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1. INTRODUCTION

In 1938, A.M. Ostrowskil[5] proved the following classial inequality.
Let f : [a,b] — R be continuous ora, b] and differentiable or{a,b) whose derivative
f': (a,b) — Ris bounded orta, b) i.e.,|f' (z)| < M < co. Then

2

1 b 1 x_a-’rb
< | = 2 —a)M
b_@/@f(t)dt‘_ 4+<b_a> (b —a) M,

for all x € [a,b], whereM is a constant.
For two absolutely continuous functioiisg : [a, b] — R, consider the functional

@a 1=t [r@ewa (5 [rew) (G e ).

provided the involved integrals exist. In 1882, Ekby3sev([6] proved that, if’, ¢’ € L. [a, b],
then

(1.3) 1T (f.9) <

(L1) ‘f () -
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2 B.G. FACHPATTE

In 1934, G. Griss |6] showed that
1
(1.4) T (f9)l < 7 (M =m)(N —n),

providedm, M, n, N are real numbers satisfying the conditiono < m < f (z) < M < oo,
—oo<n<g(z) <N <oo,forallz € [a,b].

During the past few years many researchers have given considerable attention to the above
inequalities and various generalizations, extensions and variants of these inequalities have ap-
peared in the literature, see [1]\=[10] and the references cited therein. Motivated by the recent
results given in[[1] —[[B], in the present paper, we establish some inequalities similar to those
given by Ostrowski, Griuss ar@ebysev, involving functions whose modulus of derivatives are
convex. The analysis used in the proofs is elementary and based on the use of integral identities
proved in [1] and([2].

2. STATEMENT OF RESULTS
Let I be a suitable interval of the real lifie A function f : I — R is called convex if

Qe+ 1 =Ny) <Af(2)+ (1 =X f(y),
forall x,y € I 'andX\ € [0,1]. A function f : I — (0, c0) is said to be log-convex, if

fle+ 1=ty <[fF@[f @],
forall z,y € I andt € [0, 1] (seel[10]). We need the following identities proved.in [1] and [2]

respectively:
b 1
/ Ft dt+— @) U f’[(l—)\):ch)\t]dt] dt.
0

b 1
f@):ﬁ/ f(t)dt—l—(x—a)zbia/o M I = A)a+ Azl dA

1

—a

— (b—x)? /OlAf’[/\er(l—)\)b]d)\,

for x € [a,b] wheref : [a,b] — R is an absolutely continuous function gnb] and € [0, 1].
We use the following notation to simplify the details of presentation:

5(7.9) = 1 (0)90) = 55 ol /f Vit f >/ ().

and defing|-|| _ as the usual Lebesgue norm BR, [a, b] i.e., ||kl = esssup,c,y |h (1) for
h € Ly |a,b].
The following theorems deal with Ostrowski type inequalities involving two functions.

Theorem 2.1.Let f, g : [a,b] — R be absolutely continuous functions [anb|.
(a1) If |f'],|g'| are convex o, b], then

1 :B—“TH’ ?
Z_'_( b4 ) ] (b—a)

X g @I @+ 1) + 1 @ @)+ gl

@1) IS (f.9)l < i[

for z € [a,b].
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(a2) If |f'], 4’| are log-convex of, b], then

@2 15001 < 75 {1 @) [ oo (1) a
Hr @l @) [ - (B ) e},

_FWl @)
1f @ g (@)

Theorem 2.2.Let f, g : [a,b] — R be absolutely continuous functions [anb|.
(by) If|f’|,|4'| are convex ota, x] and[x, b], then

(2.4 S (F.9)] < 5 4o ()| F (@) + 1 ()] G ()}

for z € [a, b], where
@9 F-g[irwl(5=5) +iroi (=)
+{1+4<xb?b) }f’(w)] (b—a),
28 ¢ =glis @] <§:Z>2+lg'<w| (ZiZ)z

+{1+4(xbaj> }g’@:)] (b—a),
for z € [a, b].

(bo) If |f'|, 4’| are log-convex ofu, x| and [z, b], then
2.7) 1S (f,9)] < lg (@) H () + [f (2)| L (2),

for z € [a, b], where

for z € [a, b], where

(2.3)

— 2A11 Al _Al
@®) H @)= 0-a) ['f @ (5=) My
/ b—=z\* Bilog By +1— B,
s (b— a) (log B,)? ’
— 2A A —A
(29) L{x)= %(b_a) [|g, X <§—2) 210%10;;—2)12 2

9

b—2z\>BslogBs+1— B
Wol(=) s
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and
@l @)
(2.10) Y=1rer PR
W@ g @)
@11) L=l BT ror
for z € [a,b].

The Gruss type inequalities are embodied in the following theorems.

Theorem 2.3.Let f, g : [a,b] — R be absolutely continuous functions [anb|.

