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Abstract

In a previous paper, we defined the notion of inset. In this paper, we first derive a
generating function for the number of insets in terms of one of its parameters. Using
this function, we connect insets with some important classes of integers.

We first prove that the numbers of integer partitions satisfy a system of homoge-
neous linear equations. Then we derive an explicit formula for the coefficients of the
Euler product function in terms of the number of insets. As a consequence, we express
the Euler pentagonal number theorem in terms of insets.

Finally, we derive an explicit formula for the entries of the Mahonian triangle.

1 Introduction

Janji¢ and Petkovi¢ [1] defined the notion of an inset of a set in the following way. Let n
and q1,...,q, be positive integers and m and k£ nonnegative integers. Suppose that a set
X consists of n blocks X;, (i = 1,2,...,n), X; having ¢; elements, and a block Y with m
elements. Furthermore, let @,, denote the set {q1,...,qn}

An (n + k)-inset of X is a subset S of X such that |[S| =n + k and SN X; # 0 for all 4.
The number of (n + k)-insets of X is denoted by (ka") In the case n = 1, when @ = {q:1},

we write (;”q?)

In this paper, we derive a generating function for the sequence (,:”QZ), (m=0,1,...).
This function connects the notion of insets with some well-known classes of integers.

We first establish a connection with integer partitions by proving that the numbers of

partitions, with parts in a given set, satisfy a system of homogeneous linear equations.
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Then we derive an explicit formula for the coefficients of the Euler product function in
terms of insets. We also show that the Euler pentagonal number theorem may be expressed
in terms of insets.

Finally, we derive an explicit formula for the entries of the Mahonian triangle. To our
knowledge, such a formula has not been put forward until now.

2 The generating function

Theorem 1. Let n be a positive integer, Q, = {q1,-..,qn} a set of n positive integers, and
k a nonnegative integer such that k — " (¢ —1) > 0.

Then we have
[TL,(1—2%) & (i+s,n)
(1 — g)ntk+T - Z kQ L (1)

i=0 ren

where s =k —> " (¢ —1).
Proof. We prove formula (1) by induction on n.

Base case: n = 1:
Now formula (1) becomes

1 — g0 > (i+s,1\ .
B ————— ‘/L'Z, 2
(= o) Z( o) )
From the binomial series
1 = (k+i\
(1_x)k+1:Z( L ):c,
i=0
we obtain .
1 — = (k+i ; "o ;

(1_x)k+222( k >$Zx (3)

i=0 i=0

We define b; =1, (i=0,...,¢1 — 1), and b; = 0 otherwise. Multiplying the series on the
right-hand side of equation (3), we obtain

1— g X, (k+i—\]| .
B e
i=0 Lj=0

Let a; denote the coefficient of 2 in (4). To complete the proof of (2) it suffices to show
that a; = (Z+5’1) for every 1.

k.q
We proceeld by considering two cases: i < ¢ —1 and 7 > ¢; — 1.



1. First assume that i < ¢, — 1. We have

() )

Using the horizontal recurrence for the binomial coefficients, we conclude that
k+i+1
a; = .
kE+1

o s+aq+1
o\ k+1 )

According to formula (6) from [1], we have

s+i,1\  [(s+it+aq _ s+
kg )\ k+1 k+1)

s+ k—q1+1+i

k—l—l):( ?cl+1

s+1,1
= ) foralli=0,...,q —1. 5
a (k,ql) or all ¢ ¢ (5)

Since s = k — q; + 1 we have

Since ¢ < ¢; — 1, we have ( ) = 0, which implies

2. Now assume that ¢ > ¢; — 1. Then we have

w (R (i, (hieatd
Tk k k ’

which, by the same horizontal recurrence relation used earlier, implies that

(kt+i+1 541
T\ k41 k+1)
Using again the formula (6) in [1], we conclude that

s+1,1
i = "), foralli > q. 6
a (k,q1) oralli>q (6)

Hence, from formulae (5) and (6), we conclude that (2) is true. This completes the proof
of the base case: n = 1.



Inductive step: Assume that formula (1) holds for n > 1 and deduce that it holds for n + 1
as well.

