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ABSTRACT. We improve a bounds relating to Euler’s formula for the case of a function with
higher-order convexity properties. These are used to improve estimates of the error involved in
the use of the trapezoidal formula for integrating such a function.
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1. I NTRODUCTION

Let f : I ⊆ R → R be a convex mapping defined on the intervalI of real numbers and
a, b ∈ I with a < b. The following inequality:

(1.1) f

(
a + b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2

is known in the literature as Hadamard’s inequality for convex mappings. Note that some of the
classical inequalities for means can be derived from (1.1) for appropriate particular selections
of the mappingsf . Over the last decade this pair of inequalities (1.1) have been improved and
extended in a number of ways, including the derivation of estimates of the differences between
the two sides of each inequality.

In [4], Dragomir and Agarwal have made use of the latter to derive bounds for the error term
in the trapezoidal formula for the numerical integration of an integrable functionf such that
|f ′|q is convex for someq ≥ 1. Some improvements of their result have been derived in [6] and
[7].

Recently, Lj Dedic et al. [3, Theorem 2 forr = 1] establish the following basic result which
was obtained for the difference between the two side of the right-hand Hadamard inequality.
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Supposef : [a, b] → R is a real-valued twice differentiable function. If|f ′′|q is convex for
someq ≥ 1, then

(1.2)

∣∣∣∣∫ b

a

f(t)dt− b− a

2
[f(a) + f(b)]

∣∣∣∣ ≤ (b− a)3

12

[
|f ′′(a)|q + |f ′′(b)|q

2

] 1
q

.

If |f ′′|q is concave, then

(1.3)

∣∣∣∣∫ b

a

f(t)dt− b− a

2
[f(a) + f(b)]

∣∣∣∣ ≤ (b− a)3

12

∣∣∣∣f ′′(a + b

2

)∣∣∣∣ .
In this paper, using Euler-trapezoidal formula, we shall generalize and improve the inequal-

ities (1.2) and (1.3). Also, we apply the result to obtain a better estimates of the error in the
trapezoidal formula.

2. THE EULER -TRAPEZOIDAL FORMULA AND SOME I DENTITIES

In what follows, letBn(t), n ≥ 0 be the Bernoulli polynomials andBn = Bn(0), n ≥ 0, the
Bernoulli numbers. The first few Bernoulli polynomials are

B0(t) = 1, B1(t) = t− 1

2
, B2(t) = t2 − t +

1

6
, B3(t) = t3 − 3

2
t2 +

1

2
t,

B4(t) = t4 − 2t3 + t2 − 1

30

and the first few Bernoulli numbers are

B0 = 1, B1 = −1

2
, B2 =

1

6
, B3 = 0, B4 = − 1

30
, B5 = 0.

For some details on the Bernoulli polynomials and the Bernoulli numbers, see for example
[1, 5].

The relevant key properties of the Bernoulli polynomials are

B′
n(t) = nBn−1(t), (n ≥ 1)

Bn(1 + t)−Bn(t) = ntn−1, (n ≥ 0)

(See for example, [1, Chapter 23]). LetP2n(t) = [Bn(t)−Bn]/n!. We note thatP2n(t), P2n( t
2
)

andP2n(1− t
2
) do not change sign on(0.1).

By [2, p. 274], we have the following Euler-trapezoidal formula:

(2.1)
∫ b

a

f(x)dx =
b− a

2
[f(a) + f(b)]−

r−1∑
k=1

(b− a)2kB2k

(2k)!

[
f (2k−1)(b)− f (2k−1)(a)

]
+ (b− a)2r+1

∫ 1

0

P2r(t)f
(2r)(a + t(b− a))dt.

and by [2, p. 275], we have

(2.2)
∫ a+nh

a

f(x)dx = T (f ; h)−
r−1∑
k=1

B2kh
2k

(2k)!
[f (2k−1)(a + nh)− f (2k−1)(a)]

+ h2r+1

n−1∑
k=0

∫ 1

0

P2r(t)f
(2r)(a + h(t + k))dt,
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where

T (f ; h) = h

[
1

2
f(a) +

n−1∑
k=1

f(a + nh) +
1

2
f(a + nh)

]
is estimates of integral

∫ a+h

a
f(x)dx.

