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ABSTRACT. We investigate the representation of sums of the derivative of the reciprocal of
Catalan type numbers in integral form. We show that for various parameter values the sums
maybe expressed in closed form. Finally we give bounds for the sums under investigation, in
terms of the parameters.
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1. INTRODUCTION
We defineC, (j) , the Catalan related numbers, foe NU {0}, N={1,2,3,...} as
2n+j 2n+j+1
, () = 5t () forn=1,2,3, .
(1.1) Cn (4) =
L, forn =0,

and in particular, from(1]1), the Catalan numbérs= C,, (0) are defined by
1 (Qn) — _1 (2n+1) : forn — 1,2,3, ..

n+1l \n 2n+1 n

1, forn = 0.

Catalan numbers have many representations, see Adamchik [1], in particular Penson and Six-
deniers([3], by employing some ideas of the Mellin transform gave the integral representation,

1 4
(1.2) C, = —/ Y24 — ¢ dt.
2m Jo
By the change of variablev? = 4 — ¢, in (1.2) we find that
22n+2 e’} 2
C, = / e
o

T 1 + wg)n+2
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which, see Bailey et.al. [2], is closely relateddtg,, the central binomial coefficient

2 22n+1 0o 1
n ™ Jo (1+w?)

Moreover, it can be seen thdt, = (n + 1) C,,.

Lemmal.l.For j > 0 andn € N, let the Catalan related numbers

, () = 2n+1j+1 (), forn=1,2,3, ..
Cn (j) =
1, forn =20
be an analytic function i then
d 1 I
SR {CORCS
dj \Cn (7) Cn ()
n+1 ¢ 1
_—(2nn+j) ;T—l-]—i-n
n+1

where the Psi(or digamma function)

() = dilzln (r (2)) = L&D

and the Gamma function
I'(w) = /OO tv et dt,
for ® (w) > 0. 0
Proof. For the first derivative o% with respect tgj, let for integerm,

1 n+1

Cui) ~ ()
m+DTn+ )T (n+j5+1)
F'@2n+j+1)

m+1)'(n+1)

]i[l(n+r+j)

Taking the logs on both sides we have

n

1 .
In [m} =In(n+1)+mn[l'(n+1)]—1In [Z(n+7"+j)

r=1

and differentiating with respect towe obtain the resulf (1].3).
It may be seen that for = 0, we obtain

n

LY ol L nt+lroo 40
(Cn<j)>:|j:0_ (2”)Zr+n_ (2:) |:H2n+1 Hn+l]7

n r=1
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where thent* Harmonic number

n

Ly 1
H(l):Hn:/ dt =Y = = 7} 1

r
1

r=

and~ denotes the Euler-Mascheroni constant, defined by

n—o00
r=1

"1
v = lim (Z - log (n)) = —W (1) =~ 0.577215664901532860606512.........

An extension of thes'” harmonic numbers is introduced and studied by Sandor [4]. As an aside
it is possible to consider higher derivatives|of {1.3). O
Some numbers of (1].3), without the negative sign are

B 1 / -
n (cn(j)>

1 _2

(+2)°
9 31(25+7)
(+3)(5+4)°
5 4!(3j2+30j+74)
(7+4)%(+5)*(+6)
4 5!(2j3+39j2+251j+533)

(745)%(1+6)*(1+7)*(7+8)°
6!(5j4+160j3+1905j2+10000j+19524)
(746)*(1+7)%(7+8)* (7+9)* (7+10)

7!(6j5+285j4+5380j3+50445j2+234908j+434568)

6 G+7)?(G+8)%(1+9) (1+10)*(j+11)*(j+12)°

In the next theorems we give integral representations for various summation expressions of
Catalan type numbers with parameters. In some particular cases we give closed form values of
the sums and then determine upper and lower bounds in terms of the given parameters.

The following theorem is proved.

