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Abstract

We define four different generalizations of binomial coefficients, using the digit sum
of a string with digits in {0,1,2,...,g} for any positive integer g. We identify one
generalization with the extended binomial coefficients, and we express every other
generalization in terms of the extended binomial coefficients. We also express every
generalization in terms of the binomial coefficients and find the explicit formula for
each generalization.

Introduction

For any nonnegative integers n and k, the (n, k)-th binomial coefficient, denoted by (Z), is
the coefficient of 2* in the expansion of (x + 1), i.e.,

(z+1)" = zn: (Z) ",

k=0

and it satisfies the following recurrence relation:

() =G)+ () »
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Using the recurrence relation, we construct Pascal’s triangle (A007318) as follows:

k=01 2 3 45
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To generalize the binomial coefficients, we let b be an integer greater than 1 and g = b—1
throughout this paper. Then we can express the extended binomial coefficients or polynomial
coefficients as follows.

Definition 1. [5] For any nonnegative integer n and any integer k, the (n, k)-th b-nomial
coefficient (or b-nomial number of type 1) is denoted by (Z)b and satisfies

(a:9+x91+~--+x+1)”zzk:(2)bx’“. (2)

Then the b-nomial coefficients satisfy the following recurrence relation [3]:

@b - Z <Z:1) 3)

Using this recurrence relation, we construct a triangle and call it the b-nomaal triangle. Then
the 2-nomial triangle is Pascal’s triangle, and b-nomial triangles for b = 3 and 4 (A027907
and A008287, respectively) are as follows [4]:

(1) [k=01 2 3 4 5 6 7 89 10
n=>0 1
1 11 1
2 12 3 2 1
3 13 6 7 6 3 1
4 1 4 10 16 19 16 10 4 1
5 1 5 15 30 45 51 45 30 15 5 1
(),/k=01 2 3 4 5 6 7 8 9 10 11 12 13 14 15
n=>0 1
1 11 1 1
2 12 3 4 3 2 1
3 13 610 12 12 10 6 3 1
4 1 4 10 20 31 40 44 40 31 20 10 4 1
5 1 5 15 35 65 101 135 155 155 135 101 65 35 15 5 1
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Notice that Pascal’s triangle is a lower triangular matrix but the b-nomial triangle for b > 2
is not. In this paper, we find two new generalizations of binomial coefficients, whose corre-
sponding matrix is a lower triangular matrix. Out of these two matrices, one is symmetric
just like Pascal’s triangle, and the other is not.

To simplify the discussion below, we denote [,(m) and s,(m) as the length and the digit
sum of the base-b representation of a nonnegative integer m, respectively. Since sy(m) =
m (mod g) for any integer m [11], there exists an integer k satisfying

sp(g-m)=g-k.
Hence, we can ask the following questions for any positive integers n and k:

Question 1: How many nonnegative integers m satisfy [,(m) < n and s,(m) = k7
Question 2: How many nonnegative integers m satisfy [,(m) = n and s,(m) = k?
Question 3: How many nonnegative integers m satisfy [,(m) < n and s,(g-m) =g - k?

Question 4: How many nonnegative integers m satisfy [,(m) = n and s,(g-m) =g - k?

When b = 2, the answer to Questions 1 and 3 is the (n, k)-th binomial coefficient (Z) and
the answer to Questions 2 and 4 is the (n — 1,k — 1)-th binomial coefficient (7~}). Hence,
by answering all these questions for any integer b > 2 and modifying the indices n and k, we
can find four different generalizations of the binomial coefficients. Two of the generalizations
are completely new, and both construct a lower triangular matrix for all b.

In Section 2, we clarify notation for this paper. Section 3 answers Questions 1 and 2, and
Section 4 answers Questions 3 and 4 by defining new generalizations of binomial coefficients.
In Section 5, we express each generalization in terms of the extended binomial coefficients.
In Section 6, we express each generalization in terms of the binomial coefficients, and find
the explicit formulas. In Section 7, we discuss the symmetry in each generalization and the
sequences closely related to the generalizations.

2 Notation

We let 3, be the set {0,1,2,...,g} and 3 be the set of all finite strings consisting of digits
in ;. Every base-b representation of an integer is a finite string in ;, and the set ¥} also
includes the empty string, which contains no digits, denoted by € [9].

The notation for the number of digits in a string is as follows.

Notation 2. [9] For any finite string = and a digit a, let || denote the number of digits in
x, and |z|, denote the number of occurrences of digit a in z.

