Journal of Inequalities in Pure and
I > <M Applied Mathematics

0 http://jipam.vu.edu.au/

\olume 6, Issue 3, Article 68, 2005

NEW SUBCLASSES OF MEROMORPHIC p—VALENT FUNCTIONS
B.A. FRASIN AND G. MURUGUSUNDARAMOORTHY

DEPARTMENT OF MATHEMATICS
AL AL-BAYT UNIVERSITY
P.O. Box: 130095
MAFRAQ, JORDAN.

bafrasin@yahoo.com

DEPARTMENT OFMATHEMATICS,
VELLORE INSTITUTE OF TECHNOLOGY, DEEMED UNIVERSITY,
VELLORE, TN-632 014 NDIA

gmsmoorthy@yahoo.com

Received 20 October, 2004; accepted 02 June, 2005
Communicated by A. Sofo

ABSTRACT. In this paper, we introduce two subclas$Ega) and A («) of meromorphicp-

valent functions in the punctured digk= {z : 0 < |z| < 1}. Coefficient inequalities, distortion
theorems, the radii of starlikeness and convexity, closure theorems and Hadamard product ( or
convolution) of functions belonging to these classes are obtained.
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1. INTRODUCTION AND DEFINITIONS

Let X, denote the class of functions of the form:

R — _
(11) f(Z) = ; + Zap+n—1zp+n ! (p € N),
n=1

which are analytic ang-valent in the punctured unit disR = {z : 0 < |z| < 1}. A function
f € ¥, is said to be in the clag3,(«) of meromorphig-valently starlike functions of order
in D if and only if

_2f'(2)
f(2)

(1.2) Re{ }>a (zeD; 0<a<p; peN).
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2 B.A. FRASIN AND G. MURUGUSUNDARAMOORTHY

Furthermore, a functiorf € X, is said to be in the class,(«) of meromorphicp-valently
convex functions of ordet in D if and only if

(1.3) Re {—1 -

The classe$),(«), A,(a) and various other subclassesigfhave been studied rather exten-
sively by Aoufet.al.[1] — [3], Joshi and Srivastaval[4], Kulkaret. al. [5], Mogra [€], Owaet.
al. [[7], Srivastava and Owa[8], Uralegaddi and Somaritha [9], and Yang [10].

In the next section we derive sufficient conditions fdr) to be in the classeQ,(«) and
A, («), which are obtained by using coefficient inequalities.

}>a (z€D; 0<a<p; peN).

2. COEFFICIENT INEQUALITIES

Theorem 2.1.Leto,(p, k,a) = (p+n+k—1)+|p+n+2a—k—1]|. If f(2) € £, satisfies
(21) Zo—n(pv ka a) |ap+n—l‘ < 2<p - CY)
n=1

for somen (0 < a < p) and somé: (k > p), thenf(z) € Q,(«a).

Proof. Suppose tha{ (2.1) holds true for(0 < o < p) andk (k > p). For f(z) € %, it
suffices to show that

()
o Tk

2 4 (20— k)

<1 (z € D).

We note that

(2)
i Tk

48 4 (20— k)

k—=p+> 2 (p+n+k—1Day, 12"
20—k —p+ Y2 (p+n+2a—k—1)ay,_122tn1

k=p+ Yo (tntk—1)|apaaf [
Tpt+k—20—=3 "7 p+n+20—k—1||apn_1| |zt
k—p+d o tntk—1)layn|
ptk—2a—3" [p+n+2a—k—1]|apn1|
The last expression is bounded above by 1 if

k=p+Y (p+ntk—1)]apas] <ptk—2a— [p+n+2a—k—1||ay.i|

n=1 n=1

which is equivalent to our conditiofi (2.1) of the theorem. O
Example 2.1. The functionf(z) given by

[e.e]

_ 1 4(p — Oé) p+n—1
(2.2) fle) =2+ ; iy s R L)

belongs to the clags,(«).
Sincef(z) € Q,(a) ifand only if zf'(z) € A,(a), we can prove:
Theorem 2.2.1f f(z) € X, satisfies

o0

(23) Z(p +n— 1)0n(p7 ka a) |ap+n—1| < 2(p - a)

n=1

for somen (0 < o < p) and somes(k > p), thenf(z) € Ay(«).
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Example 2.2. The functionf(z) given by

oo

1 4(p — ) p+n—1
(2.4) Qﬂ@—;;+;;nm+4Xp+n—1w4nhaf+

belongs to the clas§, ().
In view of Theorenj 2J1 and Theorém PR.2, we now define the subclasses:
(o) C Qy(a) andAj(a) C Ay(a),

which consist of functiong (=) € %, satisfying the conditions (2.1) ard (P.3), respectively.
Lettingp = 1,1 < k < n+2a, where0 < a < 1in Theorenj 2.Jl and Theorgm 2.2, we have
the following corollaries:

Corollary 2.3. If f(z) € ¥ satisfies

[e.9]

d (nta)a] <1l-a

n=1

thenf(z) € Q1 («) = ¥*(«) the class of meromorphically starlike functions of ordein D.

