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Abstract

We derive numerous identities for multivariate g-Euler polynomials by using the
umbral calculus.
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1 Preliminaries

Throughout this paper, we use the following notation, where C denotes the set of com-
plex numbers, F denotes the set of all formal power series in the variable ¢ over C with

F = {f(t) =310 ak% | ay € (C}, P = C[z] and P* denotes the vector space of all linear

functional on P, (L | p(x)) denotes the action of the linear functional L on the polynomial
p(z), and it is well-known that the vector space operation on P* is defined by

(L+M|p(x)) = (L]|p(x))+(M]p()),
(cL|p(x)) = c(L|p(x)),

where ¢ is some constant in C (for details, see [5, 6, 8, 11]).
The formal power series are known by the rule

o0

k
) =Y mo € F

k=0

which defines a linear functional on P as (f(t) | 2") = a, for all n > 0 (for details, see
[5, 6, 8, 11]]). Additionally,
<tk | x”> = nld,k, (1)

where d,,, is the Kronecker symbol. When we take fr(t) = Y 2, (L | 2*) %, then we obtain
(fo(t) | z™) = (L | 2™) and so as linear functionals L = fy(¢) (see [5, 6, 8, 11]). Additionally,
the map L — f1(t) is a vector space isomorphism from P* onto F. Henceforth, F denotes
both the algebra of the formal power series in ¢ and the vector space of all linear functionals
on P, and so an element f(t) of F can be thought of as both a formal power series and a
linear functional. The algebra F is called the umbral algebra (see [5, 6, 8, 11]).

Also, the evaluation functional for y in C is defined to be power series e¥'. We can write
that (e¥" | ") = y™ and so (e¥" | p(x)) = p(y) (see [5, 6, 8, 11]). We note that for all f(¢) in
f’

£y =300 1) o )
k=0 ’
and for all polynomials p(x),
pla) = Y (| pla)) 75 (3)

(for details, see [5, 6, 8, 11]). The order o(f(t)) of the power series f(t) # 0 is the smallest
integer k for which a; does not vanish. It is considered o(f(t)) = oo if f(t) = 0. We see that

f(t
o(f()g(t)) = o(f(t)) + o(g(t)) and o(f(t) + g(t)) 2 min {o(f(2)), 0(g (;2)} The series f(t)
t

has a multiplicative inverse, denoted by f(#)~* or f(t if and only if o(f(t)) = 0. Such series



is called an invertible series. A series f(t) for which o(f(t)) = 1 is called a delta series (see

[5, 6, 8, 11]). For f(t),g(t) € F, we have (f(t)g(t) | p(x)) = (f(t) | g(t)p(x)).

A delta series f(t) has a compositional inverse f(t) such that f (f(t)) = f(f(t)) =t.
For f(t),9(t) € F , we have (f(t)g(t) | p(x)) = (f() | 9(t)p(x)). By (3), we have
p(k)(m):%: mwl(l—1)~-(l—k+l)xlk. (4)

=k

Thus, we see that
p™M(0) = (t* | p(x)) = (1| p¥ (2)). (5)
By (4), we get

Ppla) = p () = TEL. ©)
So, we have
e’'plz) =p(z+y). (7)

Let f(t) be a delta series and let g(t) be an invertible series. Then there exists a unique
sequence S,(z) of polynomials, with deg S,(z) = n, such that (g(¢)f()* | S.(z)) = nld,
for all n,k > 0. The sequence S, (z) is called the Sheffer sequence for (g(t), f(t)) or that
Sy(t) is Sheffer for (g(t), f(t)).

The Sheffer sequence for (1, f(t)) is called the associated sequence for f(t); we also say
Sn(x) is associated with f(¢). The Sheffer sequence for (¢(t),t) is called the Appell sequence
for ¢(t); we also say S, (z) is Appell for g(t).

Let p(z) € P. Then we have

<eytt_1 Ip(:r)> = /pr(U)du,

(@) [ap(x)) = (0 f(t) | p(x)) = (f(t) | p(x)), (8)
<€yt -1 ’p($)> - p(y) _p(0)7 (See [57 6, 8, 11])'

Let S, (x) be Sheffer for (g (¢), f (t)). Then the following results are known in [11]:

nwy = SOOI gy ok e F

k!
k=0

ey = o WOSOTPE) 5 ) oy e
1 Fs = t
p (7(t>)eyf<> = ;sk (v) 37 forally € C, (9)

f&)Sn(x) = nS,_1(x).



