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ABSTRACT. This paper gives two distinct generalizations of the extended Hilbert’s integral in-
equality with the same best constant factor involvingatienction. As applications, we consider
some equivalent inequalities.
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1. INTRODUCTION

If f,g > 0,suchtha) < [° f?(z)dz < oo @and0 < [ ¢*(z)dz < oo, then the famous
Hilbert’'s mtegral inequality is given by
(1.2) / / Mdmdy < ’/T{/ fZ(x)dx/ gz(aj)dm}Q,
o Jo THY 0 0

where the constant factaris the best possible (se€ [2]). Inequalfty {1.1) had been generalized
by Hardy-Riesz[[1] as:
Ifp>1, 1+——1 0< f° fP(x)dz < coand0 < [/ ¢4(z)dx < oo, then

(1.2) //ny dxdy<sm {/ 7z dx} {/Ooogq(m)dx};,

where the constant facter~— is the best pOSSIble When= ¢ = 2, inequality @) reduces

Sin(r/p)
to (1.1). We call[(1.R) Hardy-Hilbert's integral inequality, which is important in analysis and its
applications (see [4]).
In recent years, by introducing a parametand thes function, Yangl[7| 8] gave an exten-

sion of (1.2) as:
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2 BICHENG YANG

If X >2—min{p,q},0 < [;° 2" fP(z)dx < co and0 < [° 21 "*¢(z)dx < oo, then

(1.3) / / wﬂ/ da;dy<k;(){/OOO:zzl—vp(;c)dac};{/OooxlA ()dx}l,

where the constant factdn, (p) = B (1%, 1%) is the best possibleB(u,v) is the 3

function). Its equivalent inequality is (see€ [9, (2.12)]):

o [Ty { | (@) dxrdqup)]p | s

(z +y)*

where the constant fact{j{/\(pﬂp — [B (M’ l’%)&ls the best pOSSible.

p
When\ = 1, inequality [1.8) reduces t¢ (3.2), arjd (1.4) reduces to the equivalent form of

(1.2) as:

0o [ ([ L2200 [ } [

Forp =q¢ =2, by ), we have\ > 0, and

(1.6) / / S d dy <B<;\ ;) {/ xl_)‘fZ(x)dx/Oooxl Ag?(x )dx};.

We deflne@) as the extended Hilbert’s integral inequality. Recently, Yang &t al. [10] pro-
vided an extensive account of the above results and Yang [6] gave a revelrsg of (1.4) with the
same best constant factor. The main objective of this paper is to build two distinct generaliza-
tions of (1.6), with the same best constant factor but different ffom (1.3). As applications, we
consider some equivalent inequalities.

For this, we need some lemmas.

2. SOME LEMMAS

We have the formula of thg function as (see [5]):

e ] tu—l
(21) B(u, U) = /O Wdt = B(U, U) (u, v > O)
Lemma2.1(seel8]) If p > 1, 2+ . = L,w(o) >0, f,g > 0, f € L(E) andg € LL(E),
then the weighted Holder’s inequality is as follows:

@2 [e@reuoi=<{ [ w(o)fp(a)da}; { w(a)g%a)da};,

where the equality holds if and only if there exists non-negative real numbearsd B, such
that they are not all zero and f?(0) = Bg?(0), a.e. inE.

Lemma 2.2.If » > 1, and X > 0, define the weight functian, (r, z) as
1

(2.3) wr(r, ) = 2D /0 o

(A=r)/r

Yy dy.

Then we have

(2.4) wor(rz) = B <%)\ (1-%))
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Proof. Settingy = zu in the integral of[(2.3), we find

N 0o ($U)(>\_T)/r
w,\(r,m) =X ( T)/O ml‘du

| AL
= ———ur du.
/0 rw
By (2.1), we have[(2]4) and the lemma is proved.
Note. It is obvious that fop > 1, Il) + % = land\ > 0, one has

(25) W)\(p, ZE) =B <%7 2) = wA(qu)'

Lemma23.1fp > 1,7+ =land0 < ¢ < ), one has

o0 A—g—¢ o0 1 A—p—e
I = / Yy / ———x ¢ dxdy
1 1 (z+y)

