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ABSTRACT. In this paper, some inequalities involving the integral Taylor's remainder are ob-
tained by using various well-known methods.
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1. INTRODUCTION

In [4] — [5], H. Gauchman has derived some new types of inequalities involving Taylor’s
remainder.

In [1], L. Bougoffa continued to create several integral inequalities involving Taylor’s re-
mainder.

The purpose of this paper is to give some supplements and improvements for the results
obtained in[[1] —[3].

In [1], two notationsR,, (¢, z) andr, ¢(a,b) have been adopted to denote tfth Taylor's
remainder of functiory with centerc and the integral Taylor's remainder respectively, i.e.,

),
Rusler) = f(2) = 32D (i oyt

n!
k=0
and

b (h— )™
rn,f(a, b) :/ <T)f(n+1)(x)dx'
However, it is evident that
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and
r—a)"

(1 Ruslbr) = | © =0 00 () d = (—1)r (b, a).

So, we would like only to keep the notatidt), ;(-, -) in what follows.
We start by changing the order of integration to give a simple different proof of Lemma 1.1
and Lemma 1.2 in[5] and [1]. i.e.,

/ab R f(a,z)dv = /ab (/ax %ﬂ”“’(ﬂdt) i
/ab (/t | %f ("“)(t)da:) dt

_ / —(l()n_f):;! £ (1) dt,

n!

and

2. RESuULTS OBTAINED VIA THE LEIBNIZ FORMULA
We prove the following theorem by using the Leibniz formula.

Theorem 2.1.Let f be a function defined dia, b]. Assume thaf € C"*!([a, b]). Then

P o p1 N . (b—a)**
1) > (1 ChBasla b)) € 30Ok 7070 0|
k=0 k=0 '
- 1ok S b L=
(2.2) D (U CE R, g (ba)| <Y Cp [ fR ()] R
k=0 k=0 '
- ke [ «— k (n—k) —(b —a)
(2.3) > (-1) cp/a Ry pg(a,z)dz| <> Cry | (a)] =kt
k=0 k=0
- n—k+1 1k "=k (p (b—a)™™
ey | Op/a R sos(b,2)da <Z A0l
whereC# = (p_p—k'),k,

Proof. We apply the following Leibniz formula
(FG)P) = FPG+ C P G0 4. 4 CP FOGPD 4 PG
provided the functiong’, G € C?([a, b]).

J. Inequal. Pure and Appl. Math6(3) Art. 72, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

NOTE ON INEQUALITIES INVOLVING INTEGRAL TAYLOR’S REMAINDER 3

Let F(z) = fPH(z), G(x) = &=2°. Then

n!

n\ (P P n—=k
(n—p+1) (b— =) _ 2 : _1)kCOk fn—k+1) (b—x)

(e 2GS
Integrating both sides of the preceding equation with respecfrtom « to b gives us

r=b

)n—lc

_ oy @D P b — T

r=a

The integral on the right i&,,_; f(a, z), and to evaluate the term on the left hand side, we must
again apply the Leibniz formula, obtaining

= b—a)yt &
3 DRCE P ) = Y (—1)FCE R, g(a. ).
k=0 (n—k)! k=0
Consequently,
p p—1 —
b—a)"*
—1kC* < k (n—k) (—
’; 1)"Cy Rt g(a, ) _kzoop_mf @ =
which proves|[(2]1).
For the proof of[(2.R), we take
Pa) = for(), Ga) = L=
n:
For the proof of[(2.8), we take
(n—p+1) _ (b — x)n-l—l
F() = 000, Gl) = ==
For the proof of[(2.}4), we take
(n—p+1) - (I’ B a)n+1
F(e) = /"), Gla) =

0J
Remark 2.2. It should be noticed thaf (3.3) and (2.4) have been mentioned and proved in [1]
with some misprints in the conclusion.

3. RESULTS OBTAINED BY A VARIANT OF THE GRUSSINEQUALITY

The following is a variant of the Gruss inequality which has been proved almost at the same
time by X.L. Cheng and J. Sun in/[3] as well as M. Maiti [6] respectively.

