢ € I defined by

@Y (€)= liminf 2/[e Nz y)a -+ (1= A, )y, ]
gecof{z,y}

One can easily show that jfis twice continuously differentiable gtthen

A Characterization of \-convex
é?\f(f) = f”(g) Functions
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Moreover, from £.2) and @.1), if a function f : I — R is A-convex, then
05 f(€) > 0 for every¢é € 1. The following example shows that the reverse

implication is not true in general. Title Page
Example 3.1. Define) : R2 — (0, 1) by the formula Contents
44 42
1 .
3
Az, y) =9
; Go Back
5 itz #y,
2 Close
and take the functiorf : R — R, Quit
i) 0 if ©=0, Page 5 of 12
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It is easy to check that this function is ndtconvex, buts f(¢) > 0 for
every¢ € R.
Now, let\ : I? — (0, 1) be a fixed function. Define

M(%,y) = )\(Sl?,y)% + (1 - A('Tay))y

and write conditions

(3.2) inf

AMz,y) >0 and
z,y€[wo0,Y0]

sup  A(z,y) <1,
z,Y€[To,Yo]

for all z¢, yo € I with z¢ < yo,

(3.3) M(M(x,M(x,y)), M(y, M(x,y))) = M(x,y), forall z,y € I.

Of course, the above assumptions are satisfied for arbitrary constsliore-
over, observe that i/ fulfils the bisymmetry equation (cf1], [3]) then it ful-
fils equation 8.3), too. Thus for each quasi-arithmetic me#rthese conditions
are also fulfilled.

Using a similar method as iro] we can prove the following result.

Theorem 3.1. (Mean Value Inequality foh-convexity) Letl C R be an inter-
val, X : I? — (0, 1) satisfies assumptiorf8.2) —(3.3), f : I — Randz,y € I
with z # y. Then there exists a poiite co{z, y} such that

(3.4) 2f [z, Mz, y)z + (1 — Az, y))y, y] > 83/ (8).
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Proof. In the sequel, a tripletr, u, i) € I* will be called a\-triplet if
u= Az, y)z+ (1-Az,y)y
or

Let z andy be distinct elements af. Assume that: < y (the proof in the
casex > y is similar). In what follows, we intend to construct a sequence of
A-triplets (x,,, u,,, y,) such that
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B5) < <<, Y Y >, Ty < Uy <Yy (nEN),
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(3-6) yn —wn . Title Page
< |(max{1— inf Maz,y), sup Nz,y)p| (yo—z) (neN), ConEns
x,y€[z0,yo0] z,y€[zo,y0]
44 4 2
and | | 2
(3.7) f[x07u07y0] > f[xlauluyl] > f[x27u27y2] EAR Go Back
Define Close
(%»anyo) = ($,)\($,y)$+ (1 - )\(l‘,y))y,y) Quit
and assume that we have construdted u,,, v,,). Now set Page 7 of 12
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Then(z,i—1, Zni, 2ni+1) @reA-triplets fori € {1, 2,3} (fori € {1,3} immedi-
ately from the definition oh-triplets and for; = 2 from condition @.3)).

Using the Chain Inequality, we find that there exists an index{1, 2,3}
such that

f[xna U, yn] Z f[zn,i—la Znyi Zn,i—i-l]‘

Finally, define

(:En—i-la Up+1, yn-l—l) = (Zn,i—h Zni Zn,i+1)~

The sequence so constructed clearly satisfie§ @nd 3.7). We prove 8.6)
by induction. It is obvious fon = 0. Assume that it holds fon andu, =

MTn, Yn) T+ (1= M2y Yn) ) Yn (I U = ANYn, 2n)Yn + (1 = A(Yn, 20) )7, then
the motivation is the same). Consider three cases.

(i)
(xn+1> Un+1, yn—l-l) - (ZI}n, >\<xn7 un)xn + (1 - )\(xn; un))“nv un)

then

Yn+1 — Tn+1
= Up — Tp,

< max {1 — inf  A(z,y), sup Az, y)} (Yn — Tn)

z,y€[x0,Y0] z,y€[z0,y0]
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n+1
< (maxql-— inf )\(JI, y)? sup )\(ZL’, y) (yO - xO)‘
z,y€lzo,yol z,y€[zo,y0]
(ii)

(%+17 Un+1, yn+1)
= (M@, Un) T+ (1=, Un) ) Uns Uny AUy ) Y+ (1= A (Y, Un) ),

then

Ynt1 — Tpta
= M@, Un ) (Un, — Tn) + AMYn, Un) (Yn — Un)
= M@, Un ) (1 = MZn, Yn)) Un — Tn) + ANYns Un )M T, Yn) (Y — Tn)