(1) If|f'|,|g’'| are convex ora, b}, then

(2.12) [T'(f,9)]

1 b , , / /
S T0—ay / lg @)1 @]+ 1 o) + 1 @) g @)] + 19l E () da,
where
(2.13) B(z) = (z —a) ; (b—z) |
forz € [a,b).

(co) If|f'], 4’| are log-convex offu, b], then

@14 Tl < 5t | o[- o (21) a
7@l e~ g (@) (%) dt] dr,

whereA, B are defined by (2]3).

Theorem 2.4.Let f, g : [a,b] — R be absolutely continuous functions [anb].

(dy) If |f'],|g'| are convex ota, b}, then

215 |T<f,g>|s§/ab[(ﬁjj)z[|g<x>|{é|f’<a>|+§|f’<x>|}

@l @I+ 31o @1}

(22) [or {1 @1+ i)

Hr@I{5 10 @1+ gl o1} |
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(do) If |f'],]4’| are log-convex ofu, x| and [z, b], then

(f"‘j) {9 (@) 1f (o)) 0B A+ 1= Ay

1 b
@10) 1719l < 5 |

b— (log A;)*
#1F @l o)) BB
+ (Z:) {\g@c)\ 7o) 2 bffgl ;)1‘ b
F1f @)1 )] 22 loflf; ;)1‘ B, H dr,

whereA;, B; and A,, B, are defined by (2.10) anfl (2]11).

The next theorem containfsebyéev type inequalities.

Theorem 2.5.Let f, g : [a,b] — R be absolutely continuous functions [anb].
(e1) If |f'],|g'| are convex ofja, b], then

1 b 2
(2.17) T (f.9)| < m/ U @)+ NI g @)+ 119 |o] £ () d,
whereE(z) is given by|(2.1B).

(e2) If |f'],|g'| are log-convex of, b], then

@18 110l < s [ [{ [l o (5 )

[ e tl1g' @) (g ) e} az

3. PROOFs OF THEOREMS [2.TAND 2.2
Proof of Theorerp 2]1From the hypotheses of Theorgém|2.1, the following identities hold:

bia/abf(t)dwbia/ab(w—t) :/Olf'[(l—)\)x+)\t]d>\] dt,

whereA, B are defined by (2]3).

@1  fl)=

(3.2) g(m):bia/abg(t)dt—i—bia/ab(x—t) :/Olg’[(l—)\)er)\t]d)\} dt,

for z € [a,b]. Multiplying both sides of[(3]1) and (3.2) by(x) and f(x) respectively, adding
the resulting identities and rewriting we have

(bl_a) {9@)/;(%—75) {/Olf'[(l—A)er)\t]d)\} dt
+f(f’f)/:(x—t) {/019'[(1—)\)x+/\t]d/\} dt}.
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(a1) Sincelf’|,|¢'| are convex otia, b] , from (3.3) we observe that

5601 < 55 U@l [ o=t [ [ 1710 -2z +3100]
‘Hfﬂﬁ\/a]x—t] {/o 9" [(1=X) x+)\t]]d)\}dt}
s5525{wwnl%w%ﬂéuu—AMf@N+Mf@mdﬂﬁ
+umnlﬁx—ﬂLA%@—AH@@»+M¢@Mdﬂd@
—-535235{h7@»y£bM+—t|@f%x>{£lu<—A>dx+rf<w\[fAdA}dt
+U@Hlﬂx—ﬂDd@ﬂl%l—MdX+W@NAawﬁdﬁ

b
— s {e@ [ e -3 0r @11 @l
@ [l =t 510 @)1+ 1o @l
1 €ss. sup ’
gzwjaﬁmwuemm[v<ﬂ+umm/m—wﬁ
HE@I 0 1 @11 0 [ it

zzééaﬂﬂﬂmf@N+WWQ

+uumuawn+mwg}/Wx—ﬂﬁ

1'u—af+w—xf]
4_ 2(b—a)

X {lg @IS @1+ 1 No] + 1 @1 g @)+ 1191l
1 T — C”TH’ ?
4 * b—a
< (0=a){lg @) [l @)+ 1/l +1f @I lg" @)+ 191l 1}
This is the required inequality i (2.1).