Leth, g : [a,b] — R be two integrable functions such that g(x) < I" for some constants
v, I'forall z € [a,b]. Then

/ab h(z)g(x) dx — ﬁ /abh(g;) dz /abg(:zs)dx

s%(/ﬂb h(x)—bia/abh@)dy

J. Inequal. Pure and Appl. Math6(3) Art. 72, 2005 http://jipam.vu.edu.au/

(3.1)

dm) (T — 7).


http://jipam.vu.edu.au/

4 ZHENG LIu

Theorem 3.1. Let f(z) be a function defined ofu, b] such thatf € C"*!([a,b]) andm <
f0*+Y(z) < M for eachr € [a, b], wherem and M are constants. Then

Ry 1(a,b) = 20 - @ (b—a)"| < n(b — a)"(M —m)

(3-2) (n+1)! T+ D)n+D)Yn+1
ntl fU(b) — f™(a) n| o (b —a)" (M —m)
(3.3) ‘(_1) R, y(ba) — CE) (b—a)"| < DDVt T
’ SO ) | o (i 10— a)" (M —m)
(3:4) / Bn s, 2) du CFT A (n+2)(n+2) "Wn +2
and
@8 |- Rug(bayde — IO SN
' . (n+2)!
(n+1)(b—a)""*(M —m)
(n+2)!(n+2)"vVn+2
Proof. To prove (3.D), setting(z) = f"*V(x) andh(z) = “=2" in (3.1), we obtain
F(b) — f™(a) M m x" (b—a)"
‘R”’f(a’b)_ (n+1)! (b-a) / (n+1)!
B n( _ n+1 M m)
C (n+ 1) (n+ DY/n+1
The proofs of[(3.8)[(3]4) anfl (3.5) are similar and so are omitted. O

Remark 3.2. It should be noticed that Theorém [3.1 improves Theorem 3[1 in [1] and Theorem
2.1in[8].

4. RESULTS OBTAINED VIA THE STEFFENSEN INEQUALITY

In [2] we can find a general version of the well-known Steffensen inequality as follows: Let
h : [a,b] — R be a nonincreasing mapping pnb] andg : [a,b] — R be an integrable mapping
on [a, b] with
» < g(x) < ®, forall z € [a,b],
then

4.1) ¢ / " ) det /b:h(x)da: < / ’ h(a)g(x)de < @ / " @)oo / ;h(a:)da:

where

(4.2) A= / G(z)dr, G(z)= g(x)__ ¢ w44

Theorem 4.1.Let f : [a,b] — R be a mapping such that(z) € C""([a,b]) andm <
f+D)(x) < M for eachz € [a,b], wherem and M are constants. Then
m(b—a)"*t + (M — m)A\"H!

(4.3) (n+1)!

S Rn,f(aa b)

< M(b—a)"™ — (M —m)(b—a— )"
- (n+1)! ’

J. Inequal. Pure and Appl. Math6(3) Art. 72, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

NOTE ON INEQUALITIES INVOLVING INTEGRAL TAYLOR’S REMAINDER 5

m(b—a)" + (M — m)\"H!

(4.4) (n+ 1) < (=1)""' Ry 5(b, a)
_ M(b—a) — (M = m)(b—a— A
= (n+1)! ’
45) m(b— a)”;jl‘:_(é\){ — m)A"*? < /b R, f(a,x)dx
3 M(b—a)"*2 — (M —m)(b—a — \)"*?
= (n+2)! ’
and
L a>”*(j; (5‘)4! —mATE (e / Ryl 2)d

M —a)""? — (M —m)(b—a— \)"?

<
- (n+2)! ’

_ f)—=f(a)=m(b—a)
where) = A .

Proof. Observe thaf”‘n—f)n is a decreasing function af on [a, b], then by ) an2) we
have

m/bx(b_'x)"dgHM b (b—x)"d </b(b )f(nﬂ)( Vo

n. b—\ n.
a+)\ 'n, b b _ n
< M/ —|—m/ ( |x) dx
a+A n:

/an SO0 = [ a) —m(b—a)

with

M—m ’
and [4.3) follows.
Slnce(x ") is a increasing function of on [a, 0], then

a+)\ _a\n 4\ b _ \n
M / =) / -, - / =" 1) () g
“ n! apr ! “ n!

b—X _A\n
“ n!

de’

bx N

and (4.4) follows.
The proofs of[(4.b) and (4.6) are similar and so are omitted. O

Remark 4.2. It should be mentioned thdt (4.5) arfd (4.6) have also been proved in [4]
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