Lemma 3. For any string x in X,

9
o] =) Jzl
i=0
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For example, [01011| = 5, [01011|¢ = 2, |01011]; = 3, and 5 = 2+ 3. We consider |¢| = 0.
The following operation shows how to create a new string from given ones [9].

Definition 4. For any strings x and y and any positive integer n, the concatenation of x
and y, denoted by xy, is the string obtained by joining x and y end-to-end, and x™ denotes
the concatenation of n copies of x. That is, if x = ajay - - aj and y = byby - - - by for some
a;, bl S Eb,

TY = Q103 - - - Qg biby - - - by, and 2" = xx - - -z (n times).

By convention, 2° is defined to be e.

Lemma 5. For any strings © and y and a nonnegative integer n, we have |xy| = |z| + |y
and |z"| = nl|z|.

For example, 101 00 = 10100, (10)*> = 101010, and 1 = 1 (10)°. Then |101 00| =
1101| + 00| =3+ 2 =5, [(10)3| = 3|10| = 3-2 = 6, and |e| = |(10)°] = 0.

Since the base-b representation of an integer is a string in {0,1,2,...,g}*, we call the
base-b representation of an integer as a b-ary string throughout this paper. When we have
to distinguish an integer and its b-ary string, we use the following notation.

Notation 6. For any integer m with its base-b representation z, we write m = [z], or
(m)y = .

For example, 5 = [12]3 and (5)3 = 12. Then ([z];), = z for any b-ary string = and
[(m)p]s = m for any integer m. Throughout this paper, we use the convention that m is an
integer and x is its b-ary string.

Notation 7. For any nonempty string x with x = a,a,_1 - - - asa; for some digits a; and any
nonnegative integer m, we let s(x) and s,(m) denote the digit sum of x and the digit sum
of the b-ary string (m),, respectively, i.e.,

s(z) = Z a; and sp(m) = s((m)y) .

By convention, we define s(e) = 0.
For example, s(16) =146 = 7 and s3(16) = s(121) = 4.

Definition 8. [2] For any string = with = a,a,_; - - a; for some digits a;, the digit a; is
called indispensable in x, if a; = a;_1 = a;_o = -+ = a;_p11 > a;_j for some positive integer
k <1+ 1, considering ag = 0, and dispensable, otherwise. We will follow this convention of
dotting indispensable digits.

We let «(x) denote the number of indispensable digits in z, and we let ¢,(m) = ¢((m),)
for any nonnegative integer m. By convention, we define ¢(¢) = 0.



For example, if x = 213345774, the digits 2, 7, 7, and 4 are indispensable in = and the
digits 1, 3, 3, 4. and 5 are dispensable in z. Hence, ((x) = 4. If m = 16, the ternary string
(m)s = 121 s0 13(16) = ¢(121) = 2.

To simplify arguments, we use the following notation as well.

Notation 9. For any positive integer n, we let X} and o} denote as follows:
Yy ={x € |z =n}and oy = {x € ¥} : x # Oy for any string y}.
By convention, we let ¥ = o = {€}.
For example, X2 = {00,01, 02, 10,11, 12, 20, 21,22} and o3 = {10, 11,12, 20, 21, 22}.
Notation 10. For any set X of strings, and any nonnegative integer k, we have
X[kl ={z € X :s(x) =k} and X (k) ={zx € X : 1(x) = k}.
For example, ¥2[2] = {02, 11,20} and ¥2(1) = {01, 02,10, 12, 20}.

3 Addressing Questions 1 and 2

First, we find a combinatorial interpretations for the extended binomial coefficients as follows.

Theorem 11. For any nonnegative integer n and any integer k, the number of b-ary strings

of length n with digit sum k is the (n, k)-th b-nomial coefficient (Z)b, i.e.,

(1), = I=3lel = o & st = ) (@)

Proof. Since the empty string € is the only string of length 0 and s(e) = 0,
120[0]] = [{e}] =1 and |S{[k]| = |¢| = 0 for nonzero k.
Since the string 0" is the only string of length n with digit sum 0,
|X4[0]] = [{0"}| = 1 for any nonzero n.

