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Abstract

We establish several convexity results for Hermitian matrices. For instance:
Let A, B be Hermitian and let f be a convex function. If X and Y stand for
f({A+ B}/2) and {f(A) + f(B)}/2 respectively, then there exist unitaries U,
V such that

< UYU VYV

- 2

Consequently, Ayj—1(X) < A;(Y), where );(-) are the eigenvalues arranged
in decreasing order.

2000 Mathematics Subject Classification: 47A30 47A63.
Key words: Hermitian operators, eigenvalues, operator inequalities, Jensen’s in-
equality.

This paper is based on the talk given by the author within the “International
Conference of Mathematical Inequalities and their Applications, I", December 06-
08, 2004, Victoria University, Melbourne, Australia [http://rgmia.vu.edu.au/
conference |
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The main aim of this paper is to give a matrix version of the scalar inequality

W p(252) < Kot

for convex functiong on the real line.

Capital letters4, B, . . . , Z meann-by-n complex matrices, or operators on a
finite dimensional Hilbert spack; I stands for the identity. Whea is positive Hergitian Ogefais)rs and
semidefinite, resp. positive definite, we write> 0, resp.4 > 0. onvexFHnelons
A classical matrix version ofl(1) is von Neuman’s Trace Inequality: For BTGNS EaT
HermitiansA, B,
Title Page
A+B f(A) + f(B)
(1.2) Trf ( 2 ) < Tr 9 Contents
When f is convex and monotone, we showed fhat (1.2) can be extended to « dd
an operator inequality: There exists a unitarguch that < >
A+ B A B Go Back
(1.3) f( + )gU-M-U*.
2 2 Close
We also established similar inequalities involving more general convex com- Quit
binations. These inequalities are equivalent to an inequality for compressions. Page 3 of 13
Recall that given an operatar and a subspacg with corresponding orthopro-
jection E, the compression of onto&, denoted by, is the restriction o Z . T T e e G A P e

to £. Inequality (L.3) can be derived from: For every Hermitiaty subspace& http://jipam.vu.edu.au
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and monotone convex functiofy there exists a unitary operatbron £ such
that

(1.4) f(Ae) SUf(A)eU™.

Inequalities {.3) and (L.4) are equivalent to inequalities for eigenvalues. For
instance {.4) can be rephrased as

Ai(f(Ae)) <A (F(A)e), J=1,2,...

where);(-), j =1, 2,... are the eigenvalues arranged in decreasing order and
counted with their multiplicities. Having proved an inequality such &S8)(

for monotone convex functions, it remains to search counterparts for general
convex functions. We derived fron..(3) the following result for even convex
functionsf : Given HermitiansA, B, there exist unitarie§, VV such that

A+B) _ U + VBV
2 )= 2 '

(1.5) f (

This generalizes a wellknown inequality for the absolute value,
|A+ B| < U|A|U* + V|B|V*.

We do not know whetherl(5) is valid for all convex functions.

In Section2 we present a counterpart df.{) for all convex functions. This
will enable us to give, in Sectiof, a quite natural counterpart of.@) for all
convex functions. Althoughl(3) can be proven independently df.{) (and the
same for the counterparts), we have a feeling that in the case of general convex
functions, the approach via compressions is more illuminating.
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Our substitute toX.4) for general convex functions (on the real line) is:

Theorem 2.1. Let A be Hermitian, let€ be a subspace and l¢tbe a convex

function. Then, there exist unitariég V on £ such that

- US(A)eU" + VAV

f(Ag) 5

Consequently, fof =1, 2, ...,
A2j—1(f(Ag)) < A (f(A)e)-
Proof. We may find spectral subspac&sand&” for As and a reat such that
neE=&a¢&,

(i) the spectrum of¢ lies on(—oo, ] and the spectrum od¢~ lies on|r, co),

(iii) f is monotone both oft-oco, r] and|r, co).

Letk be aninteger, < k£ < dim &'. There exists a spectral subspace &’
for Ae (hence forf(Ag)), dim F = k, such that
Akl f(Agr)] = he};rlﬁ2||=1<h’ f(Ar)h)
= min{f (A (A4r)); f(A(Ar))}
- i h, Arh
peitin _ F(h Azh))

= he}?ﬁgl|:1 f((h, AR)),
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where at the second and third steps we use the monotonicjtyoaf(—oo, r]
and the fact thatl =’s spectrum lies ori—oc, r]. The convexity off implies

f((h, AR)) < (h, f(A)R)
for all normalized vectoré. Therefore, by the minmax principle,

Melf(Ag)] < min — (h, f(A)R)

T heF; ||h|I=1
< el f(A)er].

This statement is equivalent to the existence of a unitary opdargton £’ such
that
f(Agr) < Uof(A)eUs.

Similarly we get a unitary, on £” such that
f(Agn) < Vof(A)eVy

Thus we have

o= (3 ) ("9 sioe) (3 4)

Also, we note that, still in respect with the decompositiba: £’ @ £”,

(ﬂjg)g, f (f(l))s")

- -6 s %)
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So, letting
_(Uy © (U O
U_<O Vb) and V—(O —V0>

Uf(A)eU* +V f(A)eV"
; :

we get

(2.1) f(Ae) <
It remains to check tha®(1) entails

A2j—1(f(Ag)) < A (f(A)e)-
This follows from the forthcoming elementary observation. O
Proposition 2.2. Let X, Y be Hermitians such that

uyuvr+vyvs
2

for some unitarieg¢/, V. Then, forj; =1, 2,...,

(2.2) X <

Agj—1(X) < N(Y).