Let aq,...,a,,by,...,b. be positive integers. Kim and Rim [1] defined the generating
function for multivariate ¢g-Euler polynomials as follows:

o0

t’n
Fy(t,xay,... apby,.. . b)) =Y Eng(x| al,...,ar;bl,...,br)ﬁ (10)
n=0 :
27“

xt

— (qblealt + 1) . (queaTt + 1)6

Note that

Eog(x|ay,...;amb1,....0) =

where [z], is g-extension of x defined by

~1
[x]q:qq_l =1l+q+q+-+q

We assume that ¢ € C with |¢| < 1. Also, we note that lim,,; [z], = z (see [1]-[11]). In
the special case, t =0, E,, (0] a1,...,a,5b1,...,b,) == Ep 4 (a1,...,a;b1,...,b,) are called
multivariate ¢-Euler numbers. By (10), we obtain the following:

" /n
E.,(x|a,...,a;301,...,0,) = Z (k)xkEn_M (a1, ... am;5b1,...,b,). (11)
k=0

Kim and Kim [5] studied some interesting identities for Frobenius-Euler polynomials
arising from umbral calculus. They derived not only new but also fascinating identities in
modern classical umbral calculus.

By the same motivation, we also get numerous identities for multivariate ¢-FEuler poly-
nomials by utilizing from the umbral calculus.

2 On the multivariate g-Euler polynomials arising from
umbral calculus

Assume that S, (z) is an Appell sequence for g (t). By (9), we have

1
St = Sh(a) ifand only if 2" = g(1)Sy(2), (02 0). 12)
Let us take
b1 a1t by ,art
g(t|al,-..,a/r;bl,...,br):(q ¢ ) (q € )EF

21'



Then we readily see that g (¢ | ai,...,a,;b1,...,b.) is an invertible series. By (12), we
have

. tn 1
E by, b)) — = ot 13
nz:% ma (@@, by )n! g(t|al,...,ar;bl,...,br)e (13)
By (13), we obtain the following
! "= B, (| bive b)) (14)
2" =E,,(x]ay,...,a;b1,....b).
g(t]ay,....;a:;b1,...,b,) 4 ! !
Also, by (6), we have
tEng (x| ay,....an;b1,...,0,) =E, (x| ay,...,a,;01,...,0,) (15)
=nE, 14| ar,...;a;01,....b).
By (14) and (15), we have the following proposition.
Proposition 1. Forn >0, E,, ,(x | a1,...,a.;b1,...,b.) is an Appell sequence for
b1 a1t br ,art
et +1)---(qgre* +1
g(t\al,...,ar;bl,...,br):( )2r( )
By (10), we see that
e ‘ tn B xgezt . géxt
;Enﬂ,q(x|a1,...,aT,b1,...,bT)m_T (16)
- ( 1, 41 n) "
= r—a" — =—a" | —
—~\y 99 ) nl

where we used g := g (t|a,...,a,;b1,...,b.). Because of (14) and (16), we discover the
following;:

En+1,q (.T | ala"°7a’7‘;b1a"'7b’r‘) (17)

=xE,,(x|ay,...,a:;b1,...,0,) — gEn’q(x | ai,...,a.;01,...,0,).
g
Therefore, we deduce the following theorem.

b @ t bTeaTt
Theorem 2. Let g:=g(t|ay,...,a.;b1,...,b.) = (aren H)W(q +1) € F. Then we have
formn>0:

Eniig(x]a,...,a:;501,...,0) = (m—i) Enqo(x|an,...,a:;01,...,0). (18)



From (10), we derive that

oo 4
Z bTEnq gj‘—|—a71‘al,...,ar;bl,...,br>+En7q<x’0,17...70,,,1;()1,...,[)7«))5 (19)
n=0 :

o0 e
= QZEn,q(x | al,...,ar_l;bl,...,br_l) ﬁ

By comparing the coefficients in the both sides of % on the above, we obtain the following

2By (2| a1,y 1iby, e bet) = @ Bug (v ap [an, s agiby. b)) (20)
+E, (x| ar,...,a;501,...,b,).

From Theorem 2, we get the following equation

914 (x| ar, ..o an; by, b)) (21)
=g2E, (x| ar,...,ab1,...,0,) —gEnq (x| ar,...,a;b1,...,0,).

By using (20) and (21), we arrive at the desired theorem.

Theorem 3. Forn > 0, we have

2B, (x| ay,...;ar1;b1,... by 1) = ¢ Eng(x+a, | ay,...,a:b1,...,b,) (22)
+E, (x| ar,...,a:301,...,b,).