In this article, we adopt the terminology thatf is (j +2)-convex iff (j) is convex, so ordinary
convexity is two-convexity. A corresponding definition applies for(j + 2)-concavity.

For our results, we need the following identities. ByB2j+1

(
1
2

)
= 0 for j ≥ 0; Bj = Bj(1)

for j ≥ 0 and integrating by parts, we have that the following identities hold:

aI(r) =

∫ 1

0

P2r

(
t

2

)
dt = − 2B2r+1

(2r + 1)!
− B2r

(2r)!
,(I)

aII(r) =

∫ 1

0

tP2r

(
t

2

)
dt = −

4
(
B2r+2

(
1
2

)
−B2r+2

)
(2r + 2)!

− B2r

2(2r)!
,(II)

aIII(r) =

∫ 1

0

(1− t)P2r

(
t

2

)
dt(III)

=
4
(
B2r+2

(
1
2

)
−B2r+2

)
(2r + 2)!

− 2B2r+1

(2r + 1)!
− B2r

2(2r)!
,

aIV(r) =

∫ 1

0

P2r

(
1− t

2

)
dt =

2B2r+1

(2r + 1)!
− B2r

(2r)!
,(IV)

aV(r) =

∫ 1

0

tP2r

(
1− t

2

)
dt = −

4
(
B2r+2

(
1
2

)
−B2r+2

)
(2r + 2)!

− B2r

2(2r)!
,(V)

aVI(r) =

∫ 1

0

(1− t)P2r

(
1− t

2

)
dt(VI)

= −
4
(
B2r+2

(
1
2

)
−B2r+2

)
(2r + 2)!

+
2B2r+1

(2r + 1)!
− B2r

2(2r)!
.

3. RESULTS

In the remainder of the paper we shall use the notation

Ir = (−1)r

{∫ b

a

f(x)dx− (b− a)

2
[f(a) + f(b)]

+
r−1∑
k=1

B2k(b− a)2k

(2k)!
[f (2k−1)(b)− f (2k−1)(a)]

}
,

As above, the empty sum forr = 1 is interpreted as zero.

Theorem 3.1.Supposef : [a, b] → R is a real-valued(2r)-times differentiable function.

(a) If |f (2r)|q is convex forq ≥ 1, then

(3.1) |Ir| ≤ (b− a)2r+1

(
1

2

) 1
q
(
|B2r|
(2r)!

)1− 1
q

{
|aIII(r)| · |f (2r)(a)|q

+ (|aII(r)|+ |aV(r)|) ·
∣∣∣∣f (2r)

(
a + b

2

)∣∣∣∣q + |aVI(r)| · |f (2r)(b)|q
} 1

q

.
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(b) If |f (2r)|q is concave forq ≥ 1, then

(3.2) |Ir| ≤
(b− a)2r+1

2

{
|aI(r)| ·

∣∣∣∣∣f (2r)

(
|aIII(r)| · a + |aII(r)| · (a+b

2
)

|aI(r)|

)∣∣∣∣∣
+|aIV(r)| ·

∣∣∣∣∣f (2r)

(
|aVI(r)| · b + |aV(r)| · (a+b

2
)

|aIV(r)|

)∣∣∣∣∣
}

.

Proof. From (2.1) and the definition ofIr, we have

|Ir| ≤ (b− a)2r+1

∫ 1

0

|P2r(t)f
(2r)(a + t(b− a))|dt

= (b− a)2r

∫ b

a

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ · |f (2r)(x)|dx.

It follows from Hölder’s inequality that

(3.3) |Ir| ≤
(∫ b

a

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ dx

)1− 1
q
(∫ b

a

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ · |f (2r)(x)|qdx

) 1
q

.