Hence, the sequence (|X}[k]|),, ;> has the same initial conditions as the b-nomial coefficients.
We just need to show the sequences (|33[£]]),, ,~, has the same recurrence relation as (3).
For any digit a € {0,1,2,...,¢g}, we let

B, = {z € }[k| : = ya for any string y}.
Then the set 3}'[k] is partitioned by the B,, i.e.,

g
Splk] = | Bo and B,N By = ¢ for a # d'. (5)

a=0



Consider a function f, : B, — ZZ_I[k; — a] with f,(ya) = y for any y € 22_1. Since
s(ya) = k iff s(y) = k — a, and y1a = yea iff y; = ys, the function f, is bijective. Hence,
|Ba| = 257 [k — a]| so by (5),

g g
SpEI = [Bal = > 157 [k — all.
a=0 a=0

Therefore, the sequence (|37 [k][),, ,~o has the same recurrence relation as (3). O
Hence, the (n, k)-th b-nomial coefficient is the answer to Question 1.

Lemma 12. For any positive integers n and k,

(Z)b = [{m € N : l(m) < n and sy(m) = k}|.

Using the combinatorial interpretation, we can also generalize the hockey stick identity

for the binomial coefficients[6]:
n "\ (n—i
()= ©

Theorem 13. For any positive integers n and k,

() -x3(07)

j=1 i=1
Proof. For any nonzero digit a € ¥, and nonnegative integer i < n, we let
By = {z € SP[k] : 2 = ya0' for any string y} = {ya0’ : y € L7 "'k — a]}.

Since k > 0, the string 0" ¢ £}'[k]. Thus, the set ¥}'[k] is partitioned by the set B,y. That

18,
g n—1

Splk] = U | Baor, and Bagi N Bge = ¢ for a # d’ or i # i

a=1 1=0

Hence,

(Z)b S S

a=1 =0

Since [{ya0’ : y € X7 k—a]}| = |Sp " [k—d]|, the size | B
By adjusting indices ¢+ and a, we have the relation.

= X" Hk—a]| = (”,;j;l)b.



Now we consider strings with a nonzero leading digit. For any positive integer n and any
integer k, we consider

oy (K]l = {z € oy : s(z) = k}|.
Since of = {e} and s(e) = 0, we have |o?[k]| = 1 if k = 0 and |o{[k]| = 0 otherwise. Then it
is obvious that the size |o}'[k]| is the answer to Question 2.

Lemma 14. For any positive integers n and k,
lop (k]| = [{m € N : [,(m) = n and sy(m) = k}|.

When b = 2, since digit 1 is the only nonzero digit, the leading digit for every string in
o} is 1, and the digit sum is the same as the number of 1 digits. Thus,

o3 [K]] = {1z € 0 : s(lw) =k} = [{z € 557" : s(2) = k — 1}
n—1
—{resi i jal=k—1} = .
west b =k-ni= ;)
When b > 2, we sort the strings in o} according to digit sums to calculate the number |07 [k]|.
For example, since o3 = {10} U {11,20} U {12,21} U {22},
o3 [1]] = [{10}] = 1; o3 (2)] = [{11,20}] = 2;
o3 (8] = [{12,21}[ = 2;  [o3[4]] = [{22}| = 1.

Then the first few numbers for |o}'[k]| when b = 2, 3, and 4 are as follows:

lob[k]| | k=0 1 2 3 4 5 6
n=>0 1
1 1
2 11
3 1 21
4 1 3 31
) 1 46 41
otk |k=0 1 2 3 4 5 6 7 8 9 10
n=>0 1
1 11
2 1 2 2 1
3 13 5 5 3 1
4 14 9 13 13 9 4 1
5) 1 5 14 26 35 35 26 14 5 1
lo}[k]| | k=0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
n=>0 1
1 11 1
2 12 3 3 2 1
3 13 6 9 10 9 6 3 1
4 1 4 10 19 28 34 34 28 19 10 4 1
5) 1 5 15 34 61 91 115 124 115 91 61 34 15 5 1

7



The sequences (|op[k]]),, x>0 for b =3 and 10 are identified with A005773 and A071976,
respectively, but in general, the numbers are not studied much. In this paper, we adjust the
indices n and k to study the numbers as a new generalization of the binomial coefficients as
follows.

