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ABSTRACT. Inthis paper by making use of the generalized Bernardi—-Libera—Livingston integral
operator we introduce and study some new subclasses of univalent functions. Also we investigate
the relations between those classes and the classes which are studied by Jin—Lin Liu.
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1. INTRODUCTION

Let A be the class of functions of the forrfi(z) = z + > -, a,,2™ which are analytic in the
unit diskU = {z : |z| < 1}. Also, let.S denote the subclass ef consisting of all univalent
functions inU. Suppose\ is a real number witlh < A < 1. A function f € S is said to be

starlike of order\ if and only if Re {%} >\, z € U. Also, f € Sis said to be convex of

order\ if and only if Re {1 + ZJ{(S)} > ), z € U. We denote by5*()\), C()\) the classes of
starlike and convex functions of orderespectively. Itis well known that € C'(\) if and only
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fzf*(\). If f e A thenf € K(3,)\) if and only if there exists a functiop € S*(\) such
thatRe{Zf j)} > (3, z € U, where0 < g < 1. These functions are called close-to-convex
functions of ordes type \. A function f € A is called quasi-convex of ordertype \ if there
exists a functiony € C'(\) such thaiRe{ Er =) } > (3. We denote this class biy*(3, A) [10].

g'(2)
It is easy to see that € K*(j,~) if and only if 2f € K(6,v) [9]. For f € A if for some

A0 < A< 1)andn(0 <n<1)we have
2f'(2) T
arg<f(z) —)\)‘<§n, (ze€U),

then f(z) is said to be strongly starlike of ordgrand type\ in U and we denote this class by
S*(n, A). If f € A satisfies the condition

(1.1)

(1.2)

2f"(2) T
arg(1+ ) )\)’<27), (zeU)
for some\ andn as above, then we say thAfz) is strongly convex of ordey and type\ in
U and we denote this class loy(n, A). Clearly f € C(n, ) if and only if zf"*(n, A), and in
particular, we haves* (1, \) = S*(\) andC(1, \) = C(\).

Forc > —1 andf € A the generalized Bernardi-Libera—Livingston integral operatgris
defined as follows

(1.3) Lof(z) =1 / £ (t)dt

z¢

This operator for € N = {1,2,3,...} was studied by Bernardi|[1] and fer= 1 by Libera
[4] (see also[[B]). The classeéd .(n, \) andC'V.(n, \) were introduced by Liu 7], where

ST, \) = {f €A Lfe s*(n,x),%((z)w

C’Vc(n,)\):{fEA:LCfGC'(n,/\),W#)\ ZGU}

Now by making use of the operator given we introduce the following classes.

Se(N) ={feA:LfeS N}
CcN)={feA:L.feC\}
Obviously f € CV.(n, ) if and only if zf’ € ST.(n,A). J. L. Liu [5] and [6] introduced and

similarly investigated the classé&(\), C,(\), K, (8, A), K:X(B, ), STy(n, A), CV,(n, \) by
making use of the integral operatttf given by

(1.4) I f(z) = ZFZZJ) /0 <10g %)”1 F(dt, o>0,f€A

The operator? was introduced by Jung, Kim and Srivastava [2] and then investigated by Urale-
gaddi and Somanatha[13], Li[3] and LIu [5]. For the integral operators givefn.Byand(L.4)
we have verified following relationships.

#)\,zEU},

(1.5) I°f(z) =z + Z (ni—i—l) a,z",
(1.6) L.f(z)=z2+ Z ;ilcanz”,

J. Inequal. Pure and Appl. Math10(4) (2009), Art. 100, 5 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

BERNARDI-LIBERA-LIVINGSTON INTEGRAL OPERATOR 3

(1.7) 2(I7Lef(2))" f(2) = eI? L f(2),

(1.8) 2(LJAf(2))7f(2) — cL % f(2).
It follows from that one can define the operatiSr for any real numbes. In this paper
we investigate the properties of the classég)), C.(A), K.(6,\), KX(B, ), ST.(n,\) and

CV.(n, ). We also study the relations between these classes by the classes which are introduced
by Liu in [§] and [6]. For our purposes we need the following lemmas.

Lemma 1.1([9]). Letu = wuy + dug, v = vy + ivy and lety(u,v) be a complex function
¥ : D C C x C — C. Suppose thap satisfies the following conditions
() ¥(u,v) is continuous inD;
(i) (1,0) € D andRe{v(1,0)} > 0;
(iii) Re{t(ius,v1)} < 0forall (iug,v1) € D withv; < —222,
Letp(z) =1+ > .7, ¢,2" be analytic inU so that(p(z), zp'(z)) € D forall z € U. If
Re{¥(p(2), zp'(2))} > 0, z € U thenRe{p(z)} > 0,z € U.

