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ABSTRACT. In this paper we denote byz[r] the following expression, which is closely con-
nected to the weighted power means of orqdéw[r]
Letn > 2 be a fixed integer and

1
r

n
P,
(Bt - Epat) " 720

mlrl (x; p) = =2 (x € R,),
xfn/pl /H xfi/ﬁl , r=0
=2
whereP,, = > | p;, and R, denotes the set of the vectats= (1, >, ...,z,) for which
x; >00@=12,...,n),p=(p1,p2,---sPn)sP1 >0,p; >0(i=1,2,...,n) and Pz} >
Z?:Q pixy -

Three inequalities are presented m&{]. The first is a comparison theorem. The second and
the third is Rado type inequalities. The proofs show that the above inequalities are consequences
of some well-known inequalities for weighted power means.
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1. INTRODUCTION

Lety = (y1, 92, --,yn) @ndq = (¢1, ¢, - - -, ¢,) be positiven-tuples, then the arithmetic and
geometric means of with weightsq are defined by

An(y;q) = 0. Z%yz and G,(y;q) (Hy) n, where Q. => g
" =1 i=1

ISSN (electronic): 1443-5756
(© 2005 Victoria University. All rights reserved.
227-04


http://jipam.vu.edu.au/
mailto:Vasile.Mihesan@math.utcluj.ro
http://www.ams.org/msc/

2 VASILE MIHESAN

If r is a real number, then theth power means of with weightsq, Ml (y;q) is defined
by

(& Zqz-yf) . T#0;
i=1

n\an
(H yf’) : r =0.
i=1
If r,s € R, r < sthen[11]

(1.2) M (y;q) < My, q)

is valid for all positive real numberg andg; (i = 1,2,...,n). Forr = 0 ands = 1 we obtain
the clasical inequality between the weighted arithmetic and geometric means

(1.1) M (y;q) =

13 G - G Z/Qn < - 1Y — 7 - An
(1.3) Hy <7 Z; Giyi = a) =

In this paper we denote kmn (yv; q) the following expression which is closely connected to
My q).

Letn > 2 be an integer (considered fixed throughout the paper) and define

1

(T _pllzpz >T7 7’750

=2
Pn/p1 /H xpz/m r—=0

whereP, = >"" | p; andR, denotes the set of the vectors= (z1, zo, . .., z,,) forwhichz; > 0

(i=1,2,....n),p=(p1,P2s---+Pn),p1 > 0,p; > 0(i=2,3,...,n)andP,z} > >, pial
Although there is no general agreement in literature about what constitutes a mean value most

authors consider the intermediate property as the main feature. ﬁiﬁ(:e; p) do not satisfy

this condition, this means that the double inequalities

(1.4) ml (x; p (x € R,)

in e < myl(p) < e
are not true for all positive;, we callm!” the weighted power pseudo means of onder

Forr = 1 we obtain by[(1.4) the pseudo arithmetic meanéx, p) for » = 0 the pseudo
geometric meangy,(x, p), seel[2]. In 1990, H. Alzer |2] published the following companion
of inequality [(1.B):

(1.5) an(%;P) < gn(x;P).

For the special cagg = p, = - - - = p, the inequality[(1.5) was proved by S. lwamoto, R.J.
Tomkins and C.L. Wand [6].

Rado and Popoviciu type inequalities for pseudo arithmetic and geometric means were given
in [2], [9], [10].

We note that inequality (1].5) is an example of a so called reverse inequality. One of the first
reverse inequalities was published by J. Aczél [1] who proved the following intriguing variant
of the Cauchy-Schwarz inequality:

If z; andy; (i = 1,2,...,n) are real numbers with? > >"" , 27 andy; > >_" , y7, then

(1.6) <$1y1 - i%%) > (ﬁ - zn:x12> (?/% - zn:?ﬁ) .
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Further interesting reverse inequalities were givenlin [3], [5], (6], [7], [8] [11] [12].
The aim of this paper is to prove a comparison theorem and Rado type inequalities for the
weighted power pseudo means.

2. COMPARISON THEOREM
Our first result is a comparison theorem for the weighted power pseudo means.

Theorem 2.1.1f 0 <r < s, X € R, thenx € R, and

(2.1) ml(x,p) < mlil(x,p).
Ifr<s<0, x€e R,thenx € R, and
(2.2) ml (x;p) < ml(x;p).

If r <0< sthenR, N R, = 0, hencen!’ (X,p), mk) (x,p) cannot both be defined, they are not
comparable.

