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1. Introduction

Let f : [a,b] — R be differentiable ona, b], and f’ : [a,b] — R be integrable on
la, b], then the following Montgomery identity hold&]f

bia/a f(t)dt+/a Py (x,t) f'(t) dt,

whereP; (z,t) is the Peano kernel

(1.1) fla) =

(1.2) Py(z,t) = { N

Suppose now thab : [a,b] — [0, 00) is some probability density function, i.e. it
is a positive integrable function satisfyirfé’w(t) dt =1, andW (t) = [T w(z) dx
fort € [a,b], W(t) = 0fort < aandW (t) = 1 for ¢ > b. The following identity

(given by Péaric in [4]) is the weighted generalization of the Montgomery identity:

b b
(13) f@ = [Cwr@ars [ Pz a
where the weighted Peano kernel is
W(t), a<t<ux,
Py(x,t) =
W(t)—1, x<t<b.

In [2, 3], the authors obtained two identities which generalized)(for functions
of two variables. In fact, for a functioffi : [a, b] x [¢,d] — R such that the partial
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o t) 9f(s,t) 2 f(s,t)
derivatives és) gj and asast all exist and are continuous d b x [c, d], SO

forall (z,y) € [a,b] X [c, d] we have:
d b
1.4) (d=co)b—a)f(z,y) = / / f(s,t) dsdt

//af p(z, s dsdt—l—// afat y,t) dt ds

/ / C 0sO0t 8t p(x,s)q(y,t) ds dt,

where

s—a, a<s<

<s<uz, t—c, c<t<y,
(1.5) p(z,s) = and q(y,t) =

s—=b, xv<s<b t—d, y<t<d.

Y
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2. Fractional Calculus

We give some necessary definitions and mathematical preliminaries of fractional
calculus theory which are used further in this paper.

Definition 2.1. The Riemann-Liouville integral operator of order> 0 witha > 0
is defined as

2.1) S = s [ =0
Pf(@) = f(2).

Properties of the operator can be found8h [n the case ofv = 1, the fractional
integral reduces to the classical integral.
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3. Montgomery Identities for Fractional Integrals

Montgomery identities can be generalized in fractional integral forms, the main re-

sults of which are given in the following lemmas.

Lemma 3.1. Let f : [a,b] — R be differentiable ora, b], and f’ : [a,b] — R be
integrable on[a, b], then the following Montgomery identity for fractional integrals
holds:

INEY!

(3.1) f(x)= P

(b— )"~ T f(b)
— o7 (Pa(,b) f (D)) + T3 (Pa(,0) f'(b)),
whereP;(x, t) is the fractional Peano kernel defined by:
s (b=2)"T(e), a<t<u,
P2(x’ t) - t—b 11—«
i (b—2)"T(a), z<t<b

a>1

Y

(3.2)

S]

Proof. In order to prove the Montgomery identity for fractional integrals in relation
(3.1, by using the properties of fractional integrals and relatibf)( we have

3.3)  I(a)Jg(Pi(x,b)f'(b))
_ / (b— 1)Ly (. £) /(1) it
“t—a ol o bt—b
:/a ) f(t)dt+/ -

T mb
:/a (b—t)“‘lf/(t)dt—bia/a (b— 1) F (1) dt.

L () dt
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Next, integrating by parts and using.f), we have

3.4) () Jy (Pi(x,0)f'(b)
= (b—2)"" f(z) - —F( )5 f(b) + (o — 1)/ (b—t)**f(t)at
= (b= 2" () — T (@E () + T() g™ (A, B 0)).
Finally, from (3.4) for o > 1, we obtain
1) = 1O (b ) = £ (0) — e (Patar ) S8) + T (Pl 1)),
and the proof is completed. O

Remarkl. Lettinga = 1, formula 3.1) reduces to the classic Montgomery identity
(1.7).
Lemma3.2.Letw : [a,b] — [0, c0) be a probability density function, i. gf dt

1, and setW (t) = [ w(z) dvfora <t < b, W(t) = 0fort < a and Wit )
fort > b, « > 1. Then the generalization of the weighted Montgomery identity for
fractional integrals is in the following form:

(3.5) f(z) = (b—=2)""T(a)J7(w(b)f (b))
— 07N (Qu(x,0)f(b)) + T3 (Qu(=, b) (b)),

where the weighted fractional Peano kernel is

(b— z)'=°T(a)W (2), a<t<ux,
3.6 wlZ,t) =
(3-6) Qul.t) { (b —2)' T () (W(t) — 1),
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Proof. From fractional calculus and relatiog.(), we have

B.7)  Ji(Qu(z,b)f'(b)

1 b a1 '
-5 / (b—1)°""Qu(, £) ' (t)dt

=(b—x) (/ab(b — )W () f'(t)dt — /:(b - t)“‘lf’(t)dt) .

