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Abstract

In this paper, we study some supercongruences involving multiple harmonic sums
by using Bernoulli numbers. Our main theorem generalizes previous results by many
different authors and confirms a conjecture by the authors and their collaborators. In
the proof, we will need not only the ordinary multiple harmonic sums in which the
indices are ordered, but also some variant forms in which the indices can be unordered
or partially ordered. It is a crucial fact that the unordered multiple harmonic sums often
behave better than the corresponding ordered sums when one considers congruences.
We believe these unordered sums will play important roles in other studies in the future.

Introduction

The Bernoulli numbers, defined by the generating series

have a long and intriguing history in the study of number theory, with over 3000 related pa-
pers written so far according to the online Bernoulli Number archive maintained by Dilcher
In modern mathematics, the Bernoulli numbers have appeared in the
Euler-Maclaurin summation formula, Herbrand’s theorem concerning the class group of cy-

and Slavutskii [3].
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clotomic number fields, and even the Kervaire-Milnor formula in topology.
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Well-documented history indicates that Jakob Bernoulli, after whom the Bernoulli num-
bers are named, was very proud of his discovery that sums of powers of positive integers can
be quickly calculated by using these numbers. This result was independently discovered by
Seki around the same time [1] and by Faulhaber in a few instances some time earlier (so
it is now generally called Faulhaber’s formula). Classically, it is well-known that Bernoulli
numbers play a very important role in studying congruences. For example, Sun [11] discov-
ered a number of fascinating results along this direction. As in the previous work [4, 11],
by Fermat’s little theorem and Kummer’s congruences, Faulhaber’s formula quickly leads to
many congruences and even supercongruences involving multiple harmonic sums, which were
first studied independently by the second author [19, 20] and Hoffman [5]. See [22, Ch. §]
for more details.

Let N and Ny be the set of positive integers and nonnegative integers, respectively. For

any n,d € N and s = (s1,...,84) € N¢ we define the multiple harmonic sums (MHSs) and
their p-restricted version for primes p by
Hofs) = S o WO = Y
n B ke T kit kg

0<k1<-<kg<n 0<k1<-<kqg<n

ptki,....ptkq

Here, d is called the depth, and |s| := s; + - -+ + s4 the weight of the MHS. For example,
Hnt1(1) is often called the nth harmonic number. In general, as n — oo, we see that
Hn(s) — ((s) which are the multiple zeta values (MZVs).

More than a decade ago, the second author [18] discovered the curious congruence

1
Z — = —-2B, 3 (mod p) (1)

4 17k

i+j+k=p

i,§,k>0
for all primes p > 3. Since then, several different types of generalizations have been found.
For example, see the references [8, 10, 13, 14, 16, 21, 23]. In this paper, we will concentrate
on congruences of the following type of sums. Let P, be the set of positive integers not
divisible by p. For all positive integers r and m such that p t m, define

1
(m) (Y - — E
litlo++ln=mp" "
I, In€Pp

S =Y ®)

Lily ...
litlot++ln=mp" 12

P>, ln€Pp

To put these sums into proper framework, we now recall briefly the definition of the finite
MZVs. Let B be the set of rational primes. To study the congruences of MHSs, Kaneko and
Zagier [6] consider the following ring structure (more precisely, the case ¢ = 1) first used by



Kontsevich [7]

=TTz | Do,
pEP pEP
Two elements in A, are the same if they differ at only finitely many components. For
simplicity, we often write p” for the element (pT)pem e A, for all positive integers r < £. For
other properties and facts of A, we refer the interested reader to [22, Ch. 8].

One now defines the finite MZVs as the following elements in A,:
._ ¢
Car(s) = (Hyls) (mod p ))pem.

It turns out that Bernoulli numbers often play important roles in the study of finite MZVs,
as witnessed by the following result [23, p. 1332]:

(—1) 1(n—l—l)

(=1)"Bnyr - p if 2|n,

CAs( )
CA2(171)

where 1,, is the string (1,...,1) with 1 repeating n times, and 3y := (—Bp_x/k (mod p))p>k €
A is the so-called A-Bernoulli number, which is the finite analog of ((k). Note that 5; =0
for all even positive integers k& while it is Stlll a mystery Whether Bk # 0 for all odd integers
k > 2. In this framework, we can collect RY" ( ") and sim ( ") defined in (2) and (3) for
various primes and form a pair of elements in A, by putting

RT(lm’T) _ (R;m) (pr)> Sflmﬂ“) — (S;lm) (pr>)p>m'

Previously, the second author and his collaborators [8] made the following conjecture.

6n+2 p if 2 Jf n;

p>m’

Conjecture 1. For any m,n € N, both R,(lm’l) and ng,l) are elements in the sub-algebra of
A; generated by the A-Bernoulli numbers.

In this paper, we will prove this conjecture. More precisely, we have the following, our
main theorem.

Theorem 2. Let m, r and n be positive integers. Let k = n denote any tuple of odd positive
integers k = (ky,..., ki) such that ky + ---+ k, = n and k; > 3 for all j. Then for every
sufficiently large prime p

R7(Lm) (pT) = Z T =P Z Cm kBp k Il’lOd pT), (4)
li+lo+ A+l =m kin
pllila--ln
SME) =) zllz =p' Y ClyBpx (mod p), (5)
li+lo++ln=mp" kin

pllila-ly

where B,y = By, Bp—k, - - - Bp—k, are products of Bernoulli numbers and the coefficients
Cx and C), | are polynomials of m independent of p and r.
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The coefficients Cy,x and €7, are intimately related, see Conjecture 16.

