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ABSTRACT. We improve a bounds relating to Euler’s formula for the case of a function with
higher-order convexity properties. These are used to improve estimates of the error involved in
the use of the trapezoidal formula for integrating such a function.

Key words and phraseddadamard inequality, Euler formula, Convex functions, Integral inequalities, Numerical integration.

2000Mathematics Subject Classificat 086D15, 26D20.

1. INTRODUCTION

Let f : I € R — R be a convex mapping defined on the interfaf real numbers and
a,b € I with a < b. The following inequality:

(1.1) s (@b) <L / Fa)ds < f<a>;f<b>

is known in the literature as Hadamard’s inequality for convex mappings. Note that some of the
classical inequalities for means can be derived friom (1.1) for appropriate particular selections
of the mappings’. Over the last decade this pair of inequalities](1.1) have been improved and
extended in a number of ways, including the derivation of estimates of the differences between
the two sides of each inequality.

In [4], Dragomir and Agarwal have made use of the latter to derive bounds for the error term
in the trapezoidal formula for the numerical integration of an integrable fungtisuch that
| f'|7 is convex for someg > 1. Some improvements of their result have been derived in [6] and
[7].

Recently, Lj Dedic et al! |3, Theorem 2 for= 1] establish the following basic result which
was obtained for the difference between the two side of the right-hand Hadamard inequality.
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Supposef : [a,b] — R is a real-valued twice differentiable function. |}f”|? is convex for
someg > 1, then

/a ()

If | f”|?is concave, then

(1.2)

IR0 "

2
o] <52 ()

In this paper, using Euler-trapezoidal formula, we shall generalize and improve the inequal-
ities (1.2) and[(1]3). Also, we apply the result to obtain a better estimates of the error in the
trapezoidal formula.

U+ fo1] < P |

(1.3)

2. THE EULER-TRAPEZOIDAL FORMULA AND SOME IDENTITIES

In what follows, letB,,(t), n > 0 be the Bernoulli polynomials ang, = B,,(0), n > 0, the
Bernoulli numbers. The first few Bernoulli polynomials are

1 1 3 1
Bo(t) = 1, Bit)=t—z, By(t)=t*—t+-, By(t)=1t>—-t*+t,
2 6 2 2
1
By(t) = t'—288 41— =
4(t) + 30
and the first few Bernoulli numbers are
1 1 1
By=1, Bi=—=, By=-=, B3=0, By=—-——, B;=0.
0 ) 1 27 2 67 3 ) 4 307 5
For some details on the Bernoulli polynomials and the Bernoulli numbers, see for example

[1,5].
The relevant key properties of the Bernoulli polynomials are
Bi(t) =nB,(t), (n>1)
B,(1+t)— B,(t) =nt""", (n>0)
(See for example, [1, Chapter 23]). LBt (t) = [B,(t) — B,]/n!. We note thats,,(t), Py, (%)

and P, (1 — £) do not change sign oft).1).
By [2, p. 274], we have the following Euler-trapezoidal formula:

b
(2.1) /f(x)dq::

r—1

b — (l QkBQk

“[(

M

f(2k71) (b) . f(2k71) (a)]

k=1
+ (b —a)¥ ! / P, () f® (a + t(b — a))dt.
0

and by [2, p. 275], we have

r—1

a+nh 2k
(2.2) / f(x)de = T(f; ) — ZB KPR g ) — R (a)

= 2k

n—1 1
+RY / Py, () f®)(a + h(t + k))dt,
k=00
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where

1 — 1
T(f;h)=h lzf(a) -+ ;f(cH—nh) + 2f(a+nh)
is estimates of integra* ™" f(x)dx
In this article, we adopt the termlnology thats (j +2)-convex if f7) is convex, so ordinary
convexity is two-convexity. A corresponding definition applies(fpr 2)-concavity.
For our results, we need the following identities. By, (1) = 0for j > 0; B; = B;(1)
for j > 0 and integrating by parts, we have that the following identities hold:

! t 2By 41 B,
(1) a(r) :/0 Par (5) dt = (2r ++1)1 @)y
[ t _ 4(Bari2(3) — Barya) B,
(”) CLH(T) - /0' tPQ'r <§) dt = — (27, + 2) - 2(2,’,,)|7

(1) o (r) = /01(1 0P, <§> dt

_ 4 <B2r+2 (%) - BQ7‘+2) . 2BQr+l B2r

(2r +2)! (2r+ 1)1 2(2r)
! t 2B, 1 By,
(V) ary(r) = /0 Py (1 - 5) dt = (2r ++1)' (2
B 1 4 (BQT+2 ( ) B2r+2) BQT
(V) av(’f’) = /0 tPQT (1 — 5) dt = (27’ + 2) - 2(27’)'7

Vi) avi(r) = /01(1 0P, <1 _ -) dt

4 (Bars2 (3) — Bari2) 2Bo, 1 By,

(2r +2)! 2r+ 1)1 2(2r)"

3. RESULTS

In the remainder of the paper we shall use the notation

¥ —B%((l;k_)!a) /() - f<2k—1><a>]} ,

As above, the empty sum for= 1 is interpreted as zero.

