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1. Introduction ||\v
S

In this paper we are concerned with simple directed graphs. A directed graph (or just
digraph)G consists of a non-empty finite SB{G) = {vy, va, ..., v,} of elements

called vertices and a finite SE{(7) of ordered pairs of distinct vertices called arcs.
Two vertices are called adjacent if they are connected by an arc. The skew-adjacency
matrix of G is then x n matrix S(G) = [a;;] wherea,;; = 1 whenever(v;,v;) €

I'(G), a;; = —1 whenever(v;,v;) € I'(G), a;; = 0 otherwise. Hence&(G) is a

skew symmetric matrix of order and all its eigenvalues are of the forrh where

i = +v/—1and\ € R. The skew energy of is the sum of the absolute value of the
eigenvalues ob (). For additional information on the skew energy of digraphs we
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refer to [1]. The degree of a vertex in a digraghis the degree of the corresponding Title Page
vertex of the underlying graph @f. Let D(G) = diag(d;, ds, . . ., d,), the diagonal
matrix with vertex degreesg,, d, ..., d, of vi,vs,...,v,. ThenL(G) = D(G) — Contents
S(@) is called the Laplacian matrix of the digragh Let p, uo, ..., u, be the <« »
eigenvalues of.(G). Then the sets;(G) = {p, ue, ..., 1y} is called the skew
Laplacian spectrum of the digragh The Laplacian matrix of a simple, undirected ) >
(n,m) graphG, is L(G1) = D(G;) — A(G1), whereA(G,) is the adjacency matrix Page 3 of 12
of G;. It is symmetric, singular, positive semi-definite and all its eigenvalues are
real and non negative. It is well known that the smallest eigenvalue is zero and its Go Back
multiplicity is equal to the number of connected componentSof The Laplacian

. . Full Screen
spectrum of the grapty;, consisting of the numbers,, as, . . ., a,, iS the spectrum
of its Laplacian matrix.(G1) [3, 4]. The spectrum of the graghi;, consisting of the Close
numbers\;, Ao, ..., A, is the spectrum of its adjacency matrXG). The ordinary
and Laplacian eigenvalues obey the following well-known relations: journal of inequalities

in pure and applied
- ' A mathematics
(1.1) Z Ai = 0; Z A =2m, issn: 1443-575k
=1 =1
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n

(1.2) Z a; = 2m; ia? =2m + idf
i=1 i=1

i=1

The energy of the grapfi; is defined as
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to define the Laplacian energy 6f;, Gutman and Zhoug] introduced auxiliary
"eigenvalues's;, i = 1,2, ..., n, defined by Title Page
2
Bi = a; — _m Contents
n
Then it follows that . . < 4
Z@ZO and ) f7=2M < >
' =1 Page 4 of 12

whereM =m + £ >°7" (d — Zmy2,
If G is an(n, m) graph and its Laplacian eigenvalues afeas, . . ., a,, then Go Back
the Laplacian energy @, [6] is defined by

Gy) = Z |5 = a
i=1 =1 _ journal of inequalities
Gutman and Zhoud] have shown a great deal of analogy between the properties of in pure and applied
E(G:) andLE(G1). Among others they proved the following two inequalities: mathematics

(1.3) LE(Gy) < VoMn issn: 1443-575k
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and
(1.4) WM < LE(Gy) < 2M.

Various bounds for the Laplacian energy of a graph can be four] 8}.[

The main purpose of this paper is to introduce the concept of the skew Laplacian
energySLE(G) of a simple, connected digragh and to establish upper and lower
bounds forS LE(G) which are similar tq1.3) and(1.4). We may mention here that
the skew Laplacian energy of a digraph considere®jmjfas actually the second
spectral moment.
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2. Bounds for the Skew Laplacian Energy of a Digraph

We begin by giving the formal definition of the skew Laplacian energy of a digraph.

Definition 2.1. Let.S(G) be the skew adjacency matrix of a simple digraptpos-
sessing: vertices andn edges. Then the skew Laplacian energy of the digra o
defined as

u 2m
LE(G) = ,— —
SLE(G) Z =,
wherepu, o, . . ., pu, are the eigenvalues of the Laplacian matfixG) = D(G) —

S(G).
In analogy with (..2), Adiga and Smithad] have proved that
(2.1) > =Y di=2m
=1 =1

and

(2.2) ZM? = Zdi(di —1).