A

(a2) Sincelf’|,|¢'| are log-convex o, b] , from (3.3) we observe that

50001 < 55 @l [ o=t [ [ 1710 -2z + 3500
+!f:c|/a\:c—t\ [/0 Fa 1—)\):c+>\t]\d)\]dt}

J. Inequal. Pure and Appl. Math6(4) Art. 128, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

ON OSTROWSKFGRUSS CEBYSEV TYPE INEQUALITIES 7

< s {o@1 =] [ 17 @ ora) «
i@l [ e J g @Il x| ot
{|g AR [If [‘ Q)”T ]

Hf r/\x—t\[m [ [Ll

s {le@Ir e |/|x—t|(logj)

i@l @l [ -l (g ) e}

This completes the proof of the inequalify (2.2). O

Proof of Theorem 2|2From the hypotheses of Theorém|2.2, the following identities hold:

b 1
(3.4) f@):ﬁ/ f(t)dt+(x—a)2b1 /)\f’[(l—A)a+)\x]d>\

—(b—x)? /01/\f’[>\x+(1—)\)b]d)\,

b—a

(3.5) g(x):ﬁ/ g(t)dt—i—(x—a)Qbia/o A [(1— A)a+ Az] dA

(o a)

—a

/1)\9/[)\a:+(1—)\)b]d)\.

Multiplying both sides of[(3}4) and (3.5) by(x) and f(x) respectively, adding the resulting
identities and rewriting we have

@8 St =3 {aw [w-a 2 [aria-na+

bia/ol)\f'[)\er(l—)\)b]d/\]

—(b—2)’

/1)\g’[(1—)\)a+>\x]d)\

bia/ol)\g/[)\aﬂr(l—)\)b]d)\}}.

(b1) Since|f’|,|¢'| are convex otfa, z] and[z, b], from (3.6) we observe that

+ 1@ |-

—(b—2)’

3.7) 1S (f,9)] < %{Ig(x)l M (z) + [f (2)| N ()},
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where

(3.8) M(x):(x—a)2b1 /A|f[( N+ Azl d

—a

+(b—2)° b_a/o MY P + (1= A) b)) d,
(3.9) N(@:%/g Al [(1 = N)a+ Az]| dA

P [ e+ 0 -

Next, we observe that

(3.10) /w - )a+)\x]\d)\<|f()\/0 A(l—)\)d)\+!f’(:c)|/0 N2\
! 1 !
—g|f (a)|+§’f (2)]

and

(3.11) /01A|f’[/\x+(1—)\)b]|d/\§|f’(1:)\/1)\2d>\+\f’ b |/01)\(1—)\)d)\

1
G0N
Similarly we have
(3.12) [ A =N e+ xallar< Glg @]+ 319 @),
(3.13) | Al e+ =0 < 310 @)+ gl 0

From (3.8), [(3.10) and (3.11) we observe that

r—a

(3.14) M<x>=[<b_ ) [ vas
+(Z:j)Q/;Mf'[mu—A)bndA] b0
< [(ij)z{é|f'<a>r+§\f'<x>|}
+(Z:j)Q{%rf'<x>r+é|f'<b>|}] (b a)
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(=Y i (=2 1 <b>|] (b a)

It is easy to observe that

3.15) 2 [(“Z:DQ n (l;:_zﬂ _ bfa :<:z: = a2)(2b+_(s)— m)2]

Using (3.15) in[(3.14) we get

(3.16) M (z) < F(x).

Similarly, from (3.9), [(3.1R)[(3.13) we get

(3.17) N (z) <G (z).

Using (3.16),[(3.17) in (3]7) we get the required inequality in|(2.4).

(b2) Since|f'|,|¢'| are log-convex offz, z] and[z, b] , from (3.6) we observe that

(319 |s<f,g>|s§<b—a>{|g<x>| [(ﬁjj) [ A1 = Nack ain
(2 s ome

1 @) [(jjjj)Q/olArg' (1= A)a+ ]l

. (H)Q/()lwl e+ (1 — A) Bl|dA }
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g%(b—@{\gw [(”g:j) [ A @ i @i an

L(22) [ <b>|]“]

If @) [(b =) [ A @1 g @

_ |

s

* (Z:) / Al @1 ' @)
= -0 {|g<m>| [(i:;)Qlf’(a)l/olMﬁdA

(=2) 1o [ s
1S @) [(2”:2)2\9/ <a>y/01 AN

+ <Z:Z)2|g' (b)y/o1 ABXA }

A simple calculation shows that for aidy > 0 we have (see [2])

+

! 1 1—
(3.19) / Ay = G101 = C
0 (log C)
Using this fact in[(3.18) we get the required inequality[in|(2.7). O

4. PROOFS OF THEOREMS [Z.3AND 2.4

Proof of Theorer 2]3From the hypotheses of Theor¢m]2.3 the identified (3.1) 4 (3.3) hold.
Integrating both sides of (3.3) with respectitérom « to b and rewriting we have

@.1) T(f,g>=2(b—ia)2/ab v [0 [[ ria-nen)a
+f(x)/ab(ﬂs—t) U;g'[a—wxwﬂdﬂ it a.
(c1) Since|f’],|¢’| are convex otfa, b], from (4.1) we observe that
Tl < gt [ el o [0 a1 @i ons)a
wr@) =] [ 100 @13l @] ] s
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s otc ‘/,x A[ L,
e ”/ab' L [T O] ],

[
s [ [ [ o [T

2 (b — t € [a,b] 2
e >|/| o gy (OO o
1 b

_M/a [lg (@)1 ()] + [1F]]oo ) dt

FIF@I g @]+ 0] {/\x—tldt}
1

- o [ Lo @1l @1+ 151 )

+If @[l (@) + [lg'll )] £ (z) do.
This completes the proof of the inequality (3.14).