Definition 15. For any nonnegative integer n and any integer k, the (n,k)-th b-nomial

number of type 2, denoted by (Z) 4o 18 defined as

(Z) = oyt [k +1]| = {z € o) : s(x) = k + 1}
b2
By convention, we define (_kl) =1if k= -1 and (_kl) = 0 otherwise.

k k k
n and k when b = 3 and 4 are as follows:

Then the number (”) 0y = (”), and the first few numbers for (") 4o for nonnegative integers

(k=01 2 3 4 5 6 7 8 9 10
n=>0 11
1 12 2 1
2 13 5 5 3 1
3 14 91313 9 4 1
4 15 14 26 35 35 26 14 5 1
5 1 6 20 45 75 96 96 75 45 20 6 1
(Jplk=01 2 3 4 5 6 7 8 9 10 11 12 13 14 15
n=0 11 1
1 12 3 3 2 1
2 13 6 9 10 9 6 3 1
3 1410 19 28 34 34 28 19 10 4 1
4 1515 34 61 91 115 124 115 91 61 34 15 5 1
5 1 6 21 55 115 201 301 391 445 445 391 301 201 115 55 21

By the definitions, we find the following basic properties for the b-nomial numbers of type
1 and 2.

Lemma 16. For any nonnegative integers n and k:
(1) (1), =20 (1)

(i) ()i = (), = (1)

(iii) (}),, #0if 0 <k <g(n+1);

(iv) Yoo (1), = 0" and 320 (1) = 9 0"

W)@%:(twwﬁk:QLzuwg—L
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(vi) (2)1,2 =114k=0,1,2,...,9—1 and (2)1;2 = 0 otherwise.
Proof. Since op = {€}, the set Z7[k] can be partitioned as follows:

= U{O”_ix cx € oj[k]}

Since (11111)1,2 = |oi[k]| = [{0" "z : x € oi[k]}|, we have (i) by Theorem 11 and Definition
15. Then (i) provides (ii). For any string z in o7, 1 < s(z) < g(n + 1), so we have
(iii). Since X} = Upso Zplk] and of = U 04 [k], we have (iv). For (v), we consider
f 2okl — o[k + 1] by f(aias...a,) = (ay + 1)ay...a, for any digit a; in ;. Since
k < g —1, the digit a; < g — 1 so a; + 1 is a nonzero leading digit. Then f is a well-defined
one-to-one mapping, so |X7[k]| = |o7[k + 1]|. Hence, (v) holds. Since o} = {1,2,...,g} and
s(a) =a for any a = 1,2,...,¢, (vi) holds. ]

Even if the b-nomial numbers of type 1 and 2 have different initial conditions, they have
the same recurrence relations. We can also find a generalization of the hockey stick identity
for the b-nomial numbers of type 2.

Corollary 17. For any positive integer n and any integer k,
n B ' n—1 I n—i
f) =2 lesi) =22,
b2 i=0 j=1 i=1 b2

Proof. By Lemma 16 (ii) and the recurrence relation (3), we have the first recurrence relation
for the b-nomial numbers of type 2:

<Z)b2: (ZE),)_ (kil) :Zg: (kﬁi_z)b—é(kii)b
z((kﬂ_z)b () =260,

1=

By Lemma 16 (ii) and Theorem 13, we have the second relation for the b-nomial numbers

of type 2.
n B n+1 - n
k), \k+1), \k+1
n+1 . g n .
n+1—1 n—i1
<k+1_j> EX(00),

=1 i=

53
S ) S0 )
(i

I
.Mb

7

J =

IR0 % ol i B wb ol (i B

Jj=1 i=1

I Mm



since

(0) 1, ifk=0: . <—1) 1, ifk=—1;
—= an =
k), 0, otherwise, k) 0, otherwise.

4 Addressing Questions 3 and 4

First, we define a new sequence to answer Question 3.

Definition 18. For any positive integer n and any integer k, the (n, k)-th b-nomial number
of type 3, denoted by (Z) is the number of b-ary strings of length n with £ indispensable
digits, i.e.,

b3’

(1) =m0l = e o) =

By convention, we define (2) s = L it k=0and (2) ys = 0 otherwise.

When b = 2, digit 1 is the only nonzero digit, so every digit 1 in a binary string is
indispensable. Thus,

S50 = o € 3 fah =} = ().

