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In the present paper, the authors investigate a differential inequality defined by
multiplier transformation in the open unit digk = {z : |2| < 1}. As conse-
guences, sufficient conditions for starlikeness and convexity of analytic functions
are obtained.
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1. Introduction

Let A, denote the class of functions of the foyfite) = 27+ 377 . ap2*, pe N =
{1,2,...}, which are analytic in the open unit digc = {z : |z| < 1}. We write
A; = A. Afunction f € A, is said to bep-valent starlike of ordetr (0 < a < p)

in £ if
R(L9) o0, sen

We denote bys? (), the class of all such functions. A functighe A, is said to be
p-valent convex of ordet (0 < a < p) in E'if

R (1 + Zﬁ;g) >a, zckE.

Let K,(«) denote the class of all those functiofis= .4, which are multivalently
convex of order in E. Note thatS}(«) and K;(a) are, respectively, the usual
classes of univalent starlike functions of ordeand univalent convex functions of
ordera, 0 < v < 1, and will be denoted here by*(«) and K («), respectively. We
shall useS* and K" to denoteS*(0) and K (0), respectively which are the classes of
univalent starlike (w.r.t. the origin) and univalent convex functions.

For f € A,, we define the multiplier transformatidp(n, ) as

o0

k+ A
1.1 L(n,\) f(2) = 22 + ( ) W25 (A>0,n€eZ).
(1) 5o Z — ( )

The operatorl,(n, A) has recently been studied by Aghalary et.al]. [Earlier,
the operator/; (n, A) was investigated by Cho and Srivasta8agnd Cho and Kim
[2], whereas the operatdi (n, 1) was studied by Uralegaddi and Somanath3.|
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I(n,0) is the well-known &lagean 10] derivative operatoD™, defined asD" f(z) =
24y o, kmarz®, n € Ng=NU{0} andf € A.
Afunction f € A, is said to be in the clas$, (p, A, «) for all z in E if it satisfies

Lin+1,))f(2) «
(1-2) %( 1,(m N/ () )>E’
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for somea (0 < a < p,p € N). We note thatSy(1,0, «) and S;(1,0, «) are the Sukhwinder Singh, Sushma Gupta
usual classe§* (o) and K («) of starlike functions of ordes and convex functions and SUkhit Singh
of ordera, respectively. vol. 9, Iss. 3, ar. 81, 2008

In 1989, Owa, Shen and Obradoy8] obtained a sufficient condition for a func-
tion f € A to belong to the clasS,, (1,0, a) = S, ().

Recently, Li and Owa4] studied the operataf; (n, 0).

In the present paper, we investigate the differential inequality St

R ((1 —a)L,(n+ 1, \) f(2) + ady(n+2,0) f(2) «“ b
(1= B)L,(n, \) f(2) + BL(n + 1,\) f(2)

wherea andg are real numbers and («, 3, v, A, p) is a certain real number given in Page 4 of 14
Section?, for starlikeness and convexity ¢fc .4,. We obtain sufficient conditions
for f € A, to be a member of,,(p, A, ), for somey (0 < v < p,p € N). Many

known results for starlikeness appear as corollaries to our main result and some new Full Screen
results regarding convexity of analytic functions are obtained.
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2. Main Result

We shall make use of the following lemma of Miller and Mocanu to prove our result.

Lemma 2.1 ([6, 7]). LetQ) be a setin the complex plarfigand lety) : C*> x £ — C.
For u = uy +iug, v = vy +ivy, @assume thap satisfies the conditiont (ius, v1; 2) ¢
Q, for all uy,v; € R, withv; < —(1 +u3)/2 and for all z € E. If the functionp,
p(2) = 14 p1z + pe2® + -+, is analytic inE and if v (p(z2), 2p/(2); 2) € Q, then

Starlikeness and Convexity
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Rp(z) >0in E.
We, now, state and prove our main theorem.