In other words, assuming that Q1 = Q, U {¢,+1} and that s = k — Z"H( —-1) >0,
we need to derive the following formula from (1):

[0 —a%) SN (i+5n+1) ,
A i 7
(1 — )tz ; k, Qi ! (7)

Let s = k—>_" (¢;—1). It follows from the definition of § and the fact that ¢,;—1 >0
that s =5+ ¢, 1 — 1 > 0.

Therefore we can apply the induction hypothesis and multiply both sides of formula (1)
by

1
L — ginst ey
— Z 7!
to obtain

o . n _1
H;l(l—a:ql) i+s,n\ it ;
(1 — z)ntht2 - ; kO, L Z L

=0

We let a; denote the coefficient of z° on the right-hand side of this equation. We have

1+ s —
b; 8
() ®
where b; =1, (0 < j < ¢u41 — 1), and b; = 0 otherwise.
Consider the following two cases.
1. First assume that i < ¢,4+1 — 1. We have
(its—jn
“=3 ()

It follows that

L 1+s—7g,n i i+s—7g,n
i= ) - . 9
! Z(’a%) Z(wn> ®)
J=0 Jj=i+1

The term (’ngn"), (j =i+1,...), according to its definition in [1], equals the number

of (n + k)-insets of a set having

n+1

2+S—j—|—Zq]<Zq]+8—qu+8



elements. Since n + k = Z?;Lll ¢; + 5 — 1, the above inequality would mean that we

have an (n + k)-inset in a set with less than n + k elements, which is impossible. This
implies that (ng”) =0,(j > i+ 1), and therefore the second sum in formula (9)
equals 0.

Hence,

" it s —jn
a; = ’ .
> ("))

Note that s = § + ¢,4+1 — 1. Introducing a new index of summation ¢t = ¢,.1 — 1 —

we obtain )
An+1— . —
1+S+1t,n
a; = .
> (e

t=0

Applying formula (12) from [1], we get
<i +35,n+ 1)
a; = ’
k? QTL+1

2. Now assume that ¢ > ¢,41 — 1. In this case, according to the fact that b, = 0, (5 >
qnt1 — 1), in (8), we immediately have

dni1 1 i+s—7,mn
“= 2 ( k,Qn )

j=0

and the assertion (7) is true.

and the formula (7) follows in the same way as in the preceding case.

This completes the proof of the inductive step and shows that the statement of the theorem
is true. O

3 Some applications

We shall first interpret equation (1) in terms of integer partitions. In what follows we write
() instead of @),,.
Let p(Q,i), (i > 0) denote the number of partitions of i, the parts of which belong to

the set @ = {q1,q2,-..,q,}. We put p(Q,0) = 1.

Similar as for the standard partitions we consider the expression S = W Then
1=1

S can be written as

S=14z% +2°7...). .. (1 4+ 2% 4 2% ...).



It follows that
S = Z xa1q1+~~-+anqn,
(a1

7777 ai)

where a; > 0, (i = 1,2,...,n). We conclude that the coefficient of ¥ in the preceding sum

equals p(Q, k).
We conclude that []}" (1 — 2%) is the inverse of the power series Y~ p(Q,7)x".
We write equation (1) in the form

flo— = S (1) (15

i=1 =0 =0

The degree of the polynomial on the left-hand side of the preceding equation is N =
S gi- It follows that

R 0 G

i=1 i=0 Lj=0 i=J
If we let . .
H(l —a¥) = Zalxl,
i=1 =0
where ‘
. n+k+1\[j+sn\ .
i= (=1)i ), (i=0,1,...,N), 11
S () e

=0
and a; = 0 otherwise, then ) .2, a;z" is the inverse of Y2 p(Q, )"
We thus obtain

Theorem 2. The numbers p(Q, 1) satisfy the following system of homogeneous linear equa-
tions
) aOp(Qv 0) = 1a
Z;’:O ai—jp(Qaj) = 07 (Z = 17 27 cee 7N)
Next, we derive an explicit formula for coefficients of expansion of the Euler product

function [T, (1 — 2).