Hence, the number (7) 03 = (7). When b > 2, we can sort the strings in 3} to calculate (}) -
For example, since

5 = {00} |J{0i, 02, i0,12,20} | J{ii, 21,22},

we have (i)33 =0 for any k£ # 0, 1,2, and

2 2 A . 2 C e
( ) = |{00}| = 1; ( ) = {01, 02, 10,20, 12}| = 5; ( ) = |{ii, 21,22}| = 3.
0 33 1 33 2 33

Then the first few numbers for (Z) - when b = 3 and 4 are as follows:

(1 k=0 1 2 3 4 5 (lk=0 1 2 3 4 5

n=>0 1 0 0 0 0 O n=>0 1 0 O 0 0 0

1 1 2 0 0 0 0 1 1 3 0 0 0 0

2 1 5 3 0 0 0 2 1 9 6 0 0 0

3 1 9 13 4 0 0 3 119 34 10 0 0

4 1 14 35 26 5 0 4 1 34 115 91 15 O

5 1 20 75 96 45 6 5 1 55 301 445 201 21

Since s3(g - m) = g - tp(m) [2], the number (}),, is the answer to Question 3.

10



Lemma 19. For any positive integers n and k,

(Z>b3 =|{m eN:l(m) <n and s,(g-m) =g-k}|

Now, we consider strings with a nonzero leading digit to answer Question 4. For any
positive integer n and any integer k, we consider the number of strings in the set o} with &k
indispensable digits, i.e.,

|0y (k)| = [{z € oy = () = K}.

Since o = {e} and «(e) = 0, we have

1, ifk=0;
oy (k)| ={

0, otherwise.
Since sp(g - m) = g - ty(m) [2], the number |0} (k)| is the answer to Question 3.
Lemma 20. For any positive integers n and k,
oy (k)| = |[{m € N: [y(m) =n and sy(g-m) =g - k}|.

When b = 2, since digit 1 is the only nonzero digit, the leading digit for every string in
o} is 1 and every digit 1 is indispensable. Thus, for any positive integers n and k,

los (k)| = {1z € o s (la) =k} =[{z €Dy ' 1 u(n) =k -1} = (Z: D

When b > 2, we can sort the strings in o}’ to calculate the number |0} (k)|. For example,
since

o3 = {10, 20,12} | J{ii, 21,22},
we have |02(k)| =0 for k # 1,2, and
o3 (1)] = 1{10,20,12}] = 3; |03(2)] = [{11,21,22}] = 3.

Hence, the first few numbers for |07’ (k)| when b = 2 and 3 are as follows:

o2 [k=0 1 2 3 45  |oMk)||k=01 2 3 4 5
n=>0 1 0000O0O n=>0 100 0 0O

1 010000 1 02 0 0 0 O

2 01 1000 2 03 3 0 0 0

3 012100 3 0410 4 0 O

4 013310 4 05 22 22 5 0

) 0146 41 ) 0 6 40 70 40 6

Since |op ™ (k + 1)| = (}) for any nonnegative integers n and k, we modify the indices n

and k to find another generalization of the binomial coefficients.

11



Definition 21. For any nonnegative integer n and any integer k, the (n,k)-th b-nomial

number of type 4, denoted by (Z) pyo Satisties

By convention, we define (_kl)% =1if k= —1 and (_kl)% = (0 otherwise.

n

Obviously, the number (Z) 04 = ( k), and the first few b-nomial numbers of type 4 for any
nonnegative integers n and k when b = 3 and 4 are as follows:

(1) |k=0 1 2 3 4 5 (ylk=0 1 2 3 4 5
n=0 2 0 0 0 00 n=0 3.0 0 0 0 0
1 330 0 00 1 6 6 0 0 0 0
2 410 4 0 0 0 2| 10 28 10 0 0 0
3 522 22 5 0 0 3] 1, 8 8 15 0 0
4 6 40 70 40 6 0 41 21 186 354 186 21 0
5 7 65 171 171 65 7 5| 28 371 1137 1137 371 28

By the definitions, we find the following basic properties for the b-nomial numbers of type
3 and type 4.

Lemma 22. For any nonnegative integers n and k:
(1) (s = Xm0 (1)

() () = Gi)ys = ()i

(iii) (}),s =0= (1), f k>n;

(V) Diso (R)ys = 0" and 32420 (1), = 9 0%

) (s = ()

(vi) G)b?, =9= (8)b4'

Proof. Equations (i) and (ii) are obtained by Definitions 18 and 21. (iii) holds, because there
cannot be more indispensable digits than the total number of digits. (iv) holds, because the
sum of (Z) 43 for fixed n is the total number of b-ary strings of length n, and the sum of (Z) "
for fixed n is the total number of b-ary strings of length n 4+ 1 with a nonzero leading digit.
(v) holds, because (Z:})M =("),, — (”;1)173 = (Z)b3 by (ii) and (";1)b3 = 0 by (iii). (vi) is

b3
obtained by |ZH(1)| = [{1,2,..., g} = |of(1)]. O

12



5 In terms of extended binomial coefficients

Section 3 shows that the b-nomial numbers of type 2 are expressed in terms of the extended
binomial coefficients. In this section, we express the b-nomial numbers of type 3 and type 4
in terms of the extended binomial coefficients as well.