Now, we consider that

T+y
/ En,q(u|al,...,ar;bl,...,br)d’u,

1
— n+1(Enﬂ’q(x—l—y|al,...,ar;bl,...,br)—EnH’q(x]al,...,ar;bl,...,bT))
1 « (n+1) 4
= Z i En—l—l—j,q (1} | at, ... 7CL,,~;b1,. . ;br> yj
n—l—ljz1 7
“nn—1Mn-=2)--(n—j+2 .
= Z ( )< )| ( J )En-l—l—j,q(x|a17"'7a7";b1a"'7b7“)y]
j=1 I
1 [ &L itd
- g(Z%—l)En,q(a:|a1,...,ar;b1,...,br)
=0
vt _ 1
= et E..(x|a,...,a;;01,...,b,).

Therefore, we discover the following theorem:

6



Theorem 4. Forn > 0, we have

Tty 1
/ E.,wlay,...;a;b1,...,b0,)du=——FE, (x| a,...,a:;b1,...,b,). (23)

By (15) and Proposition 1, we have

1
t{n—ﬂ n+17q(x|al,...,ar;bl,...,br)} =FE,,(x|ay,...,a5b1,...,b). (24)

Thanks to (24), we readily derive the following:

<€yt Y Eni14 (7| al,...,ar;bl,...,br)> (25)

n+1

_ <6yt_1 |t{En+1,q($\al,...,ar;bl,...,br)}>
t n+1
et —1
- <T|qu(:v|a1,...,ar;b1,...,br)>.

On account of (8) and (24), we get

€yt—1 EnJrL (iL' ’ al,...,ar;bl,...,br)
< ; |Enjq(x|a1,...,ar;bl,...,br)>:<eyt—1| 4 1
1

— n_l_l{EnJqu(y|al,...,ar;bl,...,br)—Enﬂ,q(al,...,aT;bl,...,br)}

y
:/ E.,wl|ay,...;a:b1,...,b)du.
0

Consequently, we obtain the following theorem.

Theorem 5. Forn > 0, we have

evt —1 y
< t ]qu(x|a1,...,ar;b1,...,br)>:/0qu(u|a1,...,aT;b1,...,bT)du. (26)
Assume that

P(Q|ala"'7a7";bla"'7br):{p(x) EQ(Q‘ala"'aa’r;blv"'7br>[x] ‘ degp(x) Sn}

is a vector space over @ (q | ay,...,a,;by,...,b.) which are the space of all polynomials
including coefficients ¢, ay,...,a,,by,...,b,.
For p(x) € P(q | a1,...,ar;b1,...,b,), let us consider

p(a) =3 0By (L ar,. .. arib,. ., by) (27)
k=0

7



By Proposition 1, E, , (u | a,...,a,;b1,...,b,) is an Appell sequence for

(qblealt + 1) L (queart + 1)
27 '

g:=g(t|ay,...,a;by,...,b.) =
Thus we have
<g(t | al,...,ar;bl,...,br)tk | B g (| al,...,ar;bl,...,br)>:n!énjk.

From (27) and (28), we compute

n

<g(t|ala"‘7ar;b17"'7b7‘)tk |p($)>:Zbl<gtk | El,q('rlalu"'var;b17"'7b7‘>>
=0

= blloy, = klby.
=0

Thus, by (29), we derive

by = % (gt" | p(x))

1
= o (@ 1) o (e 4 1) 9% ()
It is not difficult to show the following
(qblealt + 1) (qbreart + 1) _ Z qoi=1 ikt gt Sy ash;
k1o iy >0

ky+ko+...+kr=1
Via the results (30) and (31), we easily see that

1 r r
by = > gk <etzf:1‘”kj | ™) (:L’)>

2rk!
K1, kr >0
k1+ko+...+kp=1

1 . -
= ] Z q21:1 blklp(k‘) (Z ijk?]) )

ki ke >0 j=1
kq+kgt...Ahr=1

As a result, we state the following theorem.

Theorem 6. For p(z) € P(q|ai,...,a.;b1,...,b.), when we consider

p(z) = ZbkEk,q (x| ay,...,a;b1,...,b,),
k=0

we obtain

1 . 4
_ E 21— bk (K) E s
bk — ] g i lp (j:1 a/jk]> .

Eiyeoker>0
kq+ko+...+kp=1

(28)

(29)

(31)
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