2. CATALAN RELATED SUMS

Theorem 2.1. Let the Catalan related numbers, with parameter 0,1,2,3,4, ..., C, (j) =
- (*) and|t| < 4, then

n+1 n
5'<t>—§: & > 1
TG (j) i+

r=1

n

1" (n+1) 1
_Z (2n+j) Zr—i—j—i—n

n r=1

- ”((22—3)1)[\11<1+j+2n)—\11(1+j+n>]
/1 (1— ) log(1 — x) .
0 (1—tx(l— 95))3

n

(2.1) -

|
)
~+
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Proof. Consider

=t " (n+1)
Z C, (j) Z (2n+j)

n=1 1 n

3
Il

t"(n+1)I'(n+1)I'(n+5+1)
F'@Cn+j+1) '

I
NE

1

3
I

Now by the use of the Gamma propeftyn + 1) = nI" (n) we have

. t"n ( n+ ()Fn+]+1 - ,
t” 1) 1

n=1

where

Blag) = D0 = [am = [ ae ey

for o > 0 andj > 0 is the classical Beta function, therefore
00 oo 1 )
Ztnn(n—f— )B(n,n+j+1)= Zt”n (n+ 1)/ (1—2)"7 2" da
n=1

/ -z Zn n+1)(tx (1 —2))" dz

by interchanging sum and integral. Now applying Lenima 1.1 we obtain

L, [0 gl -
S; (t) = 2t/0 Taa o7 dz,

which is the resulf (2]1). O

Other integral representations involving binomial coefficients and Harmonic numbers can be
seen in([5],[6], [7] and[8].

Remark 1. Forj € N we obtain fort = 2

2" (n+ 1 1
; (*+7) z;r—l—j—l—n
(1 —a2) " log(1 -
:_{/< o logl1 =)
o (1—-2x(1-ux))
= 1G4+ @ (2) + agmIn (2) + aym + as,

where the Catalan constant

G= / In (cot (x)) dz = .0.91596559...,
0
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and( (z) is the Zeta function. Some specific cases'pf2) are

J aq ) Qg Oy Qs
3 1
o 3 o 3 1 0
6 3 _27 3 _7 7
8 32 32 32 1
13 35 27 35 3 6920563
2 256 128 32 6350400

1 (=" n+1) 1
Sj<_§)::§:( é@ﬁ) g;r4¢j+n
:/1 (1—z) " log(1 —x) e

0 (1—1—%1‘(1—1‘))3
= 51¢(2) + 42 (In(2))* + B3 In (2) + Bs.

Some specific cases 6f (—3) are

_8 4 _2
0 81 81 27 0

9 & _8 _4 _2

81 81 27 9

8 31412 31744 6596 5045
81 81 27 18

Next we shall give upper and lower bounds for the sefigg) given by [2.1).

Theorem 2.2.Forj =0,1,2,3,...,and0 <t < 4

22 —2 s

(7+2)
3
(ji;)Q (é) ’

1
- il Yt 2
o 2 2t4—41¢3 434262 1490443860 , 1008 arcsm( 3 )
(2j+3)° 5(4—t)° V(-

Proof. Consider the integral inequality

[ rws@ia< s 1@l [ @l
x0 xE€|T0,T1 x0
and from the integra[ (2} 1) we can identify

1 1 ) 1
_ — 2V - = )
(2.3) /xo lg (z)|dx = /0 (1—2z)" In(l —2x)dz G127
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Similarly
2t
9 T = wa—ar

is monotonic onx € [0, 1] with lir%f (x) = 2t, lirr%f (x) =0, hence

4 3
sup f(z :2t(—) .
z€[0,1] ( ) 4—t
The series[(2]1) is one of positive terms and its lower bound is given by the first term, hence

combining these results we obtain the first part of the inequlity (2.2). For the second part of
the inequality ), consider the Euclidean norm wheredfor 3 = 2, 1 + § = 1, and

for f(z) andg (x) defined by ) an@B) respectively we have tifatz)|” and |g (z)[?
are integrable functions defined anc [0, 1]. From (2.1) and by Hélder's integral inequality,

which is a special case of the Cauchy-Buniakowsky-Schwarz inequality,

5, (1) < (/01|f<o:>|2dac)é ([ |g<x>|2dx)é,
([ \g(x)\Qd:c)é ([

where

(1—2) ' In(1l—2x)

2 2 2
(27 +3)
and

1 o[/t

! 2 214 — 4143 + 34212 — 1490t + 3860  1V08arcsin <—

(/ |f(x)]2d;1:> Y i T, .
0

5(4-t) t(4—n"

N———
1
N

so that

2 21— 41£° 4 3421 — 1490% + 3860 1008 arcsin (
and the second part gf (2.2) follows. O

Remark 3. For a particular value of and;j > 0 we can plot the exact value 6f; (¢), (2.1)
against the upper bounds from (2.2)

2t 4 \°
@5 40 - = (75)

wfS
N—
!