Theorem 2.2.Leta > 0,3 < 1, A > 0 and0 < v < p be real numbers such that

pl-1)< sandg < a. If f € A, satisfies the condition
(1—a)l,(n+1,N)f(2) + aly(n+2,)\) f(2)
(1= B)p(n, M) f(2) + BL,(n+ 1, M) f(2)

Lin+1,\)f(z2) Y
%< 1 N/ () >>p

(2.1) §R<

then

i.e., f(z) € S,(p, A\, v) where,

T 2(pFA
M(aaﬁ77a)\7p): L e () .

Proof. Since0 < v < p, let us writey = % Thus, we have < i < 1.
Now we define,
Lin+1,X)f(2)

(@2) L NF2)

=pu+(1—pwr(z), z€EFE.

) > Mo, 8,7,A,p),
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Thereforer(z) is analytic inE andr(0) = 1.
Differentiating ¢.2) logarithmically, we obtain

2.3) z[l;(n + 1,0\ f(2) B ZIZ;(n, AN f(z) _ (1 —p)zr'(2)
' Lin+1L,Nf(z)  Ln,Nf(z)  p+1—pr(z)
Using the fact that
2L (0, ) f(2) = (p+ N p(n+ 1,0 f(2) = Ay(n, M) f(2).
Thus @.3) reduces to
I(n+2,))f(2)
Ln+1,\)f(2)
Now, a simple calculation yields
(1—a),(n + LAF() + al,(n + 2,0 /()
(1= B)Ip(n, A) f(2) + BLy(n + 1, A) f(2)
(1 — Od) + « (N + (1 - ,u>7’<2) + ()\_,_I(,;[;l_:_)(‘zlr_lif))r(z)})
=)+ Bl + 1= wr(2) g =)
(1= )+ (= ()] +a ([ + (1= e + 4212)
(1=5)+Blp+ (1 — pr(z)]
(2.4)  =v(r(2),2r'(2);2)

where,

z e F.

(1—p)ar'(2)
A+p)p+ (1 —pwr(2)]

=p+ (1 —p)r(z) +

(1—a)[u+ (1 — pu] +a ((u + (1= pu)* + (&Tﬁf)

Ylu,vi2) = (1= 5) + Blu+ (1 - pyul
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. . . 1+u2
Letu = u; + tuy andv = vy + ivy, Whereuq, us, v1, v, are reals withy; < — *;“2.

Then, we have

R (iug, vy; 2)
(1 —a)p+ ap®)[1 - B(1 — )]
1= - WP+ 5 (1 - p)
L =Wl - a)B = a1 = B — ) + 2aBuluf + AIEELle
[1 =B = p)]? + B2(1 = p)?uj
(1= )+ ap? = 5558 [1 = B(1— )
=81 =P+ 521 — p)*u3
(1= 1Pl — )8 = a1 = B(1 - ) + 2] — Sl gsl] 2

I 2(p+A)
(1= B(1 = w)]* + F2(1 — p)?u3

B A+ Buj

=80 = w2+ 521 - p)us

= ¢(ug), say
(2.5) < maxg(us)
where,

A= |- ot = 5T - 501~ )

and

B=(1-p?’[(1—a)f—a(l—pB(1—pu)+2a8ul — afl — l;)([; ; f)(l - M)]'

Starlikeness and Convexity

of Analytic Functions
Sukhwinder Singh, Sushma Gupta

and Sukhjit Singh
vol. 9, iss. 3, art. 81, 2008

Title Page
Contents
44 44
< >
Page 7 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

It can be easily verified that (uy) = 0 implies thatu, = 0. Under the given
conditions, we observe that (0) < 0. Therefore,

(26) maxd)(uQ) = ¢(0) = M(Oé,ﬁ,’)/, A7p>

Let
Q={w: Rw> M(a,3,7,A,p)}-

Then from ¢.1) and @.4), we havey(r(z), zr'(z);z) € Q forall z € E, but
W(iug, vq; 2) ¢ €, inview of (2.5) and @.6). Therefore, by Lemma.land ¢.2), we

conclude that L(n+10/(2)
p(n , z gl
" RTINS )=
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3. Corollaries

By takingp = 1 and\ = 0 in Theorem2.2. We have the following corollary.

