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ABSTRACT. In the present note, we introduce a Bezier variant of a new type of Bernstein Dur-

rmeyer operator, which was introduced by Gupta [3]. We estimate the rate of convergence by
using the decomposition technique of functions of bounded variation and applying the optimum
bound. It is observed that the analysis for our Bezier variant of new Bernstein Durrmeyer op-
erators is different from the usual Bernstein Durrmeyer operators studied by Zeng and Chen

.
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1. INTRODUCTION
Durrmeyer 1] introduced the integral modification of Bernstein polynomials to approximate
Lebesgue integrable functions on the intef@al]. The operators introduced by Durrmeyer are
defined by

n 1
(L.1) Do) = (4 1Y pas@) | pus®F0)dh, x € 0.1
k=0 0
wherep,, (z) = () 2*(1 — z)" "
Gupta [3] introduced a different Durrmeyer type modification of the Bernstein polynomi-
als and estimated the rate of convergence for functions of bounded variation. The operators
introduced in([3] are defined by

(1.2) Bu(f2) =1’ pos(a) / bur(t)f (D), € [0,1],
k=0 0
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where

k k
pn,k(l') = (—1)k%¢g€)($)7 bn,kz(t) — (_1)k+1 tk‘qb(kﬂ)( )
and
It is easily verified that the values pf, ,(x) used in[(1.1) and (1}2) are same. Also it is easily
verified that

n 1
an,k(x) =1, / bor(t)dt =1 and b,,(t) =0.
k=0 0

By considering the integral modification of Bernstein polynomials in the fornj (1.2) some ap-
proximation properties become simpler in the analysis. So itis significant to study further on the
different integral modification of Bernstein polynomials introduced by Gupta [3].oFor 1,

we now define the Bezier variant of the operat¢rs]|(1.2), to approximate Lebesgue integrable
functions on the intervdD, 1] as

(1.3) Bpolf.z) = ZQM /nk()f(t)dt, z € 0,1,

where
Q) (2) = J2(2) — JC 441 (2)

nk an]

and

whenk < n and0 otherwise.
Some important properties df, . (x) are as follows:

(i) Jog(x) = Jngs1(x) = pui(z), bk =0,1,2,3,...;
(i) J)p(x) =nppa (), k=1,2,3,...;
(i) Jox(x) = nfox Pn-1k—1(w)du, k=1,2.3,...;
(iv) Jno(x) > Jpa(z) > Jpo(x) > > Jpn(z) > 0,0 <z < 1.
For every natural numbé, .J,, ;. (x) increases strictly from to 1 on [0, 1].
Alternatively we may rewrite the operatofs (1.3) as

(1.4) Byo(f,x) /Knaajt (t)dt, 0<z<1,

where

Ky olz,t) = ZQ

It is easily verified thai3,, . (f, z) are Ilnear posmve operator®,, ,(1,z) = 1 and fora = 1,
the operators3,, ; (f,z) = B,(f, ), i.e. the operators (1.3) reduce to the operafors (1.2). For

further properties o@ﬁf,l(x), we refer the readers to![3].

Guo [2] studied the rate of convergence for bounded variation functions for Bernstein Dur-
rmeyer operators. Zeng and Chén [9] were the first to estimate the rate of convergence for
the Bezier variant of Bernstein Durrmeyer operators. Several other Bezier variants of some
summation-integral type operators were studied in [4], [6] and [8] etc. It is well-known that
Bezier basis functions play an important role in computer aided design. Moreover the recent
work on different Bernstein Bezier type operators motivated us to study further in this direction.
The advantage of the operatdss ,(f, x) over the Bernstein Durrmeyer operators considered
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in [9] is that one does not require the results of the type Lemma 3 and Lemma 4 of [9]. Con-
sequently some approximation formulae become simpler. Further ferl, these operators
provide improved estimates over the main results bf [2] and [3]. In the present paper, we esti-
mate the rate of point wise convergence of the operatgry f, x) at those points € (0,1) at

which one sided limit§'(xz—) and f (z+) exist.

2. AUXILIARY RESULTS

In this section we give certain results, which are necessary to prove the main result.

Lemma 2.1([3])). If n is sufficiently large, then
x(1—x) < B ((t— 1) 2) < 2x(1 —x).
n n

Lemma 2.2([4]). Forevery0 < k <n,z € (0,1) and for alln € N, we have
1
k() < .
Pui(7) V2enx(1 — x)

Lemma 2.3. For all = € (0, 1), there holds

V2enz(1 — )

Proof. Using the well known inequalitju® — v*| < a|la —b[, (0 < a,b < 1,a > 1) and by
Lemmd 2.2, we obtain

Qfﬁ,ﬂ(aﬁ) < appi(r) <

Q@) < - paple) <

Q

V2enz(l — )

O

Lemma 2.4.Letz € (0,1) and K, o (z, t) be the kernel defined by (1.4). Thenfosufficiently
large, we have

Y 200 - (1 — )
2.1 An.alz, ::/ Koz, t)dt < ————=—, 0<y<uz,
(2.) (@) = [ Kualw it < S0
and
! 2a- 2(1 — x)
(22) 1— Ama(l’,Z) = /Z Knya(l',t)dt S W, T <z<l.