Using integration by parts ir3(7) andWW (a) = 0, W (b) = 1, we have

(3.8) / B () £ (1) dt

b
= —T(a)Jg (w(b) f (b)) + (o = 1)/ (b—)* W (1) f(t)dt,

an

39) / P =~ -2 @) + =) [ -0t
We apply 6.9) and €.9 to (3.7), to get
(310)  JE(Qu(e.h)f (1)
= =2 [r@az® o) - @ -1 0= r0a

b

H(b— ) f(@) + (o — 1) /

a

b WD 1) dt]
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= f(z) = T(a)(b— ) "7 (w(b) f(b) + (b — 2)""*(a — 1)
T b
X { (b—1)*2W () f(t) dt+/ (b—)*2(W(t) — 1) f(t)dt

= f(x) = T(a)(b—2)" =T (w(b) £ () + J5 ™ (Qu(,b) f(1)).

Finally, we have obtained that
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Remark2. Lettinga = 1, the weighted generalization of the Montgomery identity Tite Page

for fractional integrals in{.5) reduces to the weighted generalization of the Mont- Contents
gomery identity for integrals inl(3).

<« »
Lemma 3.3. Leta functionf : [a, b] X [c, d] — R have continuous partial derivatives
0f(s8) Of(58) mpyey O (5:0) S X
5., 2 and =2~ onfa, b] x [c, d], forall (z,y) € [a,b] x [c,d] anda, 3 > 2.
Then the following two variables Montgomery |dent|ty for fractional integrals holds: Page 9 of 16
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- a2 (ot £00.0) 4 o) gl ) 250
+ I8 (plab) aly, ) (6. d) ).
where
e = g [ -9 =0 s dsa

Also,p(z, s) andq(y, t) are defined by1(.5).

Proof. Put into (L.4), instead off, the functiong(z,y) = f(z,y)(b — z)*!(d —
) O
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4. An Ostrowski Type Fractional Inequality

In 1938, Ostrowski proved the following interesting integral inequably [

(4.1) ‘f(x)—ﬁ/abf(t) dt' <

x € |a, b]. Now we extend it to fractional integrals.

Theorem 4.1.Let f : [a,b] — R be differentiable ora, b] and |f'(z)| < M, for
everyr € [a,b] anda > 1. Then the following Ostrowski fractional inequality

holds:

(4.2) ‘f(l’)
M

_ e
b—a

Proof. From Lemma3.1we have

(4.3) 'f(x) -

[(a)

b—a

1+ 1 a+b\?
1 -a2\"T 2

wheref : [a,b] — R is a differentiable function such thaf’(x)| < M, for every

(b—a)M,

(b— ) I F(B) + Jo P, b)f(b)‘

5 {(b—x) (2a (Z:i) —a- 1) +(b—a)a(b—x)1‘a} .

~ala+

(b= 2) =02 (b) + Jo (P, b)f(b))‘

T (P, )/ (0))|
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Therefore, from4.3) and ¢.1) and|f'(x)| < M, we have

(4.4)

/a (b= 1 Pyl ) (1) dt'

(a) / (b—1)* | Pa(a, 0)]| f(2)] dt

RS

This proves inequality4.2).
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5. A Griuss Type Fractional Inequality

In 1935, Gruss proved one of the most celebrated integral inequatiijeeglich can
be stated as follows

61 [ [ s o - ot [ ao [ gt a
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for all z € [a,b], wherem, M, n, N are given real constants.

A great deal of attention has been given to the above inequality and many papers St
dealing with various generalizations, extensions, and variants have appeared in the < >
literature [7].

< >
Proposition 5.1. Given thatf(x) and g(x) are two integrable functions for alt €
[a, b], and satisfy the conditions Page 13 of 16
m<(b—z)" flz) <M, n<(b-z)""gx) <N, Go Back
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inequality holds: Close
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Proof. If substituteh(z) = (b—z)*! f(z) andk(z) = (b—2)* " g(x) in (5.1), we
will obtain (5.2). O

In [10] some related fractional inequalities are given.
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