As a side remark, in our numerical computation, it is crucial to use some generating
functions of RY™" and SU™". which are certain products of a finite variation of the p-
restricted classical polylogarithm function. Unfortunately, it seems difficult to use these
generating functions to obtain our main result of this paper.

We conclude this introduction by pointing out that the general congruence structure
of (2) and (3) hints at a similar picture to that of the MZVs and their finite version if we
consider more general sums by allowing the indices in (2) and (3) to have different exponents.
A seminal work was done by Yang and Cai in depth two [17]. It would be very interesting
to find out if the Bernoulli numbers are indeed insufficient in the general depth cases, as for
MZVs and and their finite version.

2 Preliminary lemmas

In this section, we collect some useful results to be applied in the rest of the paper.

Lemma 3. (cf. [8, Lemma 3.4]) Let p be a prime, K, s1,...,Sq be positive integers, and y a
non-negative integer. We define the un-ordered sum
U(p)(Sl Sd) = Z ;
SRR I

'yp<l1,..‘,ld<('y+n)p
Uy la€Pp, LiFlViF]

If the weight w = sy + -+ - 4+ sq4 < p — 3 then we have

RWw

U(p (81, - .,Sd) = (—1)d71(d— 1)'

2
V5K w+ 1Bp—w—1 P (IIlOd p )

Lemma 4. Suppose a,k,m,n,r € N and p is a prime. Set

) (g) = (_1)m+a(n - 2> (a—Din—1—a)

m—1 (n—1)!

If k <n <p—1 then we have

1) S (") = (—=1)"SY P (p) (mod pr);

n—1
(i) S{™ () =p ) A (@)SE (p7) (mod pth);
a=1

m— 1

(iii) Sr(zm)(pr+1) — (_1)m—1 (TL — Q)ST(LI)Q?Z)]?T_I (mod pr-l—l)'

Proof. Parts (i) and (ii) follow from [8, Lemma 2.3], while part (iii) follows from [2, Lemma
2.9]. O



Lemma 5. ([2, Proposition 2.3]) Let m,n,r € N. For all r > 2, we have

R(m,r) =m - 5«7(11,2)pr—2 c Ar-

n

Lemma 6. Suppose m,n,r € N. Then we have

m—1
S = (=1 (Z) RIm=kr) € A,. (6)

k=0

Proof. Equation (6) can be proved using the inclusion-exclusion principle similar to the proof
of [15, Lemma 1]. Indeed, for all primes p

m—1

1 ~ 1
(m) (pr) — _1\k
R D LD Do D DR ey
L1+ Alp=mp" n k=1 1<a1<-<ap<n n
ll,u- ,lnepp ll+-"+ln=mpT

l1, -, ln€Pp
lul >prv"' 7lak >pT

m—1 e 1
=Y (1) <k) D (S IESI P e

k=0 li4-+lp=(m—k)p"
l1, -, ln€Pp
m—1 n 1
= —1)* dp"
() X g meds)
k=0 I+l =(m—k)p"
I, ln€Pp
m—1 n
= S0 () R0 (mod ),
k=0
as desired. ]

We see immediately from Lemmas 5 and 6 that the proof of the Theorem 2 is reduced
to its special case of S The idea is to compute Rslm’l first, which leads to Sim-b) by the
Lemma 6. Then S5? can be determined using 5" by Lemma 4 (ii).

For the convenience of numerical computation, we list some of the relevant known results.

Lemma 7. ([23, Main Theorem|) Let n > 1 be a positive integer. Then we have

" " 0, if 2| n.

Lemma 8. Let n > 1 be a positive integer. Then we have

n+1)! ,
%an Zf 2 T n;
Rﬁf” =< n!
3 Z Baﬁba Zf2 | n,
(a,b)Fn
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and

—1
_n 5 n!B,, if 21 n;
S,(f’l) =< n! _
5 > BB if2|n.
(a,b)Fn

Proof. The odd cases follow from [8, Lemma 3.5 and Corollary 3.6] respectively. The even
cases are proved as [15, Theorem 1 and Corollary 1]. O

Lemma 9. Let n > 1 be a positive integer. Then we have

(n ;_ 2) : (n - 1)!571 + %' Z /Baﬁbﬁca Z.f2jfnf

RGBL _ (n+2) (a,b,c)Fn
n nl(n .
— D Bubs, if2|n,
(a,b)Fn
and |
n n! .
(3> ' (n - 1)'671 + E Z ﬁaﬂbﬁca Zf 2 * n;y
1) (a,b,c)Fn
SV =4 nn—2) |
1 > Babs, if 2| n.
(a,b)Fn