1 A—e A € D 2
2.6 > -B - .
(2.6) € ( p ’q+p) (A—é?)

Proof. Settingz = yu in I, in view of (2.3), one has

I, = /OO y17F {/00 ;uk_ﬁ_gdu} dy
' 1 1/y (14 u)
o (o) 1 A—e
—1—¢ -1
= ———u» duld
/1 / U L +up “} ’

5 ]_ A—¢
—1—¢ -1
— ———u r duld
/1 Yy [/0 (1 u)/\u u] Yy

1 [A—e A %0 Vo oae
> —B( 5,—+5> —/ yl/ w71 dudy.
€ p q p 1 0

By calculating the above integral, one hias(2.6). The lemma is proved.
Lemma2.4.1fp>1, -+ =1and0 < e < A(p — 1), one has

I /OO A— A+s_1 /OO 1 A— >\+e_1d d
9 1= Y q _—T P xady
1 1 ()

1. /) A A -2
2.7) >_B(__f,_+i)_(__i) |
€ q p D P q P

Proof. Settingz = yu in I, in view of (2.3), one has

(0] o 1 Ate
I :/ y‘l_E [/ W ldu} dy
? 1 1/y (1 + U))‘

> o 1 Ate
—1- P <,
— € JE— P d d
/1 Y V TEE ”] Y
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By calculating the above integral, one hias(2.7). The lemma is proved. O

3. MAIN RESULTS AND APPLICATIONS

Theorem 3.1.1f f,.g > 0,p > 1, %Jr% =1, A > 0, such that) < [;* a7~ fP(z)dx < oo
and0 < [ 297 g%(z)dx < oo, then

on [ [ 1

hSA

N et
oo [v [ e oG] [ e

where the constant factors (%, %) and [B (%, 2)]17 are all the best possible. Inequali.2)
is equivalent tg/(3]1). In particular, fox = 1, one has the following two equivalent inequalities:

R <${/Omxp‘2fp(x)dx}{/oqu2 ()dx}é;

P

(3.4) /Oooy ( 0 ji;dx) dy < {@]p/()mwp%p(x)dx.

Proof. By (2.9), one has

Jl.—/ / :c+y dxdy
s

(a:+
([ o ('] e}
(3.5) x {/OOO [/O” (mjw (i:)dx] gq(y)dy}q.

If (B.5) takes the form of an equality, then by Lemmal 2.1, there exist real nurbensl B,
such that they are not all zero, and

(:I:—l}y)A (;C:_i) ff(x)=1B (:ciy)A (iji)iﬂq@)v a.e. in (0, 00) x (0, 00).

Hence we find

=

AP fP(z) = By ¢4(y), a.e. in(0,00) x (0, 00).
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It follows that there exists a constafit such that
AP fP(z) = C, a.e. in(0,00);
By'™g¢l(y) = C, a.e. in(0,00).

Without loss of generality, suppose that~ 0. One has

C
p—A—1 rp —
) = o

which contradicts the fact that < [z~ f?(z)dz < oc. Hence,) takes the form of
strict inequality, and by (2]3), we may rewrife (3.5) as

36) i< {/Ooo wA(q,x)xp“fp(x)dfC}; {/OOO wA(p, )y gy )dy};-

Hence by|(2.6), one hds (B.1).

For0 < e < )\, settingf(x) andg(y) as

a.e. in (0, 00),

75(y) :y 1 Y x7y6 [17OO>7

then we find

(3.7) {/Oooxp—l—ﬁp(x)dx}l {/Oooxq ERYRC: )dx}; = é

If there exists\ > 0, such that the constant factor |n (8.1) is not the best possible, then there
exists a positive numbek (with K < B <%, 3)) such thatl) is still valid if one replaces

i~

B (%, 3) by K. In particular, one has

ely —5/ / x~|—y d dy
<eK { /O 1 (x)dm}; { /0 h xq_l_’\gq(w)dx}

Hence by[(2.6) and (3.7), one has

2
B(A—Eé+i)_g(1’) K
P q D A—¢

and thenB (%, %) < K (¢ — 0%). This contradicts the fact thdt < B <%, 3) . It follows

that the constant factor i (3.1) is the best possible.
Since0 < [;° 2P~ 172 fP(x)dx < oo, there existdy > 0, such that for any” > T;, one has