)\(l’, y)v sup )\(LC, y)} (1 - )\(l’n, yn>>(yn - xn)

2,y€[z0,y0] z,y€[wo,y0]

< max{l — inf

A, y),

,y€[z0,y0] z,y€[zo,y0]

+ max {1 — inf sup  A(z, y)} MZp, Yn) (Yn — )

AN, y),

yeleo.uo] v yelzo ol

= max {1 — inf sup Az, y)} (Yn — Tn)

n+1
< (maxql— inf )‘(‘Ta y)7 sup )\([E, y) (y() - ZE()).
,y€[zo0,yo0] z,y€[wo,y0]
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(i)
(Tt 15 Ung1s Yng1) = (Uny A(Yns Un)Yn + (1 — AM(Yn, Un) ) Un, Yn)
then

Yn+1 — Tn+1

= Yn — Unp
= Yo — (M@, Yn )20 + (1 = M2, Yn))Yn)
- )\(x"’ y">(y" B x”) A Characterization of \-convex
Functions
<max<1l— inf Ax,y), sup Az,vy)p (Yo — zn) SV
,y€[z0,y0] z,y€[zo,y0]
n+1
< |max<1l— inf Ax,y), sup A(z,y) (yo — o). Title Page
sweleo ] TyELEo.v0] Contents
Thus @.6) is also verified. 44 >
Due to the monotonicity properties of the sequenges, (v,) and also < >
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Go Back
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> liminf flv, AMv,w)v+ (1 — AMv,w))w, w]

(v,w)—(§,8)
¢€co{v,w}

1

which completes the proof. O

As an immediate consequence of the above theorem, we get the following

characterization ok-convexity.

Theorem 3.2.Let )\ : I? — (0,1) be a fixed function satisfying assumptions
(3.2 —(3.3). Afunctionf : I — R is A-convex orY if and only if

(3.8) 05 f(€) >0, forall ¢ € 1.

Proof. If fis A-convex, then, clearlyy; f > 0. Conversely, i} f is nonnegative
on I, then, by the previous theorem

[l Mz y)e + (1= Az, y))y,y] = 0
forall z,y € I, i.e., f is A-convex. O

An obvious but interesting consequence of TheoBehis that the\-convexity
property islocalizablein the following sense:

Corollary 3.3. Let X : I? — (0, 1) be a fixed function satisfying assumptions
(3.2 —(3.3). Afunctionf : I — Ris A-convex or if and only if, for each point
¢ € I, there exists a neighborhodd of ¢ such thatf is \-convex oW N U.

A Characterization of \-convex
Functions

Mirostaw Adamek

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 11 of 12

J. Ineq. Pure and Appl. Math. 5(3) Art. 71, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:madamek@ath.bielsko.pl
http://jipam.vu.edu.au/

[1] J. ACZEL, Lectures on functional equations and their applications, Math-
ematics in Science and Engineerjngl. 19, Academic Press, New York -
London, 1966.

[2] M. ADAMEK, On \-quasiconvex and-convex functionsRadovi Mat, 11
(2003), 1-11.

[3] Z. DAROCZY AND Zs. PALES, Gauss-composition of means and the so-
lution of the Matkowski-Sutd problemPubl. Math. Debrecen61(1-2)
(2002), 157-218.

[4] M. KUCZMA, An Introduction to the Theory of Functional Equations and
Inequalities Pahstwowe Wydawnictwo Naukowe — Uniwersyt8taski,
Warszawa—Krakow—Katowice, 1985.

[5] K. NIKODEM AND ZS. PALES, Ont—convex functionsReal Anal. Ex-
change accepted for publication.

[6] Zs. PALES, Bernstein-Doetsch type results for general functional inequal-
ities, Rocznik Nauk.-Dydakt. Akad. Pedagog. w Krakowie 204 Prace, Mat.
17 (2000), 197-206.

[7] AW. ROBERTS AND D.E. VARBERG, Convex Functions Academic
Press, New York—London, 1973.

A Characterization of \-convex
Functions

Mirostaw Adamek

Title Page

Contents
44
<
Go Back
Close
Quit
Page 12 of 12

J. Ineq. Pure and Appl. Math. 5(3) Art. 71, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:madamek@ath.bielsko.pl
http://jipam.vu.edu.au/

	Introduction
	Divided Differences and Convexity Triplets
	Main Results