Proof. The odd cases follow from [8, Lemma 3.7 and Corollary 3.7] respectively. The even
cases are essentially proved as [15, Theorem 2 and Corollary 2]. We only need to observe
that if n is even then by exchanging the indices a and b in half of the sums, we get

n! B, .B,_
R®(p) =% Z (2n —a+ 3)prb (mod p)
(a,b)Fn
n! B, _.B,_
=15 (4n—a—b+6)prb (mod p)
(a,b)Fn
nl(n + 2) B, oB,
=7 Z % (mod p)
(a,b)Fn
since a + b = n. Similarly,
n! B, .B,_
SPp) == Y (nta—3)==02= (mod p)
(a,b)Fn
! B, .B,_
E—% Z (2n+a+b—6)prb (mod p)
(a,b)Fn
nl(n —2) B, By
=— 1 Z i abp (mod p)
(a,b)Fn
as desired. u



3 Sums related to multiple harmonic sums

We are now ready to consider the sums RY™". The key step is to compute RY™ for

m < n/2, which we now transform using MHSs. By the definition, for all primes p, we have

1 Ltlo+- 41,
RMp)=— )
mp Ll lils ... 1,
l1,..,ln€Pp
n 1
=— Z ————  (by symmetry of ly,...,[,)
mp iy ... 1,
Un—1=l1+lo++lp—1<mp
I1yeoisln—1,un—1€Pp
_i Z ll+l2+"'+ln_1
_mp lllg e ln_lun_l

Up—1=l1+lo++lp—1<mp
ll,.,.,ln_l,un_1€77p

T m Ly .. ly—otp_1
P Un—2=l1+lo++lp _2<un_1<mp 172 n—2¥n-1
ll,‘..,ln—QG/Pp

'Ufnflf’un727unflezpp

Continuing this process by using the substitution u; = [} + Iy + --- +[; for each j =
n—3,...,2,1, we arrive at

! 1
RO™(p) = — >

ULUY .« . . Uy
0<Uy <+ <Up—1 <P 172 n—l
Ul,UQ*UI7--~7'Ufn—lfun—27un—1€,Pp

Observe that the indices u; (j = 2,...,n — 2) are allowed to be multiples of p. Thus we set

GRS >

2< +Un—1
7(],1<~~<(1[,1§TL—2 0<u1<"'<un—1<mp
1<ki1<-<kp_1<m ualzklpv---yuag_1:k€—1p7
uj€Pp ViF#ai,...,ap—1
U= UL 5o ey Un—1—Un—2€EPp

In this sum, the indices uq, . .., u,_1 are divided into /-parts by p-multiples so that the indices
inside each part (excluding the boundaries) are all prime to p. Hence we can rewrite
m n! m
RMp)=—— 3 T, ). (7)
mp
1<t<n/2

So we are naturally led to the study of the following sums. Let v € Ny, x,n € N and p be a
prime. Suppose n > 1. Define

1
=(p) — - -
H’yz;){(n) T Z Ui ...

Yp<ul < <tp—1<(y+K)p
UL,U2,..., Un—1EPp
U27u17~-~aunflfun72erpp
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For convenience, in the above sum if the difference between two adjacent indices is a
multiple of p (which is of course not allowed in the definition of =) we then say there is a
p-gap between this pair of indices. Let v € Ny and x € N. For all 1 < g < min{x —1,n— 2},
define the sum in which at least g p-gaps appear by

o= 8Tt e

1<bi < <bg<n yp<ur <---<up_1<(y+K)p

DIty —ty )l 05y —1)
The following technical result is crucial in the proof of our main theorem, Theorem 2.
Proposition 10. Let v € Ny, k,n € N. Then, for all 1 < g < min{rx — 1,n — 2}, we have
Pzt = rgziy =~ ) (") P moa ) 0

We postpone the proof of this proposition to the next section due to its length. A direct
consequence is the following corollary.

Corollary 11. Let v,k,n € N. Then for all primes p > n + 1, we have

=P (n) = ((Z) - (HJFZ - 1)) %p (mod p?).

Proof. Set 6,~; = 1if n > j and d,,~; = 0 if n < j. By the inclusion-exclusion principle, it
is clear that

=) o+ 2D B PR )
~ K\ (n—1\ B,_
=—) 6, L d p?
Do) ()T )

Il
/N
N
S =
N—
|
>
Il B
MR
=L —
> X
~—
N
> 3
[
— =
N——
~_
ﬁ‘bd
3
b
=
(@]
o,
=
N

by (9) and the congruence (see Lemma 3

U (11) KB, KB,_
ik B R e ) 2y
(n—1) (=1)"—"=p —p  (mod p)

Here we used the fact that By = 0 if £ > 1 and k is odd. So the proposition follows
immediately from the well-known binomial identity

(G- (G-



By Corollary 11, it is easy to see that for any fixed ¢ < n/2

> (Hk> (128000

1<ai<-<ap—1<n
1<k1 < <ky_1<m

¢

k—l—aj—l Bpfa‘

3 Mt () - ()

kit +kg=m j= DRt +k331 @ @ @
kiyeery ke>1

(at,...,ap)Fn

' (p)

modulo p?, where we have set ky = ap = 0 and k; = m,a;, = n. In the last step above, we
have used substitutions k; — ky +---+k; and a;j = a; +--- +a; for all 7 </ —1. In view
of (7) and Lemma 6, we easily obtain the following result which confirms Conjecture 1.