We may observe that equatioris 1) and ¢.2) are evident asl(1) and (L.2), which
follow from the trace equality.
Definey; = p; — 22 fori =1,2,...,n. Onusing £.1) and @.2) we see that

n

(2.3) Z% =0
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and

(2.4) > 97 =2M,
=1
where 9
1 < 2
M=ms ) (di__m)
=1

Since2m/n is the average vertex degree, we ha¥e+ m = 0 if and only if G is
regular.

Theorem 2.2. LetG be an(n, m)-digraph and letd; be the degree of thé" vertex
of G,i=1,2,...,n. If uy, ps, ..., u, are the eigenvalues of the Laplacian matrix
L(G) = D(G) — S(G), whereD(G) = diag(d,,ds, . .., d,) is the diagonal matrix
andS(G) = [a;;] is the skew-adjacency matrix 6f then

SLE(G) < \/2Min.
HereM; = M +2m =m+ 5 1" (d; — 22)%
Proof. From(2.1) it is clear that

(2.5) > Re(u) = _di

By Schur’s unitary triangularization theorem, there is a unitary méfrsuch that
U*L(G)U =T = [t;;], whereT is an upper triangular matrix with diagonal entries

ti = piy i = 1,2,...,n,i.e. L(G) = [s;;] andT = [t;;] are unitarily equivalent.
That is,

S lsl? =Y P =)t =D il

ij=1 ij=1 i=1 i=1
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Thus

(2.6) dodi2om =Yl
=1 =1
Let;, = u; — sz 1 =1,2,...,n. By the Cauchy-Schwarz inequality applied to the
Euclidean vector§|v:|, |2/, - - -, |7.]) and(1,1,..., 1), we have
n 2m n
(2.7) SLE(G) = |mi === Il <
=1 =1

Now by (2.5) and(2.6),

- - 2m _2m
;WPZZ;(M—?D (MZ_WD

- 2m - 4m?

2
_E L0 __E 2Re u; + —
i1| | n P ¢ n

§2m+ildf—47mildl+47ﬂl2

(2.8) = 2M,.

Using(2.8) in (2.7), we conclude that
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Second ProofConsider the sum

3
3

S = ’% ”YJ

i=1 j=1

By direct calculation

5= it -2(3hi ).
i=1 i=1 j=1
8) and the definition ob LE(G) that
S < 4nM, — 2SLE(G)*.
SinceS > 0, we haveSLE(G) < /2Mn. O
If E£(G,) is the ordinary energy of a simple graph it is well-known [7] that

2.9) B(G) < %m +m=1) [2m _ <2—m>2] |

n

It follows from (2.

We prove an inequality similar t62.9) involving the skew Laplacian energy of a
digraph. LetG be an(n, m)-digraph. Supposg, i, - . ., i, are the eigenvalues of
the Laplacian matrix(G) with |yi| < [y < --- < || = k, wherey; = p; — 22,
i=12,...,n.LetX = (7| < || < < |ywma])andY = (1,1,...,1). By the
Cauchy-Schwarz inequality we have

<2m> <)Y Rl
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That is,

(SLE(G) = [wl)* < (n—1) (ZI%!Q \%!2)-

Using (2.8) in the above inequality we obtain

SLE(G) < k4 +/(n—1)(2M; — k2?),
wherek = |v,,| and M is as in Theoren2.2.

Theorem 2.3.We have

M| < SLE(G) < 2M,.

Proof. Since)_!" , v; = 0, we have

Z% +2Zm] = 0.

1<J

Now, using(2.4) in the above equation we have

2M = -2 7.

1<J

This implies

(2.10) 2|M| =2

SQZ|%||%‘|-

1<j

Z ViV

1<j
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Now by (2.1),
n 2 n n
SLE(G)* = (Z !%!) = ulP+2>  ulll
i=1 i=1 i<j

> 2AM|+2) |[llnl,

1<j
which combined with(2.10) yields SLE(G)? > 4|M]|. Thus
2V/|M| < SLE(G).

To prove the right-hand inequality, note that for a graph witbdges and no isolated
vertex,n < 2m. By Theoren?.2, we have

SLE(G) < \/2Myn < \/2M,(2m) = 2/ M;m.
SinceM; > m, we obtainSLE(G) < 2M;. O
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