Corollary 2.4. If f(z) € ¥, satisfies

o0

Zn(n+a)|an| <l—-«

n=1
thenf(z) € A1(a) = X5 (a) the class of meromorphically convex functions of ordén D.
3. DISTORTION THEOREMS
A distortion property for functions in the clasg(«) is contained in

Theorem 3.1.1f the functionf () defined by[(1]1) is in the clask(a), then for0 < |z| = r <
1,we have

1 2(p— @) v
. S <
S ™ p4k+|p+ 20— k| < /G
2(p_Oé) P
- rp+p+k+|p+2a—k|r
and
2p(p — « ,
(3.2) b p(p = o) < f(2)]

Pt p+k+|p+ 20 — k|
P 2p(p — ) o1
Pt p+k+ p+ 20 — K
The bounds ir (3]1) anf (3.2) are attained for the functiffs given by

1 2(p— @)
3.3 = p
(3:3) /) 7 prkilpt2a_H

(peN; zeD).

Proof. Sincef € Q;(«), from the inequality[(2]1), we have

2(p — @)
3.4 E n—
(34) @+ 1|_p+k+|p+2a—k|
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Thus, for0 < |z| = r < 1, and making use of (3.4) we have

1 00
S a2
n=1

(3.5) 1f(2)] <

1 S
< 7’_p + TPZ |ap+n—l‘
n=1

1 2(p — a) »

,
P p+k+|p+ 20—k

and

(3.6) [f(2)] =

1 [
S 3 b |2
n=1

v
| —
|
.

i)
=
i
+

3

=

> 1 2(p — @) rP.
P p4k+|p+ 20—k

We also observe that

p+k+p+2a— k|
—

(3.7)

p+n—1)|apn1| <2(p—a)

n=1

which readily yields the following distortion inequalities:

p - e
(3.8) f'(2)] < PG +> (p+n—1) a2
n=1
p p—l =
< LS o= Dlap
n=1
- P 2p(p — ) o1
Tt p+k+p+ 20 — K
and
p S e
(3.9) 1f'(2)] = PG D (p+n=1)|apma| |7
n=1
p p—l >
> LS+ 1) e
n=1
p 2p(p — a) p—1

— rptl _p+k+]p+2a—k;|T
This completes the proof of Theorgm|3.1.

Similarly, for functionf(z) € A;(«), and making use of (23), we can prove
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Theorem 3.2.1f the functionf () defined by[(1]1) is in the clagg (a), then for0 < |2| = r <
1, we have

I 2(p — )

(3.10) rp plp+k+ |p+2a—k|]rp <|f()l
1 2(p —a) .
“ o plp+k+|p+ 20—k
and
(3.11) b 2~ ) < | f(2)]

rPtl p4+ k4 |p+2a — k|
p 2(p B Od) ,rp—l
Pt p+k+p+ 20 — K
The bounds in (3.10) anfl (3]11) are attained for the functibfs given by

1 2(p — a)
A2 = — P ; D).
(3.12) 9(2) zp+p[p+k—1+|p+2a—k]]z (pel; z€D)

4. RADII OF STARLIKENESS AND CONVEXITY
The radii of starlikeness and convexity for the clag3g@y) is given by

Theorem 4.1. If the functionf(z) be defined b 1) is in the clagg(«), then f(z) is mero-
morphicallyp-valently starlike of ordet(0 < 6 < p) in |z| < r1, where

_ (p—0)on(p, k, ) ST

Furthermore, f(z) is meromorphicallyp-valently convex of ordef(0 < § < p) in |z] < 7,
where

— p(p —6)on(p, k, @) ST
(4.2) 7'2_}Lgfl{Q[(p—Fn—1)[3p+n—1—6](p_a)} (p € N).

The results[(4]1) andl (4.2) are sharp for the functjin) given by

(4.3) flz) = % + %z”*”l (peN; zeD).