First, we define the following sequence to help the further calculations.

Definition 23. For any digit a € {0,1,2,...,g— 1}, any positive integer n, and any integer
k, we let Z;. denote the set of b-ary strings of length n 4 1 with a dispensable leading digit
a. That is,

. {{x e Pt [0mH], < [2], < [0g™]s), if a = 0;
ba —

b
B {zeXptt[a™(a+ 1)), < [z]p < [ag™s}, fa=1,2,...,9— 1.
We let Cy(n, k) denote the number of strings in Z7!, with & indispensable digits, i.e.,
Cra(n, k) = | Zpo (k) |-
For example, since
72 = {112,113,120,123,130} U {121,122,131, 132, 133}; Z2, = {223,230} U {231, 232, 233},

we have

041(2, 1) =5= 041(2, 2), 042(2, ].) = 2, 042(2, 2) = 3.
The following shows the first few numbers for Cyy(n, k) and Cya(n, k):

Cu(n,k)| 1 2 3 4 5 Cupnk)|1 2 3 4 5
n=1]2 0 0 0 0 n=1/1 0 0 0 0
215 5 0 0 0 212 3 0 0 0
39 24 9 0 0 31312 6 0 0

4014 71 71 14 0 414 31 40 10 0

5120 166 310 166 20 5/5 65 155 101 15

Since Zjjy = {0z : x € ¥}'} and digit 0 is always dispensable,
| Zio (k)| = [{0x : x € 3} and «(0x) = k}| = {z € X} : o(x) = k}| = | X5 (k)]
Hence, we identify the number Cyo(n, k) with the (n, k)-th b-nomial number of type 3.

Lemma 24. For any positive n and k,

Cio(n, k) = (Z) -

13



To calculate Cy,(n, k) for any digit a € {0,1,2,...,g — 1}, we define a set Y, as follows:

B {{x e xm (07, < [a]y < [17}, if a = 0; 0

O l{zesp e a4+ D <[z < [+ 1"}, ifa=1,2,...,9—1.

Then the set X is partitioned by the Y,, i.e.,
g—1
Sp=JY. and Y,NYy=¢. (8)
a=0

We identify the size |Y, (k)| as the (n, gk — a)-th b-nomial coefficient as follows.

Lemma 25. For any digit a € {0,1,2,...,9 — 1} and any positive integers n and k,

vwi= (")

[ Ya(k) = Xflgk — a] with f(x) = (g - [z], — [a0"],), ,

Proof. We define a function

for any x € Y (k). ff a=1,2,...,9 — 1, we have
g-a=la—1,b—alyand g-(a+ 1) = [a,g — as. (9)

Hence, we can calculate the bounds of the products of g by the numbers represented by the
strings in Y, as follows:

if v €Y, [007], = [0, < g [z]y < [¢"]s = [0g"]s;
if v € Y,(a #0), [a0" (g —a)y,<g <

Thus, there exists y € X7 such that g - [z], = [ay], for every a =0,1,2,...,9 — 1, so
g+ [z]p — [a0"]y = [0ys = [y, for some string y € X}
Since v(z) =k, sp(g - [z]p) =g - (x) =gk, so
sp(g - [z]y — [a0"]y) = sp([y]s) = sp([ayls) —a=sp(g - [z]s) —a =g -k —a.

Thus, f is well-defined. We just need to show f is bijective so that

14



It is obvious that f is injective, since if f(x1) = f(x2), g [x1]y = g - [22]p SO 21 = 5.
To prove f is surjective, we consider a string y € X} [gk — a]. Then s(y) = g-k —a so
s(ay) = s(y) + a = g - k. Thus, the number [ay], is divisible by g, so

(5] o ) i ()

Since [0"], < [y]o < [9"]s,

k.