0 < [l aP~ 1A fr(z)de < co. We set

ooy [ e

(z +y)*

Q=
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and use[(3]1) to obtain

0</0qu gy, T)dy
_ / " e { / ' (xfix;ydxrdy
e
(3.8) <B (p q) {/Tw” AP )dx}p {/OT yq‘l‘qu(y,T)dy}

Hence we find
T
0< U y"‘l‘*gq(y,T)dy]
0

([ in»dxrdy}é

(3.9) < B @ 2) {/ :Up_l_’\fp(a:)dx};.

It follows that0 < ;™ y?'~*¢?(y, 00)dy < oco. Hence [(3.B) and (3]9) are strict inequalities as
T — oo. Thus |nequaI|ty|:(3_T]2) holds.
On the other hand, |@ 2) is valid, by Holder’s inequalfty {2.2), one has

_ / ) {y /0°° L] [ o]
(3.10) < {/Oooympl)l UOC” (xfixy)),\dxrdy} {/Ooqu o )dy};'

Hence by[(3.R), one has (3.1). It follows that (3.2) is equivalerjt ig (3.1).

If the constant factor in (3]2) is not the best possible, one can get a contradiction that the
constant factor ir] (3]1) is not the best possible by uging[3.10). The theorem is thus praved.

Theorem 3.2. If f 9>0,p>1,,+.=1A>0suchthap < [ g®P=D0=N fP(2)dr < oo
and0 < [;° zle- D= ( )d:z:< 0, then

(3.11) / / f dxdy
é i (p=1)(A=A) rp };{ (¢—1D(A=X) 9 };
<B <p’ q) {/0 x fP(x)dx /0 x gY(z)dz ¢

s [0 [ Lo o ()] [

where the constant factor8 (%, %) and [B (%, %)]p are the best possible. Inequality (3/12)
is equivalent to[(3.11). In particular, fok = p > 1, one has the following two equivalent

1
q

1—1
q

S =
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inequalities:

* [ f(@)g(y) ;{ * fr(x) }{ * gi(x) }3
(3.13) /0 /0 @+ y)p drdy < o1, 2 dx /0 . dx
and

T B Ry € ? R N A i€
(314) /0 Y Uo (fv+y)pdx] dy<(p—1> 0 217

Proof. By (2.2), one has
) _/ / (x +y

2la=N/¢ y(p,)\)/pz
/ / :E—I—y y(=N)/p? f(x) pReEyy g(y)| dxdy

< ] 2a=Np/e ) v

: {/o [/o (x +y)* ( YN/ )dy] f (x)dx}
o o (p—N)a/p? i
o ALt (55 el

Following the same manner &s (3.6), one has

(3.16) Ji < {/OO wx(p, x)x(p_l)(l_’\)fp(x)dx}p {/00 w,\(q,I)x(q_l)(l_’\)gq(x)dx}q :
0 0

Hence by[(2.5), one has (3]11).
For0 < e < A(p — 1), settingf(x) andg(y) as

~
~

flx)=g(y) =0, =x,ye€(0,1);

~ _q1_2Me ~ _q_Ate
f(w):x)\ ! P 7g(y):y)\ ! B ? x7y€[1?oo)7
by Lemm4g 2.4 and the same way of Theofem 3.1, we can show that the constant factor in (3.11)
is the best possible.
In a similar fashion to Theorem 3.1, we can show that (3.12) is valid, which is equivalent to

(3.11). By the equivalence df (3]11) anid (3.12), we may conclude that the constant factor in
(3.12) is the best possible. The theorem is proved. O

Remark 3.3. (i) Forp = g = 2, both inequalitied (3]1) anfl (3]11) reducefto|(1.6). Inequal-
ities (3.1) and[(3.111) are distinct generalizations| of|(1.6) with the same best constant
factor B ( 2, 3) , but different from ).

(i) Since inequalities(3]3) and (1.2) are different, we may conclude that ineqyality (3.1) is
not a generalization of (1.3).

(i) Since all the given inequalities are with the best constant factors, we have obtained some
new results.
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