Theorem 12. For all positive integer m and n, we have

it S Mg () ()

1<t<|n/3] J=1
k1 +---+k[=m,k‘j >1Vj

We only need to remark that (ai,...,as) - n implies that 3¢ < ay + -+ + a; = n.

4 Some numerical examples

Using the formula of Theorem 12, we obtain the following results which extend those in
Lemmas 7, 8 and 9. To guarantee accuracy, we have checked these congruences for m,n < 20
and primes p < 100 using Maple.

Corollary 13. For any k,m,n € N, we have

m m 5! m
Ri(’) ) = 3‘m53, 1) (m + 5)65, -

=3 m(m* + 35m? + 84) ;. (11)

~ 5!
Ifn > 9 is odd, then

R$L471) :(TL - 1)' (n 1— 3) ﬁn n + 3 Z Baﬁbﬁca

(a,b,c)Fn

|
R§L5’1):(”_1)!<n+4)ﬁn % S B B

2

| 2
+% Z (%+4n+7+?_4<2>)5aﬁbﬁca

" (a,b,e)n



ROD —(n— 1)! (n + 5) B, + (n—;‘r’) S BB

n! n® ) ) , 68n 3
+m(bz)% (§+6L + 2a”b + 5n” + ba +—=-+30-8( (n+5) | BaBsBe.

If n > 2 is even, then

reo | 8 (G e —s(P) ) ane X ams).

(a,b)Fn (a,b,c,d)n
1y _ 3 2, 63 3 2 3
ROV =o—5 Y (0P 490"+ Tt 30+ + 60® — 12(n +4) Babs
o (a,b)Fn “
n' n+4)
Mt S B
(a,b,e,d)Fn

!
R =2 3 BubBeBaBeby

’ (a,b,c,de, f)Fn

+z! 13 3 _§ 5 _n2—|—6n—16 3 +l §a4+
6 3\a/ \b 5\a 3 a 51\ 3

(a,b)Fn

675 5 5 255
+25a% 4 85a* +Tn+274+6a3n+3n + 250 + = 5 ))Baﬁb

] 2
Ly (au?’%ﬁgn 17— 8( ))ﬁaﬂbﬁcﬂd

Example 14. When 8 < n < 12, we get, respectively,
R =16 - 81650, RS = 91(558 + 63),
29
Ry =35 101207 + 52), RV = 11127360 + S-6365),

3
REY —121 <333B359 4321856 + 5/3;,}).

The first three identities were predicted previously [8, Conjecture 5.1]. The last two were
also discovered numerically earlier [21, Conjecture 7.2].

10



Corollary 15. Letn > 2 be a positive mteger If n is odd, then

S =—(n— )()Bn Z BBy,

(a,b,c)Fn

n n!
‘5'7(15,1) :(n - 1)’ (5)Bn + g Z ﬂm : ﬁa

.....

n! n? a? 3
+Z Z (? —4n—|—7—|—3 _4(a)> BaloBe;

(a,b,c)Fn

Sﬁﬁ’”:—(n—l)()ﬁn ”f5!5 Z BB

.....

1 n®* 68n 3
4 n- — 942b — Fn2 g  bon o _ _
o6 g (3 +a a“b —5n® + ba” + 3 30 S(a) (n 5)) BaBb3e

(a,b,c)Fn

If n is even, then

St :Z_'! Z (;n —9n+ 11+ d? —8( ))ﬁaﬁb+— Z BaByBeBa,

" (a,b)Fn " (ab,c,d)Fn

! 3
(1) ™ 9,3 2 _ _ 9.3 2 _
Sy i E ( 2n° + 18n° — 63n + 60 — 2a” + 12a° + 24(n — 4) (a)) Babb

(a,b)Fn
Tl'
(4 > BuBiBeba.
(a,b,c,d)Fn
n!
57(16’1) :@ Z ﬁaﬁbﬁcﬁdﬁeﬁf
’ (a,b,c,de, f)Fn

+n! 1/3\/3 6 /5 n?>—9n — 16 /3 +1 8 4

E— — —_— — _——_— — _a

6 3\a/\b 5\a 3 a 51\ 3
(a,b)Fn

675n 5 5 255
—25a> + 85a% — ——+ + 274 + éa?’n + §n4 —25n% + T 5 )) Balb

n! 5  3n? 1bn 3
T aq - T T4 1 a C .
+144( Z,Zd)k (a o T 8(@))5&5@

Proof. By Lemma 6, we see that

S@D — pA) _, pGY) (”) R _ (n) RO

Thus the statements concermng S follow from Lemma 7, 8, 9 and Corollary 13 immedi-
ately. The computation of SO and S can be done similarly. So we leave them to the
interested reader. O
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By comparing the above two corollaries, we can formulate the following conjecture.

Conjecture 16. For all m,n € N, suppose
R™D =nl Y- Y Clar, .. a)Bay - Ba.

1<i<n/3,2|(n—1) (a1,...,a;)Fn

Then
SERE S Y Y C(=ar,...,—a)Bay - Ba.