INIE

S; (1) < 2t

and

. (vi\12
2 [2# — 416 4 3421 — 1490 + 3860 1008 arcsin (7)

(2 +3)° 5(4—t)° Fd— )l

(2.6) B (t) = 2t

Remark 4. Fort = 1.5 we have the graph, Figure 2.1, showing tBat1.5) is a better estimator
of S; (1.5), (the lower curve in Figure 2.1), that; (1.5) up to aboutj = 4.5. The exact value
of j for a given value ot can be exactly calculated frofn (R.5) apd {2.6).

The graphin Figure 2|1 suggests that the sun inj (2.1) may be convex. We prove the convexity
of (2.1) in the following theorem.
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Figure 2.1: A plot ofS;(1.5), 4;(1.5) and B;(1.5) showing the crossover point at abgut= 4.5.

Theorem 2.3.For j > 0 and(0 < ¢ < 4 the functionj — S (t), as given in Theorein 2.1 is
strictly decreasing and convex with respect to the paramgtef0, co) for everyz € [0, 1] .

Proof. Let

(1—z) ' In(1—2)
(1—tx(1—x))°

be an integrable function far € [0, 1] and put

1
S;(t) = —Zt/o gj (z,t) dx,

gj (l‘,t) =

so that
(1—z)ln(l —x)

So (t) = —275/0 go (z,t) dx = —Zt/o (1 —to (1 $>>3

Applying the Leibniz rule for differentiation under the integral sign, we have that
1
3}
S’~t=/—,~x,td$
j0) = | 550 @0
1

L (1 -2y (In(1 —2))? .
B %A (1—tx(1—a)) b

Sincej > 0and0 <t < 4
(1-— x)j+1 (In(1— :L‘))2
(1—tx(l—x))°

thensS’ (t) < 0, so that the sum i.l), is a strictly decreasing sum with respect to the param-
eterj forz € [0,1].

>0 for ze(0,1),
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Now
1 82
S"t:/—,~x,td93
J ( ) 0 ag]g]( )
11 i+l 3
oy [ A,
0 (1—tx(1—2x))
and since e ,
11— In(1—
Loyt 0 —a)®
(1—tx(l—1))
thenS (t) > 0 so that[(2.]L) is a convex function ferc [0, 1]. O

REFERENCES

[1] V. ADAMCHIK, Certain series associated with Catalan’s constamnal. and Appl.21(3) (2002),
818-826.

[2] D.H.BAILEY, J.M. BORWEIN, N.J. CALKIN, R. GIRGENSOHN, D.R. LUKEND V.H. MOLL,
Experimental Mathematics in Actipi/ellesley, MA, AK Peters, 2007.

[3] K.A. PENSONAND J.M. SIXDENIERS, Integral representations of Catalan and related nundbers,
Int. Sequencedgl (2001), Article 01.2.5

[4] J. SANDOR, Remark on a function which generalizes the harmonic s€id®, Bulg. Acad. Sci.,
41(5) (1988), 19-21.

[5] A. SOFO,Computational Techniques for the Summation of Sekksver Academic/Plenum Pub-
lishers, 2003.

[6] A. SOFO, Integral identities for sumslath. Comm. 13 (2008), 303-309.

[7] A. SOFO, Integral forms of sums associated with harmonic numbBeggl. Math. Comput.207
(2009), 365-372.

[8] A. SOFO, Some more identities involving rational suéppl. Anal. Disc. Maths2 (2008), 56—66.

[9] O. MARICHEYV, J. SONDOWAND E.W. WEISSTEIN, Catalan’s Constantfrom Mathworld-
A Wolfram Web Rescourcehttp://mathworld.wolfram.com/CatalansConstant.
html

J. Inequal. Pure and Appl. Mathl0(3) (2009), Art. 69, 8 pp. http://jipam.vu.edu.au/


http://mathworld.wolfram.com/CatalansConstant.html
http://mathworld.wolfram.com/CatalansConstant.html
http://jipam.vu.edu.au/

	1. Introduction
	2. Catalan Related Sums
	References

