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ABSTRACT. The aim of this paper is to prove some inequalitiegfmalent meromorphic func-
tions in the punctured unit disk* and find important corollaries.
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1. INTRODUCTION

Let ¥, denote the class of functiorf§z) of the form
(1.1) flz)=2"+ Zakzk
k=p

which are analytic meromorphic multivalent in the punctured unit disk
A" ={z:0<|z| < 1}.
We say thatf (z) is p-valently starlike of ordery(0 < v < p) if and only if for z € A*

2f'(z)
(1.2) —Re{ ) } > 7.
Also f(z) is p-valently convex of ordety(0 < v < p) if and only if
(1.3) “Re {1 + zfé’j)} Sq, zE A
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Definition 1.1. A function f(z) € ¥, is said to be in the subclass;(j) if it satisfies the
inequality

(p—1)! f9(2)

(14) (~Dilp+i—Dl =7 1’ -
where

4 (pH+i-1! K —j
(1.5) f9(z) = (—UJW + ;;p (k — j)!aka j

is thej-th differential of f(z) and a functionf(z) € X, is said to be in the subclas§(j) if it
satisfies the inequality

Af9) :
(1.6) TG (p+7)

To establish our main results we need the following lemma due to Jack [5].

<p++ 7.

Lemma 1.1. Letw(z) be analytic inA = {z : |z| < 1} with w(0) = 0. If |w(z)| attains its
maximum value on the circle| = r < 1 at a pointz, then

2ow'(20) = cw(2o),
wherec is a real number and > 1.

Some different inequalities grrvalent holomorphic ang-valent meromorphic functions by
using operators were studied in [1]] [2]] [3] and [4].

2. MAIN RESULTS

Theorem 2.1.1f f(2) € X, satisfies the inequality

Af9R) : 1
(2.1) Re{ F0)(2) +p+gp>1 5
thenf(z) € X, (j).

Proof. Letting f(z) € X, we define the function(z) by

P-1'  [9C) i Gear
(2.2) N 1 (2), (z € A7).
It is easy to verify thatv(0) = 0.
From (2.2) we obtain

Oy~ EP@+i=D! 5 i
f () (p—l)' + (p_1>l ()
or
i ’ J N\ ,—p—j—1 +j - !
[fOE) = (=1Y(p+j)z %
# 1P+ ) LR+ (ap BT ),

After a simple calculation we obtain

2w (z 2[fO ()]
s Ay
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Now, suppose that there exists a painte A* such that

max fu(z)| = [w(z0)] = 1.

Then, by lettingw(zy) = € (w(zy) # 1) and using Jack’s lemma in the equatipn{2.3), we have
—Re 2[fV(2)] L _Red AW (%0) — Re cw (%)
el oy ereap=re{ P = re {52

et — -1
—cR LTt
Ce{l—w} 2 =72

which contradicts the hypothes|s (2.1). Hence we conclude that fer|al(z)| < 1 and from
(2.2) we have
(p—D9(2)

‘(—Uj(pﬂ' “ ) 1' =l <1
and this gives the result. O
Theorem 2.2.1f f(z) € ¥, satisfies the inequality

A f9) A f9 )" 2p+1
&4 Rl o () T s

thenf(z) € Y; ().

Proof. Let f(z) € ¥,. We consider the functiom(z) as follows:

2[f9(2)) .
(2.5) TR0 (p+7)1—w(z)).
Itis easy to see that(0) = 0. Furthermore, by differentiating both sides[of {2.5) we get
e T e+ 22

Now suppose that there exists a pointe A* such that|rln<aX lw(z)| = |w(z)| = 1. Then, by

lettingw(zp) = ¢ and using Jack’s lemma we have
AfOR)] AP\ 20w’ (Z0)
re{ o - (1 o) | )

e’ c 1
—¢R LS -
¢ 6{1—619} 2 =Y

which contradicts the condition (2.4). So we conclude thdt)| < 1 for all = € A*. Hence
from (2.3) we obtain

Af9E) :

o e

This completes the proof. O

<p+ 7.

By takingj = 0 in Theorem$ 2]1 ar{d 2.2, we obtain the following corollaries.
Corollary 2.3. If f(z) € ¥, satisfies the inequality

zf 1
—&3——+p}>1——3
{f 2p
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then
f(z)

2P

—1‘<1.

Corollary 2.4. If f(z) € ¥, satisfies the inequality

zf! zf" 2p+1
ref - (1)

then’—ZTf’ — p‘ < p or equivalentlyf(z) is meromorphicallyp-valent starlike with respect to
the origin.

By takingj = 1 in Theorem$ 2]1 ar{d 2.2, we obtain the following corollaries.
Corollary 2.5. If f(z) € ¥, satisfies the inequality

"
1
—Re{zf +p+1} N

I 2p
then)—f,’% — p‘ < p or equivalentlyf(z) is meromorphicallyp-valent close-to-convex with

respect to the origin.

Corollary 2.6. If f(z) € ¥, satisfies the inequality
Zf” me) } 2p + 1
—Re —(1+ >
{ I ( I 2(p+1)
Zf//
————(p+1
L e

or equivalentlyf(z) is meromorphically multivalent convex.

then

<p—+1,
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