(c2) Since|f’|,|¢'| are log-convex offu, b] from (4.1) we observe that

I / b Lot [ e J U7 @I (O 0] at
e e | g @ [ (O aA] e a
20 /[’9 '/’m‘t'[‘f /H?fxiﬂ ]
+|f(x)\/lw—t![!g’ [ ;] ] ]dx
o /[Lq |/|a:—t||f (G )
FIf @) / o tlg @ (1 ) ]

whereA, B are defined by{ (2]3). This is the required inequality in (P.14). O

Proof of Theorem 2]4From the hypotheses of Theor¢gm]2.4 the identifies (3.4) 4 (3.6) hold.
Integrating both sides of (3.6) with respectitérom « to b and rewriting we have

.2 T(f,g>=§/ab[(§j§)2[ @) [ A0 =0 Al

+f(:r;)/0 A (1= ) a + Azldx
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-(553) e [rpea-naan

+ @) /01 M D+ (1— ) b]dA” dz.

(dv) Since|f’],|¢'| are convex otfa, 2] and|z, b] from (4.2) we observe that

Ik [(;:;)2 lo@) [ A7 1= 20+ 2

+|f(rc)|/0 >\|9'[(1—/\)a+)\x]|d)\}

+ (‘;j) {rm)r/olxwffuw<1—A>budA

+1f (z) \/1A|g’ )\x+(1—)\)b]|d)\H dx

g%/[(b‘) lo @) [ M@= 1 @]+ M7 @

+|f(w)\/ (L= N) |g'(a)\+)\|g’(x)]}d/\}

+(2j§) lo(a |/A{A|f 2]+ (1= N | )]} dA

+[f (x \/A{A!g )+ (1 =N |g (b }d)\] dx

|
LG o)
@I {G 1o @)+ 519 @ >|H

i (Zj) [|g<a:>| {5 7 @)+ g If <b>|}

+ |f (@)| {% g’ ()] + é I (b)\}H dz.

This proves the inequality ifi (2.]L5).

(d2) Since|f'|, |¢'| are log-convex ofu, ] and|z, b], from (4.2) and the facf (3.19) we observe
that

\T(f,g)\sé/abkijg) [\g \/ 1 @0 1 ()] d
+\f(x)\/0 Mg @) (1o (@HAdA]
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+(22) o [ 2w @i o o

HE @ [ Al @1 O )|
= [(ijf Lo @17 @) [ Aair+ 17 @i @) [ ama]
(122 o on [ aois@nig o [ o)

-3/ [(E:ZY Lo @1 @] = e

/ BllogBl+1—Bl
Hr @l (@) PP ]

b—z\> Aglog Ay + 1 — A,
- "(b
(5=5) |weir o S
BQIOgB2+1—BQ:|:|
5 dz.
(log By)

This is the desired inequality i (2[16). O

dx

+1f (@)l 1g" (b)]

5. PROOF OF THEOREM [2.5
From the hypotheses, the identities {3.1) (3.2) hold. (3.1) and (3.2) we observe that

(-5 [ 0w} oo - o)
{bia/ (1) {/ f (1—)\)x+)\t]d>\}dt}
X{bia/ab(x—t){/Olg’[(l—)\)an)\t}d/\]dt}

that is,

6 s 16 (7 [s0a) s (1 [ 10)
(2 [ r0u) (722 [ voa)
:{m/ (o 1) [/f (1= 2o+ ]t
x{bia/ab(x—t){/Olg’[(l—)\)er/\t]d/\}dt}.
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Integrating both sides of (5.1) with respectitérom « to b and rewriting we have

62 70 = [ {7 [0 [ ria-neann)a)
x{bia/ab(as—t) Uolg'[u—A)th]dA]dt}dx.
(1) Since| |, |g'| are convex oria, ] , from (5.2) we observe that
riols s [ {2 [ [ 1 v na] «)

x{m/ iz — 1] [/0 |g’[(1—)\)x+>\t]|d)\}dt}d:v

s Lo [ 0= v @i ono)

x { =i [ [ 10w @1 1) i

[ et )

) {/ o [LELE O ),

The rest of the proof of inequality (2.]17) can be completed by closely looking at the proof of
Theorenj 2.3, parc; ).

(e2) The proof follows by closely looking at the proof ¢#,) given above and the proof of
Theorenj 2.3, partic,) . We omit the details.

IN
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