Now,

(3.4)
∫ b

a

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ dx = (b− a)

∣∣∣∣∫ 1

0

P2r(t)dt

∣∣∣∣ =
(b− a)|B2r|

(2r)!
,

and, by the convexity of|f (2r)|q, we have∫ b

a

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ · |f (2r)(x)|qdx(3.5)

=

∫ a+b
2

a

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ · |f (2r)(x)|q +

∫ b

a+b
2

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ · |f (2r)(x)|qdx

=
b− a

2

[∫ 1

0

∣∣∣∣P2r

(
t

2

)∣∣∣∣ · ∣∣∣∣f (2r)

(
(1− t)a + t

(
a + b

2

))∣∣∣∣q dt

+

∫ 1

0

∣∣∣∣P2r

(
1− t

2

)∣∣∣∣ · ∣∣∣∣f (2r)

(
(1− t)b + t

(
a + b

2

))∣∣∣∣q dt

]
≤ b− a

2

[∣∣∣∣∫ 1

0

(1− t)P2r

(
t

2

)
dt

∣∣∣∣ · |f (2r)(a)|q

+

∣∣∣∣∫ 1

0

tP2r

(
t

2

)
dt

∣∣∣∣ · ∣∣∣∣f (2r)

(
a + b

2

)∣∣∣∣q
+

∣∣∣∣∫ 1

0

(1− t)P2r

(
1− t

2

)
dt

∣∣∣∣ · |f (2r)(b)|q

+

∣∣∣∣∫ 1

0

P2r

(
1− t

2

)
dt

∣∣∣∣ · ∣∣∣∣f (2r)

(
a+b

2

)∣∣∣∣q]
Thus, by (3.3), (3.4) and (3.5) and the identities (II), (III), (V) and (VI), we have the inequality
(3.1).
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On the other hand, since|f (2r)|q is concave implies that|f (2r)| is concave and by Jensen’s
integral inequality, we have

|Ir| ≤ (b− a)2r

[∫ a+b
2

a

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ · |f (2r)(x)|dx +

∫ b

a+b
2

∣∣∣∣P2r

(
x− a

b− a

)∣∣∣∣ · |f (2r)(x)|dx

]

= (b− a)2r+1

[∫ 1

0

∣∣∣∣P2r

(
t

2

)∣∣∣∣ · ∣∣∣∣f (2r)

(
(1− t)a + t

(
a + b

2

))∣∣∣∣ dt

+

∫ 1

0

∣∣∣∣P2r

(
1− t

2

)∣∣∣∣ · ∣∣∣∣f (2r)

(
(1− t)b + t

(
a + b

2

))∣∣∣∣]

≤ (b− a)2r+1

2

∣∣∣∣∫ 1

0

P2r

(
t

2

)
dt

∣∣∣∣ ·
∣∣∣∣∣∣f (2r)


∣∣∣∫ 1

0
P2r

(
t
2

)
((1− t)a + t

(
a+b
2

)
)dt
∣∣∣∣∣∣∫ 1

0
P2r

(
t
2

)
dt
∣∣∣

∣∣∣∣∣∣
+

∣∣∣∣∫ 1

0

P2r

(
1− t

2

)
dt

∣∣∣∣ ·
∣∣∣∣∣∣f (2r)


∣∣∣∫ 1

0
P2r

(
1− t

2

) (
(1− t)b + t

(
a+b
2

))
dt
∣∣∣∣∣∣∫ 1

0
P2r

(
1− t

2

)
dt
∣∣∣

∣∣∣∣∣∣
 .

Thus, by identities I, II, III, IV, V and VI, we have the inequality (3.2). �

For r = 1 in Theorem 3.1, we have the following corollary.

