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ABSTRACT. In the present paper, the authors investigate a differential inequality defined by
multiplier transformation in the open unit digk = {z : |z| < 1}. As consequences, sufficient
conditions for starlikeness and convexity of analytic functions are obtained.
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1. INTRODUCTION

Let A, denote the class of functions of the forfitz) = 27 + 3,7 ., arzf,p € N =
{1,2,...}, which are analytic in the open unit dig¢ = {z : |2| < 1}. We write 4; = A. A
function f € A, is said to be-valent starlike of ordett (0 < a < p) in E'if

R ('ﬁ;i?) >« z€FE.

We denote by5>(«), the class of all such functions. A functighe A, is said to bep-valent
convex of ordery (0 < aw < p) in E'if

R (1 + Zﬁé’?) >a, zek.
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Let K, (a) denote the class of all those functiofisc A, which are multivalently convex of
order« in E. Note thatS}(«) and K;(«) are, respectively, the usual classes of univalent
starlike functions of ordetv and univalent convex functions of order 0 < o < 1, and will
be denoted here b§*(«) and K'(«), respectively. We shall us&* and K to denoteS*(0) and
K (0), respectively which are the classes of univalent starlike (w.r.t. the origin) and univalent
convex functions.

For f € A, we define the multiplier transformatidp(n, \) as

o0

(1.2) L,(n, z) =2+ Z <k+)\) arz®, (A >0,n€ 7).

k=p+1

The operatotl,(n, A) has recently been studied by Aghalary et.al. [1]. Earlier, the operator
I (n, \) was investigated by Cho and SrivastaMa [3] and Cho and Kim [2], whereas the operator
I(n, 1) was studied by Uralegaddi and Somanatha [11{n,0) is the well-known &lagean
[10] derivative operatoD™, defined asD" f(z) = z + > -, k"axz*, n € Ny = NU {0} and
fe A

Afunction f € A, is said to be in the clas$, (p, A, ) for all z in E if it satisfies

L(n+1,X\)f(2) o
(-2 (e ) 7

for somea (0 < a < p,p € N). We note thatSy(1, 0, «) andS;(1, 0, «) are the usual classes
S*(«) and K («) of starlike functions of ordest and convex functions of order, respectively.
In 1989, Owa, Shen and Obrad®\B] obtained a sufficient condition for a functighe A
to belong to the classS, (1,0, a) = S, ().
Recently, Li and Owa [4] studied the operafg(n, 0).
In the present paper, we investigate the differential inequality

- ((1 —a)l(n+ LA f(z)+al,(n+2,X\)f(2)
(1= B)p(n, A) f(2) + BI,(n+ 1,A) f(2)

wherea and are real numbers antf («, 3,7, A, p) is a certain real number given in Section

[2, for starlikeness and convexity ¢fc A,. We obtain sufficient conditions fof € A, to be

a member of5,,(p, A, ), for somey (0 < v < p,p € N). Many known results for starlikeness
appear as corollaries to our main result and some new results regarding convexity of analytic
functions are obtained.

)>M(a,5,%%p)

2. MAIN RESULT
We shall make use of the following lemma of Miller and Mocanu to prove our result.

Lemma 2.1([6, [7]). LetQ2 be a set in the complex plaigand lety) : C?> x E — C. Foru =
uy+iug, v = v +ive, assume thap satisfies the condition (ius, vq; z) ¢ Q, for all ug, v, € R,
withv; < —(1+u3)/2 and for all 2 € E. If the functionp, p(z) = 1+ py1z + pe2® + -+, iS
analyticin £ and ify(p(2), 2p'(2); z) € Q, thenR p(z) > 0in E.

We, now, state and prove our main theorem.

Theorem 2.2.Leta > 0, 5 < 1, A > 0 and0 < 7 < p be real numbers such tha(1 — %) < %
andg < a. If f € A, satisfies the condition

a),(n+ 1,\) f(2) + al,(n + 2, )\)f(z)) -

-
0w o i) > e s
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then

[p(n+ LA)f(2) 0
%( %WAM@))>

i.e., f(z) € Su(p, A\, v) where,

P
2 2 A
M(a, 3,7, \,p) = —2 £ A=V

Proof. Since0 < v < p, let us writey = % Thus, we have < i < 1.
Now we define,

L(n+1,)\)f(2)
I,(n, M) f(2)

Thereforer(z) is analytic inE andr(0) = 1.
Differentiating [2.2) logarithmically, we obtain

(2.2) =pu+1—pr(z), zekE.

2L (n+1,)) f(z) B 2L (n, ) f(2) _ (1 —p)zr'(2)
Lin+1,0)f(z)  LnA)f(z)  p+1—pr(z)

Using the fact that

(2.3)

2L, (A f(2) = (p+ N Ip(n + 1,0) f(2) = Ay(n, ) f(2):
Thus [2.3) reduces to

Ln+2,))f(2)
Lin+1,))f(2)

(1—p)zr'(2)
A+p) [+ (1 —pwr(2)]

=p+ (1 —p)r(z) +

Now, a simple calculation yields

(1—a)(n+1,X)f(2) + aly(n+2,X)f(2)
(1= B)Lp(n, A) f(2) + BL(n + 1,A) f(2)
(1—a)+a(p+ (1= wr() + sy ffr(z)]

(iﬁ%+MM+U—)(@] )W+“_”V@”

(1= )+ (1= p)r(z)] + G +(1- MN>]+Q%%¥5

= (1=8)+ B+ (1 — pr(2)]
2.4) =(r(2), 21 (2); 2)

where,

(1—a)u+ (1 —pul+a ((u + (1= pu)* + (<1A_+up)>v)

Ylu,vi2) = (U= 0)+ln+ (- pu
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1+u§

52 Then, we

Letu = uy + iugy andv = vy + ive, Whereu, us, vy, vo are reals withy; < —
have

R Y (iug, v1; 2)
(1 — o)+ ap?][1 = B(1 — p)]

[1 =31 =)+ B2(1 — p)?u3
L (L 20— )8 = a1 = 51— p)) + 2afulu + 2=zl
[1 =31 =) + B2(1 — p)?u3
(1= o)yt op = 55| 11— 51— )]
[1=B01 -+ 521 — p)u3
(1= 12101 = )8 — a1 = B(1 — ) + 2] — “U=0-H0=01] 3

<

i 1= 30— WP + (1 - w2

B A + Bu?