Proof. By adding ar! term, for a suitable scalar both toX andY’, it suffices
to show that

(23) )\Qj_l(X) >0 — )\j(Y) > 0.
We need the following obvious fact: Given HermitiadshB,

rank(A + B), < rankA, + rankB,
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where the subscript + stands for positive parts. Applying thidte UY U*
andB = VY V* we infer that the negation o2(3), that isAy;_1(A+ B) > 0
and);(A) (= X\;(B)) <0, cannot hold. Indeed, the relation

2j-1>0G-1)+0U-1)
would contradict the previous rank inequality. O

Remark 1. From inequality £.2) one also derives, as a straightforward conse-
guence of Fan’s Maximum Principle.[Chapter 4],

k k

SN0 <3 )

fork=1,2,....
Inequality €.2) also implies

Aij+1(X) < %{AiJrl(Y) + A+ (Y)}

fori, 5 =0, 1, .... Itis a special case of Weyl's inequalities [Chapter 3].

Remark 2. For operators acting on an infinite dimensional (separable) space,
the main inequality of Theorem.1 is still valid at the cost of an additional
rl term in the RHS, withr > 0 arbitrarily small. See §, Chapter 1] for the
analogous result for(.4).

Obviously, for a concave functiofy, the main inequality of Theore 1 is
reversed. But the following is open:
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Problem 1. Let ¢ be a concave function, let be Hermitian and le€ be a
subspace. Can we find unitari&s V' on £ such that

< UglAe)U™ + Vg(Ae) V™
= 2

?

g(A)e
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The next two theorems can be regarded as matrix versions of Jensen’s inequal-

ity. The first one is also a matrix version of the elementary scalar inequality

f(za) < zf(a)
for convex functionsf with f(0) < 0 and scalars andz with 0 < z < 1.

Theorem 3.1.Let f be a convex function, let be Hermitian, letZ be a con-
traction and setX = f(Z*AZ)andY = Z* f(A)Z. Then, there exist unitaries

U, V such that

XSUYU +VYV '

A family {Z;}, is an isometric column i} " | Z*Z, = I.

Theorem 3.2.Let f be a convex function, I§t4, } ; be Hermitians, le{ Z;}™ ,
be an isometric column and s&t = f (> Z7A;Z;) andY = > Z* f(A;)Z;.
Then, there exist unitarids, V' such that

< uyuvr+vyve
_ 2 .

X

Corollary 3.3. Let f be a convex function, leti, B be Hermitians and set
X = f({A+ B}/2)andY = {f(A)+ f(B)}/2. Then, there exist unitarids,

V such that UYU* - VYT
X < + .

- 2
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Recall that the above inequality entails that foe 1, 2,.. .,
Agj—1(X) < N(Y).
We turn to the proof of Theorents1and3.2

Proof. Theoren3.1and Theoren2.1are equivalent. Indeed, to prove Theorem
2.1, we may assume thgt0) = 0. Then, Theoren2.1follows from Theorem
3.1by takingZ as the projection ont8.

Theorem2.1entails Theoren3.1: to see that, we introduce the partial isom-
etry J and the operatad onH & H defined by

J:(u—é\?)lﬂ 8)’ ’Z‘:(é 8)‘

Denoting byH the first summand of the direct sum® H, we observe that
f(Z*AZ) = f(JAT):H = T f(Aymy) T H,

where X : H means the restriction of an operat®rto the first summand of
H @ H. Applying Theorem2.1 with £ = J(H), we get unitaried/y, V, on
J(H) such that

< g U[)f(A)J(H)UJ + VE)]C(A)J(
o 2
Equivalently, there exist unitarids, V' on’H such that
f(2°AZ)
_ UT Q) s (JH)U + VI f(A) souy (T H)V
- 2

F(Z*AZ) LAY
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2 0 f(0) 0 f(0
= %U{Z*f(A)Z+ (I = |Z))V2F0)I — |Z))V* U

=1{UJ*(f<A> O)(J:H)U*+VJ*<f(A) O))U;H)v*}

+ %V{Z*f(A)Z + (L= |ZP) 2P0 — |22}V,

Using f(0) < 0 we obtain the first claim of Theoref2.
Similarly, Theoren?.1implies Theoren8.2 (we may assumg(0) = 0) by
considering the partial isometry and the operatorditi,

Zy 0 -+ 0 Ay
Zm 0 -+ 0 A
O
We note that our theorems contain two well-known trace inequalitieb{):

3.4. Brown-Kosaki: Let f be convex withf(0) < 0 and letA be Hermitian.
Then, for all contractiong,

Tv f(Z°AZ) < Tv Z* f(A) Z.

3.5. Hansen-Pedersentet f be convex and lefA;}!", be Hermitians. Then,
for all isometric column{ Z;},

Tr f (Z Z;Al-Zi> <Tr Y Z f(A)Z:
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