Theorem 3.1. Suppos¢ : [a,b] — R is a real-valued2r)-times differentiable function.
(@) If | 7|2 is convex foy > 1, then

3.1) |L] < (b—a)>! (%) (lgj)Dl_ {\am(r)\ £ (@)

+ (lan(r)] + lav(r)]) 'fur) (GTH)) ‘

1
q

+ lavi(r)] - \f@%)iq} |
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(b) If | 7|2 is concave fog > 1, then

G—a)™ ] pen Jam ()] - a + |an(r)| - (%5%)
3.2) || < 5 {| ()] f ( (]

o (vt ()] b+ av ()] - (252)
g ( v () |

Proof. From (2.1) and the definition af., we have

+lay (r)] -

L] < (b 2r+l/ Pop(£) 2 (a + (b — a))|dt

—o-a [ |n (i:a)\ 7 @)d.

It follows from Holder’s inequality that
1—1 b 1
r—a 4
(L] (G=2)[rroar)

oy e (/b = (?:Z) d:c> q
/1 PQT(t)dt‘ _(b-a)Ba]

Now,
Py (%) dz = (b — a) o]

(3.4) / ’

and, by the convexity offf 2|7, we have

(3.5) /ab P, (i:s)‘ FC) () [4d

(D) e

1

:b;a Vo b o
[ G o

<22 [|[a-or (§) a1

(@l )

- /01(1 — )Py, <1 — —) dt‘ | fE (b))

IR CHERTIC

Thus, by [(3.B),[(3]4) andl (3.5) and the identities (11), (Ill), (V) and (VI), we have the inequality
).
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On the other hand, sindg(®"|? is concave implies thatf?”)| is concave and by Jensen’s
integral inequality, we have
b
< N2 2 r—a / a L g(2r)
<0 a)[[ P (570 et [ e (55| e
2r+1 ' t (2r) a+b
= (b—a) Po (=) 1F® (1= t)a+t dt
; 2 T2
1
ol (=g e (oo (557))]
; 2 2

_ )2l 1 N I3 P (£) (1 —t)a + ¢ (%£2))dt
<=3 || e 5) e P (8) | -

a-+b

i /o1 P (1 - _) dt| - | fe0 Jo Por (1= ) (=0 + 2 (4 dt‘

Jo Por (1= %) ]
Thus, by identities I, II, 11, IV, V and VI, we have the inequalify (B.2). O

Forr = 1in Theorenj 3.]L, we have the following corollary.

Corollary 3.2. Under the assumptions of Theorem|3.1f I§ a4-convex function, we have

(3.6)

/ ' pyte = U0y + f(b)]‘

_ (b—a)3 [3|f”(a>|q+10‘f” (i)l +3|f//( )|q]q
- 12 16

and if f is a4-concave function, we have

(3.7)

b b—a
[ e =5 @ + s <

(b o CL)3 ‘f” (11a+5b>| + ‘f” (5a+11b>|
12 2 '

Remark 3.3. Using the convexity of f”|?, we have

Iz <GT+b) T @+ )

— 2 )
Hence inequality| (3]6) is an improvement of inequality (1.2).
Since|f”]? is concave implies thaff”| is concave, we have

1(],,(1la+5b , (9a+ 11D ,(a+b
2 [ (5 b () ) < (7))

Thus inequality[(3]7) is an improvement of inequalfty {1.3).

4. APPLICATION

To obtain estimates of the error in the trapezoidal formula, we apply the results of the previous
section on each interval from the subdivision

[a,a+b], [a+h,a+2h],....[a+ (n—1)h,a+ nh].
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We define

a+nh
5= " fyde - T +

k=1
Theorem 4.1.1f f : [a,a + nh] — Ris a(2r)-time differentiable functioir > 1).
(@) If | f?7)]2 is convex for some > 1, then

o < (;) (‘(f),’) i{\amw £ @t (m = DR

m=1

q

+an(r)] +lav(r)])- ‘f@” (as (m=3) 1)

(b) If | 3|7 is concave for some > 1, then

+lavi(r)] - [F®(a + mh>|q}

hart & oy (lam(r)|(a+ (m —1-h) + Jan(r)|(a + (m = 3) - h)
[Jor] < = mZ:l{lcu(r)! - ’f( ) ( |ax (7)] )‘
vl +mh) + an(r)] - (o + (m = D)
aro ()] - | £ 2 .
Ha)]- |72 ore ) )l
Proof. Since
S [ s Gl om0+ S )
r—1 2k
> %kkh)! (£ a+mh) = f# D (a+ (m - 1)h)]} |
we have
=3 (3) (i) Ll e on

q

)|+ av(r)) - 12 (at (m =3 0) [+ fan)] 1524 miie |

by Theoren 3]1(a) applied to each interfah- (m — 1)h, a + mh]. Obviously, the proof (a) is
complete.
The proof (b) is similar. O

Remark 4.2. As the same discussion in the Secfipn 3, Thegrein 4.1 for is an improvement
of Theorem 4 for = 1 in [3].

q
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