1<i<n/3,2|(n—1) (ai,...,a;)Fn

Corollary 17. For all v > 2, we have

S —(_qym (m6_ 1) 537635 3sp" " €A Ym<T,

S(mﬂ") _ m—1 7 3\,.r—1
g =(=1) ( 3 1) 36(6088039 + 61133)p c A VYm<S,
m,r 8 -

Slmr) —(_1ym (m - 1> 223200(532 + 28387)p" " cA Ym<9,
m,r — 9 —

Sl —(—1)m 1(m B 1) 174240(122511 + 382 85)p" " e A, VYm <10,

o 10 .
S — (=)™ (m 1) A7520(896838 + 8726567 + 36" € A, ¥m < 11.

Proof. Let p be a prime such that p > 17. By Lemma 7, 8, 9, and Corollary 15, we have
modulo p

8!

1 2 3 2 4 2
S (p) =0, () = - Br-sByos, S (0) = =357 (1), S () = 4557 (v).
SV (p) = — 8B, g, S5 (p) = 4-8B, o,

8! 28 - 8 8l
SV (p) = - EB§—3 — =5 By, S (p) = EB;’j_?, +14-81B, g,
2
Wy —q o@y L B,_5 2By, 3B)1
- = - 1 ‘

S =0, S = 510 (S0 4 ).

SE(p) = — 450 (p), S5 () =850 (p), S (p) = —10S5) (p),

12



S£1)<p) =—- 10!Bp7117 SS)QD) = 5 . 10!Bp,11,

S (p) = 5 By-sBy-s — 15 101B, 1,

SPp) 52'4—21!3]3331)5 +30-101B, 11,

SH(p) = - 75—31!353&5 —42-10!B, 1,

S 1) =0, SY0) = 52 By sByo + o2 By sByr, SE0) = 55 (p)
S (p) =2 12!§f33p9 413 1255 Ber pgfﬂ + 12—1!35;3,

50 = - 1 2Bralyn gy gy Posblyr 12 5pa

S15 (p) S 12!1295_33”‘9 +26 - 12!—3”‘;?”‘7 + 1?2! ij

Taking n = 8 and 7 = 1 in Lemma 4 (i) and (ii), we get

SV ?) =20 0) - 250 0) + 5P ) - 50 ()

=-——"pB, 3B, 5 (mod p?).
Similarly, taking 9 < n < 12 and r = 1 in Lemma 4 (i) and (ii), we see that

(1 2y _P g ) P o) P @
59 (p)_459 (p) 2859 <p)+8459 (p) 14059 (p)

761B,_, T1B3_
5—288( 9p >+ 32 3)]) (mod p?),
M2y 2P o)y P @) P oo, P o P )
B? 2B, B,
= — 104400 | —2=> 4 =22 2
9 00(25 + 51 p (mod p?),
p p P p p
1 (1%) =251 (1) = 251 (1) + 15551 () = 355511 (1) + 535511 ()
1228, 3B2 .B,_
= — 174240 ( 11p L p435 & 5) p (mod p?),
_2p D 2p D 4
813 (%) = 7151 () = 2251 (0) + 15255 () — 5,551 (D)
NG D (6)
A - g
115512 (p) o779 12 (p)
896B, 3B, ¢ 872B, :B, - 3B%
z-47520< 7’273 i~ %55 Laiint 3’; 3)19 (mod p?).
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Now the corollary follows quickly from Lemma 4 (iii).

Corollary 18. For all positive integers m > 1, we have
RY™Y = 336m(m? + 16)(m? — 1) B35,
Rs()m,l) —12.7 (m;- 2) B3+ 72m(m® + 126m* + 1869m?* + 3044) Ao,
R = 360m(m? — 1)(m* + Tlm? + 540) (26357 + 62),
R =660 - 5! (m; 2) (m?* + 33)33 55

+ 110m(m® + 330m® + 16401m* 4 152900m” + 193248) B4,
R = 55. 9! (m - 3) B

+11-6! (m;r 1) (m® 4 211m* + 6196m? + 32256) 33

116! (m; 1) (m® + 187m* + 6508m2 + 31392) 853+

Proof. Let p be a prime such that p > 11. By Lemma 5 and Corollary 17, we have

7
m4+T7—a\ 112
S (")) = o 10/ - VBB (mod )

a=1

RY™(p)

Similarly,

m 8! 2
R{™(p) = —= (m - )B;’ 5 — 8m(m® + 126m* + 1869m2 + 3044)B,_y (mod p),

2B, 3B 32
p—3 p7+

21 25 ) (mod p),

R (p) = ——m(m® — 1)(m* + 71m? + 540) (

R (p) = —88- 5!( i )(m2 +33)B2_,B, 5

— 10m(m® + 330m® + 16401m* + 152900m* + 193248) B, _1;  (mod p),

m 55-8! /m+3
RgZ)(p) = 9 < 7 )Bﬁ_g
225! /fm+1
9 3
66 -4! /fm +1
7 3

) (m® + 211m* + 6196m* + 32256) B, 3B, ¢
)(m6 + 187m* + 6508m? + 31392)B, 5B, 7 (mod p).
The corollary now quickly follows from the definition of f;.
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5 Proof of Proposition 10 and Theorem 2

We first deal with the case v = 0 and rewrite it as a difference of two sums each of which
can be computed more easily.

