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1. Introduction

If f,g>0,0< [7f*(z)dz < coand0 < [~ ¢*(z)dz < oo then we have the

following Hilbert’s integral inequality J]:

(1.1) // fl@ dxdy<7r{/ Az d:p/ooogQ(x)dx},

where the constant factaris the best possible. Under the same conditionlaf)(
we also have the following basic Hilbert-type integral inequalitie] 3]:

N

(1.2) / / max{x y}dxdy<4{/ £z d:t/ooog2(x)dx} :
(1.3) / /OO [ In( x/ify )9y )dxdy<co{/0wf2(x)dx/om92(m)dx}%;

(1.4 //w““fni{'iy)}()dxdy<8{/0°Of2<x>dx/0°°g2(x)dx};,

where the constant facto#s ¢, ( P % 1)2 =17. 3277*) and8 are the best

possible. In 2005, Hardy-Riesz gave a best extensiori 4j Py introducing one
pair of conjugate exponents, ¢) (p > 1,5 + . = 1) as {4

as [ [y < { [ e dx} { /jm}?

[N
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where the constant factgm is the best possible. Inequality.f) is referred to
as Hardy-Hilbert’s integral inequality, which is important in analysis and its applica-
tions [5]. In 1998, Yang gave a best extension bflj by introducing an independent

parametei > 0 as KS, 7]

(1.6) / / f d:L’dy

Hilbert's Integral Inequality

1
)\ >\ > 2 icheng Yan
<B( ){/ xl_’\fQ(x)dx/ 2P (w )dx} ; sicheng Yang
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where the constant factdt (3, ) is the best possible and the Beta functi®fu, v)
is defined by 8]: Title Page
o 1
1.7 B(u,v) := — "t u,v > 0). Contents
a7) o= [ (40> 0) I3
In 2004-2005, by introducing two pairs of conjugate exponents and an independent
parameter, Yang et al9] 10] gave two different extensions of (1) and (L.5) as: If < 4
Ay _2Ay_
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A A
L.9) / / fla dd<B( )anp,wguq,w,

where the constant factogs— andB ( ) are the best possible. Yant]] also
considered the reverse df.£) and (L.9).

In this paper, by using weight functions and real analysis techniques, a new inte-
gral inequality with the homogeneous kernel-oX degree

| In(/y)|”
(z + )~ (max{z, y})*

is given, which is a relation tol(1) and the above basic Hilbert-type integral in-
equalities (.2), (1.3) and (L.4). The equivalent and reverse forms are considered.
All the new inequalities possess the best constant factors.

k)x(x7y): ()\>0,0[€R,ﬁ>—1)
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2. Some Lemmas

We introduce the following Gamma functio8]{

(2.1) ['(s) = /000 e st (s >0).

Lemma 2.1. For a, b > 0, it follows that

1 ) -
(2.2) / 2 N —=Inx)"de = —T'(b) = / Y=~ (Iny)*dy.
0 a L

Proof. Settingz = e~*/* in first integral of ¢.2), by (2.1), we find the first equation
of (2.2). Settingy = 1/z in the first integral of £.2), we obtain the second equation
of (2.2). The lemma is hence proved. O

Lemma2.2.1fr > 1,1 +1 =1 X>0a € Rands > —1, define the weight
function as

z A 2.1
(2.3) w(s,x) == z /000 @ +‘;I)1/\§321Lai{$7y}>ady (x € (0,00)).

Then we have

(2.4) w(s,x) = ky(r) == /000 (

wherek, (r) is a positive number and

(2.5)  k(r)=T(3+1) i <a ; A)

k=0

| In w|Pur—? p
u
u+ DA (max{u, 1})>

1 1
(k:—i— A)ﬁ-&-l + (k:+ A)ﬂ—&-l

s
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Proof. Settingu = z/y in (2.3), by simplification, we obtainA.4). In view of (2.2),
we obtain

1 B, 2-1 < (] B, 2—a—1
0<w>=/ %CM/ M—uwdu
0 1

u+ 1)A-« (u+ 1)

1 00
< gla=Al [/ (—lnu)(ﬁ“)_lui_ldu—l—/ (In w) A+ =1, 5~ 1dy
0 1 Hilbert's Integral Inequality

B+l S A+l Bicheng Yan
_ 9la=}] < g Yang
=2 {()\) + ()\) 1 T(B+1) <oo. vol. 9, iss. 2, art, 59, 2008