Proposition 3. Assume that

[Ja-2)= be (12)

i=1

n n?4+n+2 :
=3 () (L) 13
> () (2 M (13)

Then,




Proof. We consider the particular case of equation (10), when ¢; =i, (i = 1,2,...,n), and

s = 0. In this case, we have k=37 (i — 1) = "5 = nin,
The formula (10) becomes
n2+n
n 2 n24n+42 ;
j?n 3
-3 e (20|
i=1 i=0 Lj=0 1= 7w

In particular, taking i = n in the right-hand side, we obtain (13).

Note that the coefficient of z" in the expansions []_,(1 — 2%) and [];2,(1 — 2") are the
same, since the next factor 1 — 2"*! that would be included in the finite product will keep
all the terms of degree strictly less than n 4+ 1 the same. O

The Euler pentagonal number theorem may be stated in terms of insets in the following
way:

Proposition 4. Let n be a positive integer. Then,

n n2+n+42 : EERY: e H3tED)
oo (P () -l
: n—j)\"5%@Q 0, otherwise.

J=0

Remark 5. Formula (13) concerns the sequence A010815 of pentagonal numbers. In this
sense, Theorem 1 may be considered as an extension of the Euler pentagonal number theorem.

The series on the right-hand side of (12) is the inverse of the series Y .~ p(i)a’, where
p(0) = 1, and p(i) is the number of partitions of i. We thus obtain

Proposition 6. The numbers of partitions satisfy the following system of homogeneous linear
equations

Zb pli—35) =0, (i=1,2,..), (14)

and p(0) = b(0) = 1, where b’s are given by (13).

Remark 7. This proposition concerns the sequence A000041.

Remark 8. If one could solve the system (14), one would obtain the formula for p(n). Since
the system (14) is symmetric with respect to b’s and p’s, the expression of p(n) in terms of
b’s is the same as the expression of b(n) in terms of p’s.

For example,

p(5) = —b(1)% — 5b(1)3b(2) — 3b(1)%b(3) — 3b(1)b(2)? + 2b(1)b(4) + 2b(2)b(3) — b(5)
b(5) = —p(1)® = 5p(1)*p(2) — 3p(1)*p(3) — 3p(1)p(2)* + 2p(1)p(4) + 2p(2)p(3) — p(5).
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Finally, as a consequence of Theorem 1, we derive an explicit formula for entries of the
Mahonian triangle A008302, which we denote by T'(u,v).

The number T'(u, v) is defined to be the number of permutations of S,, which have exactly
v inversions.

It is well known that the generating function for the numbers T'(u, v) is

In other words

H 11__3; = ZT(u,v)x”. (15)

On the other hand, the product on the left hand side of the previous formula i is a polynomial
in z and its degree is 1 +--- + (u — 1) = “* (u v) =0 for all v > *=%. Our next

theorem determines the values for T'(u, v), When v <Y 5

Theorem 9. The entries T'(u,v) of the Mahonian triangle satisfy the following equality

v u?—u+2 ; 2
T ,U u- —u
T =3 (-1 2 ) , Ho=01,..., ,
=2 (v—i)(%“,@) forelte 2

where Q = {1,2,...,u}.

Proof. Note first that the generating function for the numbers T'(u,v) can be written as

ﬁ 1—a B H?:i(l - xl) (11— x)k—i—l

e _ o \utk+1
Pl (1—z)eth

Now we can apply Theorem 1 to the right-hand side of the above equality. We assume
that k = “>.

Note first that the condition s > 0, in Theorem 1, is satisfied. For¢; = iforalle =1,... u
implies s =k — > (¢ —1)=k—>7" (¢ —1) = 0. It follows from formula (1) that

u 7u+2

-5 () 5 o (F)+

i=1 =0

As explained earlier the degree of the polynomial on the left hand side of the preceding

v ) u?—ut2 iu
o v—1 2 )
;( 1) (U—Z)(u22_u,Q>

The assertion of the theorem now follows from formula (15). O

8
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We also have

Corollary 10. For v > “2;“, we have

v ) u?—ut2 iu
—1)" 2 - = 0.
20 (L) (o)
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