Lemma 1.2 ([11]). Let the functiorp(z) = 1+ > 7 ¢,2" be analytic inU andp(z) # 0,
z € U. If there exists a point, € U such that arg(p(z))| < 57 for |z| < |z| andarg p(z)| =

51 where0 < n < 1, then% = iknpandk > $(r + 1) whenargp(z) = 57, Also,

k< 5+ 1) whenarg p(z0) = 55, andp(z)/" = ir(r > 0).

2. MAIN RESULTS

In this section we obtain some inclusion theorems by following the method of proof adopted
in [12].

Theorem 2.1.

i i 2f'(2) _ 2(Lef(2) 2(Letr1 f(2) i i
(i) For f € Aif Re{ o) Lo } > 0 and Lcilf(z) is an analytic function, then
Se(A) € 524(A).
i _ i zf'(z) _ 2(Ler1f(2) 2(Let1 f(2) 5 i
(i) Lete > —X. For f € Alf Re{ o) Lcilf(z) } > 0 and Lcilf(z) is an analytic
function, thenS}, , (\) C S} (A).
Proof. (i) Suppose thaf € S*(\) and set
2(Lenf(2)
Lc+1f<z)
wherep(z) =14 > 7, ¢,2". An easy calculation shows that

(2.2) A= (1-Mp(2),

2(Les1 f(2)) [2+C+ 2(Ley1£(2))"

Let1/(2) (Let1f(2)) zf'(2)

(2.2) _ .

EIPRYIE)]

Loas) tetl 1)

By settingH (=) = 2=/ we have

2(Le1f(2)” 2H'(2)
2.3 14 etV By
23 P earey MO
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By making use off2.3)) in ,sinceH (z) = A+ (1 — \)p(z), we obtain

(=N )

(2.4) (1_Am@y+A+c+1+wl—AM@)_ f(z)

If we consider
(1—=Xw
= (1-\
Plusv) = (= Nut S
theni(u, v) is a continuous function i = {C — 2=t} x Cand(1,0) € D. Also,(1,0) >
0 and for all(iuy, v;) € D with v; < —# we have
1=NA\+c+1)u

(1=XN)2ul+ (A +c+1)?
—(1=XNA+c+1)(1+u3)

T 2[(1=N2u3+ (A +c+1)?
Therefore the function(u, v) satisfies the conditions of Lemrha[l.1 and since in view of the
assumption, by considerirg.4)) , we haveRe{v:(p(z), zp'(z))} > 0, Lemmd 1.1 implies that
Rep(z) > 0,z € U and this completes the proof of (i).

(if) For proving this part of the theorem, we use the same method and a easily verified formula
similar to([2.2)). By replacinge + 1 with ¢ we get the desired result. O

Theorem 2.2.
(i) For f € Aif Re {Z]{(S) - Z(f;{((j)))’} > 0 and =80 is an analytic function, then
Ce(N) C Ceir(N).
(i) Letc > —\. For f € Alf Re{ j) — Hlenfz) } >0 and% is an analytic
function, therC.,(\) C C.(A).
Proof. (i) In view of part (i) of Theorenj 2]1 we can write
fECN) & Lef € C(N) & 2(Lef)"(N) & Lez f"(A) & 2 [ (N) = 2f4 (V)
S Leizf"(N) © 2(Les1 /)*(N) © Lo f € CON) & f € Cor(N).
Part (ii) of the theorem can be proved in a similar manner. O

Re w(iU/Q, ’Ul) =

< 0.

Theorem 2.3.1f ¢ > —\ and ij( ;

Proof. By differentiating logarithmically both sides @f.3|) with respect to: we obtain

2(Lef(2)) (c+1)f(z)
2.5 —— t =
9 L. L7
Again differentiating logarithmically both sides we have
W) e

(2.6) P+ p(z)  f(z)

wherep(z) = % — A Let us considet)(u,v) = u + ——~. Theny is a continuous
functioninD = {C — (—c¢—\)} x C, (1,0) € D andRe %(1,0) > 0. If (iug,v,) € D with

1 2
v, < ——2% then

is an analytic function, theri € S*(\) impliesf € S*(\).

V1 (C + )\)

Re 1 (iug, v1) = B (et =
2
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Sincef € S*(\), then(2.6) gives

Re(v(p(2), 20/ (2))) = Re { Zﬁg) ~ A} > 0.

Therefore Lemmp 1]1 concludes tiat{p(z)} > 0 and this completes the proof. O

Corollary 2.4. If ¢ > A and% is an analytic function, therfi € C(\) impliesf € C.()).
Proof. We have
Fe€C\) e zf"(NAzfr(N) & Lezf' € S*(N)
& 2(Lf)*(\) & Lof € C(\) & f e C.(N).
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