Proof. We first prove[(2.]1), as follows

Y Y —t 2
/ Koolz, t)dt g/ Koaolz,t) (v )th
0 0 (z —y)
1

< mBn,a((t - 37)27 z)
a-Bui((t—x)%z)  20-2(1—2)
< ’ <
- (z —y)? - on(z—y)
by Lemmd 2.]L. The proof of (2.2) is similar. O
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3. MAIN RESULT

In this section we prove the following main theorem.

Theorem 3.1.Let f be a function of bounded variation on the inter{@l1] and suppose: > 1.
Then for every: € (0, 1) andn sufficiently large, we have

Bualda)= | s + s

n TH(1- x/\f
«
S iy ) /- 1 ) kZ B yf (92).
where
f(t) = f(z—), for 0 <t <z
gz(t) = ¢ 0, for t ==z
f(t) = f(z+), for z <t <1
and\/’ (g.) is the total variation of, on[a, b].
Proof. Clearly
1 «
(3.1) |Bualfix)— {Q—Hf(ﬁ) + Q—Hf(f—)}‘
< B2 + 5 [ Baalon(t = 2).0) + 2 w4) = o)

First, we have

By.o(sgn(t — z), /Knaxtdt—/f(naxt

:/ Kma(az,t)dt—Q/ K, oz, t)dt
0 0

T 1
=1- 2/ Koz, t)dt = —1+ 2/ Ky oz, t)dt.
0 T

Using Lemma 22, Lemnja 2.3 and the fact that

k 1
S psa) = / b (1)t
=0 @

we have

Bno(sgn(t — z), :—1+22an /nk()dt

=-1+2 Z@STM an,j@s)
k=0 Jj=0
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=142 pos) ) Q)
=0 k=j
=—-1+2 pr(a:)J
j=0

Since
Z Q(a-i-l

therefore we have

n

Oé — 1 2 (a+1)
By.o(sgn(t — ), ) a+1 anj o1 ]Z%Qw. ().

By the mean value theorem, it follows

QU (x) = Jot (@) — JoHh (2) = (a+ V)pa ()72 (),

where
i1 () <p () < I3 5(2).
Hence
By a(sgn(t — 2),2) + \ < 2me (@)
<22pm — Jpja(2))
<2« Zpi,j (z)
=0

where we have used the inequality — a®* < a(b —a), 0 < a,b < 1 anda > 1. Applying
Lemmg 2.2, we get

(3.2) Byo(sgn(t — ), z) + € (0,1).

oz—l‘_ 2
a+1 2enz(l—x)

Next we estimate3,, . (g., z). By a Lebesgue-Stieltjes integral representation, we have

(3.3) By olge,a /Kwastgx Pt

_ (/I+/I+/I) Ko o2, £)ga()dt

= E1 + Ey + Es, say,

wherel; = [0,z —x/v/n], L =[x —x /\/n,x+ (1 —z)/y/n]andl; = [z + (1 — z)/v/n, 1].
We first estimate?;. Writing y = = — x/+/n and using Lebesgue-Stieltjes integration by parts,
we have

E, = /Oy gas(t>dt(/\n,a(x7t)) = gw(y—i_)/\n,a(x’y) - /Oy /\”va(x7t)dt(g$(t))'
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Since|g.(y+)| <V, (g.), it follows that

By < \/(9x>>\n,a<x7y) + /Oy Ana(T,t)d ( \/ 9z ) .

y+

By using [2.1) of Lemmf 2]4, we get

2a xl—x) 2a-x(1—x)/y ’
Ey| < 2
‘ 1| \/ )2 + n 0 (.73 —t \t/ g
Integrating by parts the last term we have after simple computation

< 220 >[v0<gw>+2 I vt<g$>dt]

x? (x —1t)3

Now replacing the variablg in the last integral by: — z/+/t, we obtain

Gay  |ml< 20D N ) Sy Vo)

8
3
3
8

0 k=1 ,_ m/\f =1 5 x/\/E
Using a similar method anfl (2.2) of Leminal2.4, we get
n TH(l-z /\f

(3.5) By < s Z \/ (9x)-

Finally we estimat&s,. Fort € [z — z/v/n,z + (1 — z)/+/n], we have

w+(1=2) /7
9:(0)] = [g=(t) —go(@) <\ (ga),
z—x/\/n
and therefore
+(lfx)/\/E z+(1—z)/\/E
Bl V) A2, 1))
o/ VE

Sincef;’ didn(z,t) < 1, forall (a,b) C [0, 1], therefore

e+(1-z)/v/n
(3.6) Bol <\ ().
e—z//n

Collecting the estimatep (3.3) = (B.6), we have

n TH(1— x/\f
(3.7) |Bra(9e, )| < 1 —2) Z (92)-

k=1, _ x/\f
Combining the estimates qdf (3.1)), (B.2) ahd[3.7), our theorem follows. O

Fora = 1, we obtain the following corollary, which is an improved estimate over the main
results of [2] and [B].
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Corollary 3.2. Let f be a function of bounded variation on the inter{@&l1]. Then for every
x € (0,1) andn sufficiently large, we have

Bu(f, @) — 5lf(a4) + fa—)

n x+(17x)/\/E

1 )
< \/m|f($+)—f($—)|+mz Vo (9)

k=1 ac—a:/\/E
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