Hencek, (r) is a positive number. Using the property of power series, we find

Title Page
_ By o= Jé] -1
Ea(r) = / (—Inw) ur d +/ (Inu)Pu~ du e
0 (U+1) 1 (L+utt)re
0o 0 44 44
_ - A
/ > (", ) e T3 (0
0 L =\ k < >
Y 1 o0 Page 7 of 17
= (a ) {/ (—lnu)’gui%_lduﬁL/ (lnu)ﬁu s ke 1du}. 98O
k=0 k 0 1 Go Back
Then in view of ¢.2), we have £.5). The lemma is proved. ] Full Screen
Lemma23.1fp>0(p#1),r>1, +:=1L;+ =LA>0,0a€R, > 1, Close
neNn> 7 IA,then forn — oo, we 'have
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Proof. Settingu = y/z, by Fubini’s theorem12], we obtain

B A1 4 A1 4
]n:—/ / ~ dx | dy
1 1

n (x +y)*~*(max{z, y})

1 o0 1 [ Y 1 8 %+%p_1
_ _/ yi-1 / [ In ol du| dy
nJi o (14 u)**(max{l,u})>
1 [ U Inw)Bustart Y (In )Py tam !
:_/ y ! / (zInw) u/\ du—l—/ (lnw) u)\ du| dy
nJi 0 (1+u)r-e 1 (L4 u)eus

[ (= u)ﬁuét%zf1 1 [~ 14| (Y(In u)ﬁu%t%zfl
= du+ — Yy n du | dy
0 (1+u)-e nJi 1 (T4 u)oue

1 —1 8 %-i—,%p—l 1 oo () ) 1 Jé] %""n%;_l
:/ (—Inw)fu du+ _/ / yldy (Inu)’u s
0 (1 4+ u)re n J, " (1 4+ u)rue

2.7) —/1 <_ln”)ﬂ“2+"lp_ldu+/oo (o)t i
L e LT

() If p> 0 (p # 1) andgq > 0, then by Levi’'s theorem12], we find

L (_nw)Bustas? L R
0 0

(1 4+ u)r (1 4+ u)re
A 1 A
© (Inu)Pus"na /Oo (Inw)Pus~1
du = - d 1 ;
/1 (14 u)r—oue " L (14 u)A oy uto(l) (n—o0);
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!

(i) If ¢ < 0, settingng € N, ng > =5, & =1 - L L — 14 L then for

lgIA? s s nog\’ nog\’

n > ng, we find

o0 By a a1 o0 By s~ woaL
/ (Inu)’u du S/ (Inw)Pus"mo du < (1),
1 1

(1 + u))\—aua (1 + u)/\—aua

and by Lebesgue’s control convergence theorem, we have

o (1)t~ o )1
1 1

(1 + u))\faua 1 + u))\faua

Hence by the above results arid4), we obtain £.6). The lemma is proved.
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3. Main Results

Theorem 3.1. Assume thap > 0 (p # 1), 7 > 1, 1+ =1, 1 +1 =1,1 > 0,
@ €R, B> —1,¢(x) = 27177 y(x) = 29077 : (z € (0,00)), f,g >0,

1
0<Hmw:{/ ﬂ“ﬂlﬂumﬁ <o, 0<lgllyw < oo
0

(i) Forp > 1, we have the following inequality:

i n (2)[ r@)atv) o |
@Y 1= [ [ N sdady < ()l

(i) For 0 < p < 1, we have the reverse o8 (), where the constant factan, (r)
expressed by?(5) in (3.1) and its reverse is the best possible.

Proof. (i) By Holder’s inequality with weight13], in view of (2.3), we find
s
7 ’111 )‘ 2(1=2)/a y(1=2)/p
_/ / (2 + y)* 2 (max{z,y})* | 40- %)/pf(x) mg(y) dady

B P
‘ln )( ahen
/ / (x + y)r*(max{z,y})™ Y=t [ (@)dedy

3 d
’hl )’ yaf%)(q—l)
9(1y)dxd
/ / G a(maa g g2 9 W
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s -{[ wx(s,w)cb(:v)fp(x)dév}; {[ = y)w(y)gq(y)dy};

We confirm that the middle of3(2) keeps the form of strict inequality. Otherwise,

there exist constantd and B, such that they are not all zero arid[

x(l_%)(p_l) y(l_%)(q_l) A
Alefp(.ﬁC) = B?gq(y) a.e. In (O, OO) X (0,00)

It follows that Az?(=2) f7(z) = By?1=%)g4(y) a.e. in (0,00) x (0, 00). Assuming
thatA # 0, there existy > 0, such that:?(!~ )1 f2(z) = [By‘I( )gq(y)} L a.e.

inz € (0,00). This contradicts the fact that< || f||, , < co. Then mequahty@.l)
is valid by using 2. 4) and @.5).
Forne N, n > s \A’ settingf.,, g, as

fn<*r) = A1 gn<x) =

A_1_q

xrow x> 1; rrona x> 1

{0, 0<z <1, {0, 0<zx<1;

if there exists a constant factor< k& < k,(r), such that §.1) is still valid if we
replacek,(r) by k, then by ¢.6), we have

in (2)|” £ulw)gu )
) +o) == [ [ memax{x e

< EkanH/p,(ﬁHgan,w =k,
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andk,(r) < k (n — o0). Hencek = k,(r) is the best constant factor df.().