Proof. It suffices to prove that
2f'(z)
f(2)

(4.4)

for |z| < r;. We have
zf ’ ‘Z (2p+n—1)ay 2Pt
f 2P +Zn 1 Gptn— 1Zp+n !
o SE@pn—Dlayelle]

B 1 - ZZL |apn—1] |Z‘2p+n_1

(4.5)

2p+n—1

Hence[(4.b) holds true if

(4.6) Z(Zp 1= 1) |appn| 27T < (p—0) <1 — Z lapsn_i] |Z|2p+n—1> ’
n=1 —
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or
“3p+n—1-96 e

(4'7) Z (p _ 5) ‘aernfl‘ ‘Z‘2p+ ' < 17
n=1

with the aid of [2.1),[(4]7) is true if

Spt+mn— 1-9 2p+n—1 On(pJ{j’a)
4.8 L2 _ oD,k 0) o
Solving [4.8) for|z|, we obtain
(p—08)on(p, k, ) ST
4, -
9 ‘4<{%%+n+1—®@—a) (n=>1)

In precisely the same manner, we can find the radius of convexity asserfed|by (4.2), by requiring
that

"
(4.10) Zf ©) 41| <p—s,
f'(z)
in view of (2.1). This completes the proof of Theorgm|4.1. O

Similarly, we can get the radii of starlikeness and convexity for functions in the &ldss.

Theorem 4.2. If the functionf(z) be defined bl) is in the clag$(a), then f(z) is mero-
morphicallyp-valently starlike of ordeb(0 < § < p) in |z| < r3, where

=8t n =D, ka)| T
(411) T3_111121f1{ 2(3p_|_n+1_5)(p_a> } (pEN)

Furthermore,f(z) is meromorphicallyp-valently convex of ordef(0 < § < p) in |z] < 1y,
where

_ p(p—8)(p+n—Donlp, k,a) @
(4.12) 7"4_}gf1{2[(p—{—n—1)[3p+n_1_5](p_&>} (pEN).

The results|(4.11) and (4.[12) are sharp for the funcién) given by

2) = i 2(p B a) Zp+n—1 .
(4.13) g(z) = o + T n= Donp ko) (peN; zeD).

5. CLOSURE THEOREMS
Let the functionsf;(z) be defined, forj € {1,2,...,m} by

 — _
(5.1) fi) =54ty (2€D).
n=1

Now, we shall prove the following results for the closure of functions in the cld3$es) and
A ().
p

Theorem 5.1. Let the functiong;(z), j € {1,2,...,m}, defined by[(5]1) be in the clag$(«).
Then the functiok(z) € €25 () where

(5.2) h(z) = f:bj fi(z), b >0 and f:bj =1).

j=1
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Proof. From [5.2), we can writé(z) as

- .
(5.3) hz) =+ ) Cprna 277
n=1
where
(54) Cpin—1 = Z bjaernfl,ja ] € {17 27 <. 7m}'

Since f;(z) € Q(@), (j € {1,2,...,m}), from (2.1) , we have

f’: {an pk, o ] (Zb o 1j|>

n=1

j=1 n=1
<> bi=1,
j=1
which shows that:(z) € Q;(a). This completes the proof of Theor¢m|5.1. O

Using the same technique as in the proof of Thedrein 5.1, we have

Theorem 5.2. Let the functiong;(z), j € {1,2,...,m}, defined by[(5]1) be in the clasg(a)
Then the functio(z) € A%(«a), whereh(z) deflned by[(5]2).

Theorem 5.3. Let

(5:5) fr-1(2) = % (z € D)
and
(5.6) f%+n—1<z):: ;L + 2(p'_'00 Zp+n_1,

2P o,(p, k, a)

wheren € Ng = NU {0}; z € D. Thenf(z) € {;(«) if and only if it can be expressed in the
form

(5.7) F2) = Npnt forn(2)
n=0

where),.,—1 >0, (n € Ng)and} "> (A1 = 1.
Proof. From (5.%),[(5.p) and (5]7), it is easily seen that

(5.8) f(z) = Z Aptn1frip-1(2)
=0

1 2(p — «

p+n—1
z )
2P ou(p k,

Since

= on(p k) 2(p—a) >
Z - Apfn—1 = Z/\p—l-n—l =1-X_1 <1,
—~ 2(p—a) oup,k, ) —

it follows from Theorenj 2]1 that the functiof(z) given by [5.6) is in the clas@;(«).
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Conversely, let us suppose thdt) € ;(a). Since