Let n,k,g € N such that 1 < g < min{x — 1,n — 2}. Set d =n — g — 1. For any prime
p, we define

. 1
FEOEDS D TR

0<a1<<ag<r 0<uj<--<ug<(k—aqg)p g
0<b1 < <bg<d UL,U2,...,udEPp

and

. 1 aq ap
NP = -
K (n) Z Z Uy ... UgUpy - - - Up, (ubl * *

0<a1 < <ag<r 0<u; <--<ug<(k—agq)p
0<b1 < <bg<d U1,u2,...,udEPp

Lemma 19. We have

V#P(n)

(—1)9+! (g _’i 1) (" ; 1) B;"p (mod p?).

Proof. Let d =n—g—1andm € N. Foreach0 < b; <--- <b, <d, wewriteb = (by,...,by)

and define .
KP ()= >

0<ul<---<ug<m 1 d®by bg
U1,u2,...,ud€Pp

Let [d]? be the set of g-tuples of integers in {1,...,d}. Let DW(d,n — 1) C N? be the set of
d-tuples s of positive integers with |s| = n — 1. Since every element of [d] can be written in

the form of (15,_1,2s,-1,...,ds,—1), we may define a map
p: [d)? — DW(d, n) (12)
(181—17 282—17 s std—l) — (817 s 7Sd)'

It is clear that p has an inverse so that it provides a 1-1 correspondence. Moreover,

K (b) = HD (p(b)).

m

Thus, by the substitution a; — x — a;, we have

Virm) = Y KP b)y= Y HD(s).

0<ag<-<ai<k 0<ag<-<ai<k
bel[d]9 seDW(d,n—1)

15



For each s € DW(d,n — 1), let 74 be its permutation group (a symmetry group of d letters),
Orb(s) its orbit under -4, and Stab(s) its stabilizer, i.e., the subgroup of all of the permu-
tations that fix s. It is well-known from group theory that | Orb(s)| - | Stab(s)| = || = d!.
Thus we have

. 1
Vi) = > TG S HD ()

0<ag<--<a1<k teOrb(s)
seDW(d,n—1)

1 UR(s) Ut (s)
= 2 TonE)] TSwbE . 2 T (13)

0<ag<-<ai1<k O0<ag<-<ai<k
seDW(d,n—1) seDW(d,n—1)

Since d =n — g — 1 and B,_,, = 0 for even n, by Lemma 3,
By_r,
Ustay () = ag(= 1) (d = Dl(n = )="p - (mod p?).

Noticing that | DW(d,n — 1)| = (*~7), we get

p (mod p2)

) n—2\n—18B,_,
FEOENED MRS (N e

0<ag<--<az<a1<k

R (O A )

n
0<ag<-<az<ai1<k

So the lemma follows from (14) at once. O
Lemma 20. For any positive integers i1 < g < Kk, we have
Kk—1 a
> a=ix(9)
0<a1<<ag<k a=1 g
In particular, if i = g, then we have

Y = (g . 1). (14)

0<(lg<"'<a2<a1 <K

(o) =)
> o= ()=
1—1 a; \ 1
0<ar1<--<a;

is the number of ways to choose ¢ — 1 distinct positive integers from 1,2,...,a; — 1. The
lemma follows easily from an induction on g by using the well-known identity

Z a; _ @41
i i+1)
O<ai<ai+1

In particular, if i = g, then we may take a;1 1 = k to prove (14). O

Proof. Clearly
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Lemma 21. We have
M?%P(n) =0 (mod p).

Proof. Again we let d =n — g — 1. By the definition and Lemma 20,

a 1 1 1
M7P(n) = — 4+ +
( ) Z (g) Z ul...udubl...ubg (Ub1

ub1+1
0<a<k 0<ui<--<ug<(k—a)p
1<y <-+<bg<d

1 2 2 3 g—1 g g>

Up,y Upy Upg Upg Ubg ubg Uq

(15)

Because of the terms in the parenthesis, we see that each b € [d]? may produce more than
one p-restricted MHSs of weight n. Hence,

wrw= Y (1) S neu,o

0<a<k g seDW(d,n)

We now show that the multiplicity m(s) = g(g + 1)/2 for all s. For simplicity, we set
1= (ll,...,ld) = (81—1,...,Sd—1).

The idea is to subtract 1 from a component s; > 2 of s and consider the corresponding
b(j) using the 1-1 correspondence p defined by (12). Every such b(j) produced will lead

to a p-restricted MHS 'Hgi)_a)p(s) with some multiplicity due to the possible repetition of
1/uj-term in the parenthesis of (15). Suppose s; > 2. Then we get the corresponding

b(]) = <b17 s 7bg) = <1l172l27 te (] - 1)lj717jlj717 (] + 1)lj+17 s 7dld>-

Set t = l;+---+1;_1. Then we see that b,y; = j forallz =1,...,l;—1. So the contribution to
the multiplicity of m(s), denoted by m;(s), by this particular b(j) is given by the coefficient
of 1/u; in the above (note that 1/u; repeats [; times with increasing numerators), namely,

1—1

my(s) = (1) ==t + > (t+1i) = (zl R T b )zj.

2

Remarkably, this is still true even if s; = 1, i.e., {; = 0, because b(j) does not exist in this
case while m;(s) = 0 according to the formula.

We now show that p(1) only depends on || = n—d = g+ 1. Indeed, let I' = (I; —
Lo olic L+ 1,1, o 1) for some 4 > 2 and let r; = pi(1) — p;(1). If j =1, we have

ry = <h;1>51— <l1;2>(l1—1):l1—1.