1= 80 = @)+ (1 - p)Pus

= ¢(ug), say
(2.5) < max ¢(uz)
where,

A= |- ot = 5] - 501 - )

and

(1= [l =B —p)
2(p+ N '

It can be easily verified that (u;) = 0 implies thatu, = 0. Under the given conditions, we
observe that” (0) < 0. Therefore,

(2.6) max ¢(uz) = (0) = M(a, 5,7, A, p)-
Let

B=(1-p?2(1-a)8—a(l—B(1—p)+2apu — =

Q={w: Rw> M(a,3,7,A,p)}
Then from (2.1) and (2]4), we haver(z), 2r'(z); 2) € Qforall z € E, buti(iug, vy; 2) ¢ Q,
in view of (2.5) and[(2.6). Therefore, by Leminaj2.1 gnd](2.2), we conclude that
Ly(n + 1,A)f(2)) gl
R(|-2 > =
( Ip(n, A) f(2)

.

3. COROLLARIES
By takingp = 1 andX = 0 in Theorenj 2.p. We have the following corollary.

Corollary 3.1. Leta > 0, 8 < 1 and0 < v < 1 be real numbers such thg{(1 — ) < % and
0 < a.lf f € Asatisfies the condition
%(ﬂ—aﬂﬁ“ﬂ@+aD”W@>
(L =3)D"f(z) + BD™ f(2)

) > M(a, 3,7,0,1),
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then DL (2)
n z
Dty T
i.e. f(z) € Su(vy), where,
(1—a)y+ay?— —a(l;”
M 0 =
(0576777 7]') ]_—/6(]_—’}/)

By takingp = 1,n = 0 and\ = 0 in Theorem 2.p. We have the following corollary.

Corollary 3.2. Leta > 0, 3 < 1 and0 < ~ < 1 be real numbers such thaf1 — v) < 5 and
0 < a.lf f € Asatisfies the condition
" ( 2f'(2) + a2’ f"(2)
(1=0)f(2) + Bzf'(2)

>>M(a,6,’y,0,1),

then )
zf'(z
e T
i.e. f(z) € S*(v), where,
C(l—a)y+ ay? — el
M(aaﬁa’y)Ovl)_ 1_6<1_7) 2

By takingp = 1,n = 0, A\ = 0 andg = 1 in Theorem 2.2. We have the following corollary.

Corollary 3.3. Leta > 1 and% < v < 1 be real numbers. If € A satisfies the condition

f'(2)

e
e

R (1 n azf”(z)) > M(a,1,7,0,1),

then

> 7,

i.e. f(z) € S*(v), where

1
M<0571777071) :1_04(1_7) <1+2_>
Y

By takingp = 1,n = 0,A = 0 and3 = 0 in Theorenj 2.2, we have the following result of
Ravichandran et. al.[9].

Corollary 3.4. Leta > 0 and0 < v < 1 be real numbers. If € A satisfies the condition

) (102N
éRf(z) (1+ f’(z)>>M< ,0,7,0,1),
then )
i
i.e. f(z) € S*(v), where,
M(a,0,7,0,1) = (1 —a)y +ay* — M.

Remark 1. In the case when = ¢, Corollary[3.4 reduces to the result of Li and OWwa [5].

By takingp = 1,n = 0 and\ = 1 in Theoren 2.2, we have the following corollary.
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Corollary 3.5. Leta > 0, 8 < 1and0 < v < 1 be real numbers such thg{(1 — ) < % and
0 < a.lf f € Asatisfies the condition

1/2=a)f(2) +@2+a)zf'(2) +az’f"(z) )
3%2 < (2—6)f(2>—|—ﬁzf/<z> > >M( 757771’1)’
then 1 o
R (1+ e ) -
where, -
- U

By takingp = 1,n = 1 and\ = 0 in Theorenj 2.2, we have the following corollary.

Corollary 3.6. Leta > 0, 8 < 1and0 < v < 1 be real numbers such thg{(1 — ) < % and
0 < a.lf f € Asatisfies the condition
ae(xf%z)+<2a+-nz%f%z>+cw3f"@v
Zf/(Z) + ﬁZQf”(Z)

(8

> > M(a, 3,7,0,1),

then

i.e. f(z) € K(v), where,
(1—a)y+ay?* - 202
1—p5(1-7)
By takingp = 1,n = 1, A = 0 andg = 0 in Theoren 2.2, we have the following corollary.

M(a7ﬁ777 07 1) =

Corollary 3.7. Leta > 0 and0 < v < 1 be real numbers. If € A satisfies the condition

2f"(2) | 2f7(2)
R (1+ (2a + 1) 702) + 702) ) > M(a,0,7v,0,1),
then 1)
R(1+55) =0
i.e., f(z) € K(v), where,
M(a,0,7,0,1) = (1 — a)y +ay* — M.

Remark 2. In the main result, the real numbeéf(«, 3, v, A, p) may not be the best possible
as authors have not obtained the extremal function for it. The problem is still open for the best
possible real numbeY/(«a, 3, v, A, p).
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