Corollary 3.2. Under the assumptions of Theorem 3.1. Iff is a4-convex function, we have

(3.6)

∣∣∣∣∫ b

a

f(x)dx− b− a

2
[f(a) + f(b)]

∣∣∣∣
≤ (b− a)3

12

[
3 |f ′′(a)|q + 10

∣∣f ′′ (a+b
2

)∣∣q + 3|f ′′(b)|q

16

] 1
q

and iff is a4-concave function, we have

(3.7)

∣∣∣∣∫ b

a

f(x)dx− b− a

2
[f(a) + f(b)]

∣∣∣∣ ≤ (b− a)3

12

[∣∣f ′′ (11a+5b
16

)∣∣+ ∣∣f ′′ (5a+11b
16

)∣∣
2

]
.

Remark 3.3. Using the convexity of|f ′′|q, we have∣∣∣∣f ′′(a + b

2

)∣∣∣∣q ≤ |f ′′(a)|q + |f ′′(b)|q

2
,

Hence inequality (3.6) is an improvement of inequality (1.2).
Since|f ′′|q is concave implies that|f ′′| is concave, we have

1

2

[∣∣∣∣f ′′(11a + 5b

16

)∣∣∣∣+ ∣∣∣∣f ′′(5a + 11b

16

)∣∣∣∣] ≤ ∣∣∣∣f ′′(a + b

2

)∣∣∣∣ .
Thus inequality (3.7) is an improvement of inequality (1.3).

4. APPLICATION

To obtain estimates of the error in the trapezoidal formula, we apply the results of the previous
section on each interval from the subdivision

[a, a + b], [a + h, a + 2h], . . . , [a + (n− 1)h, a + nh].
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We define

Jr =

∫ a+nh

a

f(x)dx− T (f ; h) +
r−1∑
k=1

B2kh
2k

(2k)!
[f (2k−1)(a + nh)− f (2k−1)(a)].

Theorem 4.1. If f : [a, a + nh] → R is a (2r)-time differentiable function(r ≥ 1).

(a) If |f (2r)|q is convex for someq ≥ 1, then

|J2r| ≤ h2r+1

(
1

2

) 1
q
(
|B2r|
(2r)!

)1− 1
q

n∑
m=1

{
|aIII(r)| · |f (2r)(a + (m− 1)h)|q

+(|aII(r)|+ |aV(r)|) ·
∣∣∣∣f (2r)

(
a +

(
m− 1

2

)
h

)∣∣∣∣q + |aVI(r)| · |f (2r)(a + mh)|q
} 1

q

.

(b) If |f (2r)|q is concave for someq ≥ 1, then

|J2r| ≤
h2r+1

2

n∑
m=1

{
|aI(r)| ·

∣∣∣∣f (2r)

( |aIII(r)|(a + (m− 1 · h) + |aII(r)|(a + (m− 1
2
) · h)

|aI(r)|

)∣∣∣∣
+|aIV(r)| ·

∣∣∣∣f (2r)

( |aVI(r)|(a + mh) + |aII(r)| · (a + (m− 1
2
)h)

|aIV(r)|

)∣∣∣∣} .

Proof. Since

|Jr| ≤
n∑

m=1

{∫ a+mh

a+(m−1)h

f(x)dx− h

2
[f(a + (m− 1)h) + f(a + mh)]

+
r−1∑
k=1

B2kh
2k

(2k)!
[f (2k−1)(a + mh)− f (2k−1)(a + (m− 1)h)]

}
,

we have

|Jr| ≤
n∑

m=1

h2r+1

(
1

2

) 1
q
(
|B2r|
(2r)!

)1− 1
q

{
|aIII(r)| · |f (2r)(a + (m− 1)h)|q

+(|aII(r)|+ |aV(r)|) ·
∣∣∣∣f (2r)

(
a +

(
m− 1

2

)
h

)∣∣∣∣q + |aII(r)| · |f (2r)(a + mh)|q
} 1

q

,

by Theorem 3.1(a) applied to each interval[a + (m− 1)h, a + mh]. Obviously, the proof (a) is
complete.

The proof (b) is similar. �

Remark 4.2. As the same discussion in the Section 3, Theorem 4.1 forr = 1 is an improvement
of Theorem 4 forr = 1 in [3].
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