2(p — )
el < ———— > 1),
it £ sz )
setting
on(p, k, @)
)\ n—-1= 57, n—1]» 21
pin-1 = 52 = gl (02 1)
and

Ap-1=1— Z Aptn—1,
it follows that . "
f(z) = Z Aptn—1fp+n-1(2)-
This completes the proof of the theorgr:r?. O
Similarly, we can prove the same result for the clag&y).
Theorem 5.4. Let

(5.9) gp-1(2) = zip (D)
and

2) = 1 2p— ) 2Pl
(5.10) Gpn-1(2) = P * (p+n—1)o,(p, k, )

wheren € Ny andz € D. Theng(z) € A («) if and only if it can be expressed in the form

(5.11) 9(2) = > Aprn-1Gprni(2)
n=0

where),.,—1 >0, (n € Ng)and} "> (A1 = 1.

Next, we state a theorem which exhibits the fact that the cldgses and A% («) are closed
under convex linear combinations. The proof is fairly straightforward so we omit it.

Theorem 5.5. Suppose thaf(z) and g(z) are in the class2*(«) (or in As(a) ). Then the
functionh(z) defined by

(5.12) hz)=tf(z2) + (1—t)g(z),  (0<t<1)
is also in the clas$2*(a) (orin Aj(a)).
6. CONVOLUTION PROPERTIES

For functions
 [—“ - .
(6.1) i) =+ >ty (G=1,2)
n=1

belonging to the class,,, we denote by( f; * f3)(z) the Hadamard product (or convolution) of
the functionsf;(z) and f»(z), that is,

o0

1
(6.2) (fix f2)(2) = P + Zap+nf1,1ap+nf1,22’p+"7l-

n=1

Finally, we prove the following.
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Theorem 6.1. Let each of the functionf;(z) ( j = 1,2) defined by{(6]1) be in the clags(«).
Then(f, x f2)(z) € Q*(n), where

p(p+k+p+20—k*—4(p — a)?)
Adp—a)+p+k+|p+ 20— k|?

1
6.3) S(k+1-p—n)<n= , (k>p; p,neN).

The result is sharp.

Proof. For f;(z) € *(a) (5 = 1,2), we need to find the largestsuch that

e e

(64) Un(l%’%ﬁ)

‘ap+nfl,1| |ap+n71,2’ < L.

From (2.1), we have

— 0u(p, k, )
(6.5) ; 2 —a) lapsn—1,1] <1
and
— n(p, k, )
(6.6) > 5 el <1
= 2(p—a)
Therefore, by the Cauchy-Schwarz inequality, we have
> aTL p? k? «
(6.7) > ﬁ\/@pmq,ﬂ |apin-12] < 1.
n=1

Thus it is sufficient to show that

on(p; k,m on(p, k, a
(6.8) ﬁ |pin—1,1] |apsn-12] < ﬁ\/%m—u! |apn-12], (R >1)
that is, that
(p—n)on(p, k, )
(6.9) V1snsal [ay -zl < ey (=)

From {6.7), we have

2(p — a)

Gty — Gyt < .
\/| p+n 1,1|| p+n 1,2| = Un(p,k,a)

Consequently, we need only to prove that
2(p — — k
(6.10) (p—a) _(p 1) (P, ,a), (n>1).
O-n<p7k7a) (p_a)an(Pakﬂ])
Letn > 1 (k+1—p—n), wherek > p andp,n € N. It follows from (6.10) that
2 4 _ 2 -1
4(p - a)Z + [Un(pa k> &)]2
Since¥ (k) is an increasing function of (n > 1), lettingn = 1 in (6.11), we obtain
p(lp+k+Ip+2a — k> —4(p — )?)
dp—a)2+[p+k+|p+20—k[*

which proves the main assertion of Theorenj 6.1.
Finally, by taking the functions

= U(n).

(6.12) n<U(l) =

(613) fJ(Z> = % + %Zﬁﬁ‘n—l’ (] _ 1,2)
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we can see the result is sharp. O
Similarly, and as the above proof, we can prove the following.

Theorem 6.2. Let each of the functiong;(z) (j = 1,2) defined by[(6]1) be in the clagg ().

Then(fi * f2)(z) € A;(§), where

pplp+k+Ip+2a —k[]>—4(p — )?)
dp—a)+pp+k+p+20—kl?

The result is sharp for the functions

(6.14) L (k+1-p—n) <€ = (k> p; p,n € N).

() = i 2(]9— a) Zernfl -
(615) f]( ) - P + (p+n . l)an(p,k:,oz) ’ (] 172)
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