(ii) For 0 < p < 1, by the reverse Hdlder’s inequality with weightd, in view of
(2.9), we find the reverse oB(2), which still keeps the strict form. Then b¥.{) and
(2.5, we have the reverse di (1). By using ¢.6) and the same manner as mentioned
above , we can show that the constant factor in the reverse 5fi¢ still the best
possible. The theorem is proved. O

Theorem 3.2.Assumethap > 0 (p # 1), r > 1,1 +2 =114+ 1 =1 x>0,
@ €R B> -1 ¢) = 270D Y(z) = 290D (z € (0,00)), f > 0,
0 <[l flp.s < o0
(i) For p > 1, we have the following inequality, which is equivalent 3ol] and
with the best constant factéf, (r):

p

TS I ‘m (ﬁ)lﬁf(x)
(3.3) J::/0 Y s /0 ( dr| dy

z +y)Ame(max{z, y})o

< kX1l 63

(i) For 0 < p < 1, we have the reverse ai.(9), which is equivalent to the reverse
of (3.1), with the best constant factéf (r).

Proof. (i) Forp > 1, z > 0, setting a bounded measurable function as

f(zx), for f(z) <mn;
n, for f(x) > n,

[f(@)]n = min{f(z),n} = {
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since|| f||,s > 0, there existsy, € N, such that[ ¢(x)[f(x)]Edz > 0 (n > ny).
Settingg,(y) (y € (+,n);n > ny) as

BH Gl = /1" (z +y) ‘ln <§>

’\*a(max{:r;, y})a [f(.l")}nd.’ﬂ )

then by (.1), we find

0< [ vy
"o | ‘ln (%) ﬂ[f(x)]ndx ’
:A ’ / (o + yp—o(max{a, g |
(2)]ngn(y)

// x+ywmax{xy}>a ey

(3.5) < ka(r {/ o(z pdm} { »(y)gd(y dy} < o0;

(3.6) 0< / )T )y < () / " b)) < oo.

It follows 0 < ||g||4» < 0o. Forn — oo, by (3.1), both (3.5) and (3.6) still keep the
forms of strict inequality. Hence we have.§). On the other-hand, suppose?) is
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valid. By Holder’s inequality, we have

NG
(3.7) I = /OOO y7 e /OOO : ‘ln (5)’ f(x)de [y%*%g(y)] dy

z 4y (max{z, y})o

1
< J7||gllg-

In view of (3.3), we have §.1), which is equivalent toq.3). We confirm that the

constant factor ing.3) is the best possible. Otherwise, we may get a contradiction

by (3.7) that the constant factor ir3 (1) is not the best possible.

(i) For 0 < p < 1, since||f||,» > 0, we confirm that/ > 0. If J = oo, then the
reverse of £.3) is naturally valid. Supposé < J < oo. Setting

. in ()]
gly) =y /0 T - f)ydz| |

A (max{z, y})o

by the reverse of{ 1), we obtain

00 > [|gllgy = =1 > Ex(r)l|fllp.sllgllg > O;
1 _
Jr = lglly > k()| flpe-

Hence we have the reverse 6f%). On the other-hand, suppose the reverse&dj (
is valid. By the reverse Hoélder’s inequality, we can get the reversé.af. (Hence
in view of the reverse of{.3), we obtain the reverse 08 (1), which is equivalent
to the reverse ofy 3. We confirm that the constant factor in the reverse3of)(is
the best possible. Otherwise, we may get a contradiction by the reverse)ahat
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the constant factor in the reverse 6f1) is not the best possible. The theorem is

proved. ]

Remarkl. Forp = r = 21in (3.1), settingn = = 0, A = 1, we obtain (..1); setting
a=0,0=X=1,weobtain (.3). Fora =\ > 0,3 > —11in (3.1), we have

B
o oo ‘ln (§>‘ f(x)g(y) pBHL | B4
@) [ [ ey < TG+ Dl el

where the constant factgg (r°+! + s**1)I'(3 + 1) is the best possible. For=
r =2in(3.9), setting\ = 1, § = 0, we obtain (..2); setting\ = 1, 3 = 1, we obtain
(1.4). Hence inequalityX.1) is a relation to {.1), (1.2), (1.3) and (L.4).
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