17



For 1 < j <1,
l; —1

)zj—(ll—1+zg+---+lj_1+lj_1)zj:zj.

Tj=<l1+l2+"'+lj—1+ 5

For j =1,
[ —1

l;
)li— <l1—1+l2+"'+li_1+§)(li+1)
=1—(L+- - +1li).

Ti:<l1+l2+"'+li—1+

For j > i,
l; —1

L1
Y= (h=1+b+ -+l +1+2=); =0,

’I’j:<l1+l2+"'+lj71+ 9

Therefore

1) = p(0) = 3 (1) = (1)) =S =0,

j=1 j=1

This implies that m(s) = Z?Zl m;(s) = Z;l:l pi((g+1,0,...,0) = m((g+1,0,...,0)) =
g(g + 1)/2 as desired. Consequently, by the idea used to derive (13), we see that

D M () I SRR

0<a<r g seDW(d,n)
(p)
_g(g+1) a Unin—a(8) _
S (1) 2 Tl oo e
0<a<k seDW(d,n)

by Lemma 3. O
Recall from (8) that

1<bi <o <bg<n yp<ur <--<up—1<(y+K)p
UL ,U, -y Un—lepp
pl(up; —uby 1) | (upg —up, 1)

Lemma 22. We have
PI2(n) = PE2(n)  (mod p?).
Proof. As before, we let d =n — g — 1. Define

1 1 1
F9P () — I
r (TL) Z Z Uy ... UqUp, - - - Up, <U1 v +ud) ’

0<a1<<ag<k 0<uy<--<ug<(k—ag)p
1<b1 <--<bg<d UL,U2,...,udEPp

1 1 1
F9p = NS ——
LOEDS T (kSR

0<a1 < <ag<k 0<ui<-<ug<(k—ag)p
1<b1 <+ <by<d UT,U2,...,udEPp
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Then it is easy to see that
PEI(n) = Pry(nip) = vp( B (n) + F¥(n))  (mod p?) (16)

Indeed, in the definition (8) we may replace every u; by u; + yp. Then by the geometric
series expansion in the p-adic integer ring Z,, we see that

! zl<1_@),%++zi(1_w) (mod p?).  (17)

u; +p U, u; YA a)p  uy u;

These congruences quickly lead to (16).
We first prove that

E%(n)=0 (mod p). (18)
By the proof of Lemma 19, we see that there is a 1-1 correspondence between [d]Y and
DW (d,n—1), where [d]? is the set of g-tuples of integers in {1,...,d} and DW(d,n—1) C N4
is the set of d-tuples s with |s| = n—1. Let the height of s, denoted by ht(s), be the number
of components of s which are greater than 1. Let DW(d,n,h) be the subset of height h
elements of DW(d, n). Since n —d = g + 1 > 1 the height of every element in DW(d, n) is
at least 1. Define

A; :DW(d,n — 1) — DW(d,n)
(S1,--y8a) —> (S1,-+.,8j-1,8; + 1,841, .., Sd).
It is obvious that the union of the images of )\;, as a multi-set, covers every element of

DW(d, n, h) exactly h times. Note further that the set DW(d, n, h) is invariant under every
permutation of the components of its elements. By the same idea used to derive (13), we get

ey = S S Y MY ()

0<ai1<-<ag<wk h=1 se€DW(d,n,h)

- Z Zh Z %md—!“(S)EO (mod p)

0<ai1<-<ag<k h=1 se€DW(d,n,h)

by Lemma 3.
We now prove that
F9%P(n) =0 (mod p). (19)

We modify the idea used in the proof of Lemma 21. Recall that for any s = (s1,...,84) €
DW(d,n — 1), we set p~(s) = (1;,,2,,...,d;,) where l; =s; — 1 forall j =1,...,d. So we
argue similarly as in the proof of Lemma 21 and see that

Ff(n)= Yo msHE,, 6,

0<a1<-+<ag<rk seDW(d,n)
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where the multiplicity
m(s):l1+12+---+ld=g

which is independent of s. Thus

Frn)= Y g Y HEL L)
)

0<a1<-<ag<wk seDW(d,n

— Z g Z —”;!“ =0 (mod p)

0<a1<-<ag<k se€DW(d,n)

by Lemma 3.
Finally, the lemma follows from (16), (18) and (19). O

We are now ready to prove Proposition 10. By the definition, we have

. 1
ngp(n) —
(VA 2 : : :
’ ULUo . . . Wy, (Up, + @ U +a
O<ar S tag<h 0<u1<cma<(r—aq)p 1U2 b1( by 1p)( b1+1 1p)
0<b1 < <bg<n—g UL,U2,.. ., Ud EPp

1
(up, + a1p)(up, + agp) . .. (up, + ag_1p)(up, + agp) - -+ (uq + agp)
=V9(n) — pM??(n) (mod p?)

by (17). Thus, by Lemma 19 and Lemma 21

o (5 ) (M) e eas)

Pé’jf(n) g+1 g n

So Proposition 10 follows from Lemma 22.