Corollary 3.1. Leta > 0, 8 < 1 and0 < v < 1 be real numbers such that
B(1—7) < 3andf < a. If f € Asatisfies the condition

3 ((1 — ) D" f(2) + aD" 2 f(2)
(1= 0)D"f(z) + D" f(2)

) S M(a, 8,7,0,1),

then DL (2)
z
Difiz)
i.e. f(z) € S,(v), where,
C(T—a)yy+ avy? — —O‘(lz_w
Ml B0 =" 50 )

By takingp = 1,n = 0 andA = 0 in Theorem2.2. We have the following
corollary.

Corollary 3.2. Leta > 0, 8 < 1 and0 < v < 1 be real numbers such that
B(1—~) < 3andf < a. If f € Asatisfies the condition

2J(2) + az2f(2)
" ((1 D)+ 5 ()

) > M(a, 8,7,0,1),

then )
e

>
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i.e. f(z) € S*(v), where,

2 a(l—)
(1 —a)y+ay — =52

1—B(1—-7)

By takingp = 1,n = 0, A = 0 andj = 1 in Theorem2.2. We have the following
corollary.

M(a, 8,7,0,1) =

Corollary 3.3. Letaw > 1 and; < v < 1 be real numbers. If € A satisfies the

condition .
R (1 +aZJ{/(<;>)) > M(a, 1,7,0,1),
then )
z z
e T

.e. f(z) € 5°(7), where
M(a,1,7,0,1) =1 —a(l —7) <1+%>

By takingp = 1,n = 0, A = 0 and/ = 0 in Theorem2.2, we have the following
result of Ravichandran et. ab]f

Corollary 3.4. Leta > 0 and0 < v < 1 be real numbers. If € A satisfies the

condition ) ,
?R%? <1 + OéZJ{T(zZ))) > M(a,0,7,0,1),
then )
e 7
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i.e. f(z) € S*(v), where,
a(l —7)
5

Remarkl. In the case wheny = §, Corollary 3.4 reduces to the result of Li and
Owa [5].

By takingp = 1,n = 0 and\ = 1 in Theorem2.2, we have the following
corollary.

M(a,0,7,0,1) = (1 — )y +ay® -

Corollary 35. Leta > 0, 8 < 1 and0 < v < 1 be real numbers such that
B(1—~) < 3andf < a. If f € Asatisfies the condition

1 (2 — Oé)f(Z) + (2 + O‘)Zf’(z) I Oézzf”(z> )
9%2 ( (2—-0)f(2)+ Bzf'(2) ) > M(a, 8,7,1,1),
then 1 -
RS (1+ e ) -
where, 5
10+

By takingp = 1,n = 1 and X = 0 in Theorem2.2, we have the following
corollary.

Corollary 3.6. Leta > 0, § < 1 and0 < v < 1 be real numbers such that
B(1—~) < 3andf < a. If f € Asatisfies the condition

- (Zf’(Z) + (20 +1)22f"(2) + a2’ {7 (2)
zf’(z) + 522]0”(2)

) > M(a, 3,7,0,1),
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then

()

i.e. f(z) € K(v), where,

(1—a)y+ay? — L)
M(a, ﬁ» Y5 O’ 1) = 2 . Starlikeness and Convexity
1—pB(1—7) S
. . . Sukhvazggfzit:gﬁ?gﬁls%ﬁa Gupta
By takingp = 1,n = 1, A = 0 and/ = 0 in Theorem2.2, we have the following and Sukhjit Singh
corollary. vol. 9, iss. 3, art. 81, 2008
Corollary 3.7. Leta > 0 and0 < v < 1 be real numbers. If € A satisfies the
condition Title Page
" 2 g Content
3%(1+(2a+1)2f, (Z)+a”i (Z)) > M(a,0,7,0,1), omens
f'(2) f'(2) « 3
then < >
2"(2)
" (1 + f'(2) > Page 12 of 14
i.e., f(z) € K(v), where, Go Back
1— Full Screen
M(@,0,7,0,1) = (1 — a)y +ay? = 27
2 Close

Remark2. In the main result, the real numbéf(a, 3, v, A, p) may not be the best
possible as authors have not obtained the extremal function for it. The problem is
still open for the best possible real numbBéia, 5, v, A, p).
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