Proof. To prove ) let: = m} (x, p) > 0, then we obtain b4) an.2)

1 1
pra® + Y pird\ ¢ > pra” + 0 piwy \
P, - P, ’

hence .
P . .
—nl'g o Zz:2pl i Z ar > O
41 D1

which shows thak € R,. Taking ther th root, we obtain/ (2]1).
To prove ) leb = ml; (x, p) > 0, then we obtain by (1]4) an.2),

n T 1 S n s
_ <p1bT + 2o P ) " (plb + D ice pzl’f) “
T, = < :
P, P,

Hence
n
pib® + >, i

zs >
1= P,

and

b1 y4!

which shows thak € R,. Taking the(—s) th root, we obtain[(2]2).
If r <0 < sweinferforn =2, py = py thatx,,zo > 0, 27 > i, 2} > 25 hencer; < x5
andz; > x5, which is impossible. O
3. RADO TYPE INEQUALITIES FOR WEIGHTED POWER PSEUDO MEANS

The well-known extension of the arithmetic mean-geometric mean inequality (1.3) is the
following inequality of Radol[11]:

(3.1) Qn(An(y;q) — Gul(y; ) > Qu-1(An-1(y;a) — Groa(y; q)).

The next proposition provides an analog of the Rado inequlity (3.1) for pseudo arithmetic and
geometric means [2].

Proposition 3.1. For all positive real numbers; (i = 1,2,...,n; n > 2) we have

(3.2) Gn(X,P) = an(X;P) > gn-1(X;P) — @n_1(X;P).

J. Inequal. Pure and Appl. Math6(3) Art. 75, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 VASILE MIHESAN

The most obvious extension is to allow the means in the Rado inequality to have different
weights [4]

dn dn
QnA,(y;q) — p—PnGn(y; pP) > Qn-14,-1(y;q) — b -1Gn_1(y; P)-

n

Using this inequality we obtain the following generalization of the inequdlity (3.2) [10].
Proposition 3.2. For all positive real numbers; (i = 1,2,...,n; n > 2) we have
(3.3) 9n(XiP) — an(X%,0) = gn-1(X;P) — an—1(X;0).

An extension of the Rado inequality for weighted power means is the following inequality
[4]: If r,s,t € Rsuchthat/t <1ands/t > 1then

t t
3.4) P, ((Mis](y; p) - (Mi’”](y;p))t> > Py ((M#L(y;p» - (Mﬂl(y,pﬁ ) :
Using inequality [(3.4) we obtain generalizations of the inequality of Rado (3.2) for the
weighted power pseudo means.
Theorem 3.3.1f r < 1,x € R, andz] < z], then
(3.5) ml (%) = an(X,p) = m,;Ly (X,P) = an-1(X,P).
If s> 1,xe€ R,andz, < x, then

(3.6) an(X,P) = My (X,P) 2 @1 (X,P) = m,L 4 (X,P).
Proof. To prove 3.b) we put irf (3|4 = ¢ = 1 and we obtain for < 1 the inequality:
(3.7) Po (Aulysp) = M (yip)) = Py (Ana(vip) = MY (vip))
If we set in )y1 = ml! (x,p), i = x; (1 =2,3,...,n) then we have:
P, (Au(y;p) = MY (y;p)) = p1 (my) (x;p) — an(xP)) ,
which leads to inequality (3.5). We observe thatifot 1, x € R, andz] < ], we have

n—1

0< P} — ipzx: < Pooaxy — szx:
=2 =2
anqu[f]_l(x, p) exist.

To prove [3.6) we set ini (3.4)= ¢ = 1 and we obtain fos > 1 the inequality
(3.8) P, (M7 (y;p) = Au(yiP)) = Pac (Mﬁl(y; p) — Aua(y: p)) :
If we putin )y1 = mE(x,p), yi = = (i = 2,3,...,n) then we have

P, (M (y;p) = An(y;p)) = p1 (an(x;p) — mll(x;p)) ,

which leads to inequalit.6). Fer> 1, € R, andx; < z,, m,[il(x; p) exist. O
Theorem 3.4.1f 0 < r <s,x € R, andz; < z, then

(3.9) (mf1xp)" = (mll ) > (mbL,(xp)) = (mlly ()

and

(3.10) (mE1oxp)” = (mlp)” > (mil0cp)) = (mbli ()
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Proof. To prove [3.9) we put irf (3]4)= s and we obtain fof) < r < s the inequality
@11 P (M (yip) = (M (yi0)") = P (ML (y9)) = (M (v.0)) )
If we set in )y1 = m!! (x;p), s = x; (1 =2,3,...,n) then we have

P (M yi)" = (MY (:9)") = 1 (i) xip))" = (bl xip)) ")

which leads to inequality (39) H < r < s, x € R; thenx € R, and ifz; < z, then
" (x:p) exists.

n—1

To prove [(3.ID) we set in (3.4)= r and we obtain fof) < r < s the inequality
312) P, (MP(yip) = (M (yip)") = P (M (vim)) = (M (vim)) ).
If we putin )y1 = m} (x,p)y; = z; (i =2,3,...,n) then we have
P, ((Mif}(y; p)) — (M(y; p)’“)) = ((m?{] (x;p))" — (mb(x; p))r) :
which leads to inequality (3.10). O

m
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