We can now turn to the proof of our main theorem, Theorem 2. From Theorem 12 and
Lemma 6, we see that for all m,n € N, both R%m’l) and Sflm’l) lie in the sub-algebra B of A;
generated by A-Bernoulli numbers. This implies that S5 ties in pB C Ay by Lemma 4
(ii), which in turn yields (5) and (4) by Lemma 4 (iii) and Lemma 5, respectively. We can
now conclude the proof of our Theorem 2 and the paper.

6 Acknowledgment

KC wants to thank his teachers and peers at the Bishop’s School for their instruction and
discussion. JZ is grateful to his colleagues at the Bishop’s School for their interest and
encouragement. Both authors would like to thank the anonymous referee for his/her careful
reading of the paper.

20



References

[1] T. Arakawa, T. Ibukiyama, and M. Kaneko, Bernoulli Numbers and Zeta Functions,
with an appendix by D. Zagier, Monographs in Math., Springer, 2014.

2] K. Chen, R. Hong, J. Qu, D. Wang, and J. Zhao, Some families of su-
percongruences involving alternating multiple harmonic sums, preprint, 2017,
http://arXiv.org/abs/1702.08599.

[3] K. Dilcher and I. Sh. Slavutskii, A Bibliography of Bernoulli Numbers,
http://www.mscs.dal.ca/~dilcher/bernoulli.html.

[4] Kh. Hessami Pilehrood, T. Hessami Pilehrood, and R. Tauraso, New properties of
multiple harmonic sums modulo p and p-analogues of Leshchiner’s series, Trans. Amer.
Math. Soc., 366 (2014), 3131-3159.

[5] M. E. Hoffman, Quasi-symmetric functions and mod p multiple harmonic sums, Kyushu
J. Math. 69 (2015), 345-366.

[6] M. Kaneko and D. Zagier, Finite multiple zeta values, in preparation.

[7] M. Kontsevich, Holonomic D-modules and positive characteristic, Japan J. Math. 4
(2009), 1-25.

[8] M. McCoy, K. Thielen, L. Wang, and J. Zhao, A family of super congruences involving
multiple harmonic sums. Intl. J. Number Theory 13 (2017), 109-128.

[9] M. Petkovsek, H. Wilf, and D. Zeilberger, A=B, A. K. Peters/CRC Press, 1996.

[10] Z. Shen and T. Cai, Congruences for alternating triple harmonic sums, Acta Math.
Sinica (Chin. Ser.) 55 (2012), 737-748.

[11] Z.-W. Sun, Congruences concerning Bernoulli numbers and Bernoulli polynomial, Disc.
Applied Math. 105 (2000), 193-223.

[12] J. A. M. Vermaseren, Harmonic sums, Mellin transforms and integrals, Internat. J.
Modern Phys. A 14 (1999), 2037-2076.

[13] L. Wang, A new curious congruence involving multiple harmonic sums, J. Number
Theory 154 (2015), 16-31.

[14] L. Wang and T. Cai, A curious congruence modulo prime powers, J. Number Theory
144 (2014), 15-24.

[15] L. Wang, New congruences on multiple harmonic sums and Bernoulli numbers, preprint,
2015, http://arXiv.org/abs/1504.03227.

21


http://arXiv.org/abs/1702.08599
http://www.mscs.dal.ca/~dilcher/bernoulli.html
http://arXiv.org/abs/1504.03227

[16] B. Xia and T. Cai, Bernoulli numbers and congruences for harmonic sums, Int. J.
Number Theory 6 (2010), 849-855.

[17] P. Yang and T. Cai, Super congruences on harmonic sums, preprint.

[18] J. Zhao, Bernoulli numbers, Wolstenholme’s theorem, and p° variations of Lucas’ theo-
rem, J. Number Theory 123 (2007), 18-26.

[19] J. Zhao, Wolstenholme type theorem for multiple harmonic sums, Int. J. Number Theory
4 (2008), 73-106.

[20] J. Zhao, Mod p structure of alternating and non-alternating multiple harmonic sums.
J. Théor. Nombres Bordeaur 23 (2011), 259-268.

[21] J. Zhao, Some congruences related to finite multiple zeta values, to appear in Analysis,
Geometry and Number Theory, http://arXiv.org/abs/1404.3549.

[22] J. Zhao, Multiple Zeta Functions, Multiple Polylogarithms and Their Special Values,
Series on Number Theory and Its Applications, Vol. 12, World Scientific, 2016.

[23] X. Zhou and T. Cai, A generalization of a curious congruence on harmonic sums, Proc.
Amer. Math. Soc. 135 (2007), 1329-1333.

2010 Mathematics Subject Classification: Primary 11A07; Secondary 11B68.

Keywords: multiple harmonic sum, finite multiple zeta value, Bernoulli number, supercon-
gruence.

(Concerned with sequences A027641 and A027642.)

Received March 15 2017; revised versions received March 26 2017; June 26 2017. Published
in Journal of Integer Sequences, July 1 2017.

Return to Journal of Integer Sequences home page.

22


http://arXiv.org/abs/1404.3549
http://oeis.org/A027641
http://oeis.org/A027642
http://www.cs.uwaterloo.ca/journals/JIS/

	Introduction
	Preliminary lemmas
	Sums related to multiple harmonic sums
	Some numerical examples
	Proof of Proposition 10 and Theorem 2
	Acknowledgment