00" < [ay]y < [ag"]e- (10)
If a # 0, the number [a0""!(g — 1)], is the least multiple of g, and the number [ag" (g —a)],
is the greatest multiple of ¢ in the interval (10). Since the number [ayl, is a multiple of g,
if a =0, [0" = [00"], < [ay]y
ifa0, [a0" (g —a)l, <
Hence, by (9), we have

< [0g9"]y = [9"]s;
lay]y < [ag" ™ (g — a)]-

ifa =0, 0], < [“j]b < [1"]y:
a0, [ (a+1)] < Yo <41y,

Therefore, (%)b € Y, (k) and

F((12) ) = (o 22— 00) = touin =

Now we express Cp,(n, k) in terms of extended binomial coefficients
Lemma 26. For any digit a € {0

.., g — 1} and any positive integers n and k,

g—1
n
Cha(n, k) = Z (gk 3 i>b'
Proof. We define

f:Zp(k UY ) with f(az) = .
Since the leading digit a is always dlspensable, t(ax) = «(x). Hence, f is a well-defined
one-to-one mapping, so | Zp (k)| = | UZ} Yi(k)|. By (8),

LACIED D

By Definition 23 and Lemma 25, we obtain (11)
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Therefore, we can express the b-nomial numbers of type 3 and 4 in terms of the b-nomial
numbers of type 1 and 2, respectively, as follows.

Theorem 27. For any positive integers n and k:

% @ 5 2 (gkn— z‘)b - (gﬁll)b - (gki 1)b - (n;kl)b - (gkn— g)b;

(2

o (n ? n n+1 n n—+1 n
(ii) :Z . = — = B — B .
k) = \gk— 1) gk +9) s gk +3/ gk+g—1/,, gk =1/,

2

Proof. By Lemma 24 and 26, we have the first expression for (7) y3 i1 (1), By (3), we have
the last two expressions in (i).

Since (}),, = (Zi})bs - (kil)b3 and (7),, = (Zﬂ) (k+1) by Lemma 22 (ii) and Lemma

16 (i), we apply the first expression for (}) 43 i1 (1) to have

(SR (R R i (PATIN JE5 i (PRI
E+1),, E+1/,, — gk+1)—1i), — k+1 )—1i/),

—_

(]

(2 K3

(12)

(
g(k +n1) - Z) b2

M)«

1

-.
I

which provides the first expression for ( py i (il). Similarly, we apply the second expression
for (), in (i). Since g(k +1) + 1= gk + b we have

n+1 n B n+ 2 n+1 n+1 n
(k+1)b3_ <k+1)b3_ ((9k+b)b— (gk—i—b)b) - (<9k+b)b— (gk+b>b)
B n+1 n
B (9k+b_1>bz (gk—i—b )b2

which provides the second expression for (Z) py 11 (ii). Similarly, we apply the last expression
for (Z)bg in (i). Since g(k + 1) — g = gk, we have

() (), = (), - (o)) - (G) - Go))
(), -G - (a0, - ()
N (gk?r;l— 1>b2 N (gkn— 1)b2

which provides the last expression in (ii). O

(13)
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Applying Theorem 27 (i) to Lemma 22 (ii), we express the b-nomial numbers of type 4
in terms of the extended binomial coefficients as follows.

Corollary 28. For any positive n and k,

(Z) o (;k:i))b__ 2(;;1119)1) * (gkz— b)b
- (gzr)b *2 (;kil)b
— 7 (;>b+i(g—i). ((gkn+i)b+ (gkrn— Z>b> '

Proof. Since (Z) = (ZE 3 (k +1)b3’ the first identity in (13) provides the first expression.
By the first identity in (14), we have

(n) - <n+2> (n+1) (n+1))+(n>
k) b gk+9/, gk ), \gk+g/, gk/,
Since (g@fg)b = (;J:Z)b , we have the second expression. By the first identity in

(12) and (3), we have

<Z)bzz<(;k++l> <gkz+z)) 2;(%“—;)

The number ¢ — j for 1 <, 5 < g is as follows:

t—jlg=1 2 3 g—2 g—1 g
1=1 0 -1 —2 3—g 2—g 1—g
2 1 0 -1 4—qg 3—9g 2—g
3 2 1 0 5—g 4—g 3—g
g—2/9g—3 g—4 g—5 - -1 -2
g—1|g—2 g—3 g—4 - 1 0 -1
glg—1 g—2 g—3 - 1 0

Hence, we have

(Z)MZQ. (977}9>b
+g-1)- <gk711>b+(9_2)'(ngQ)bijJrl' (9k+7;—1)b

+(9—1)'<gkn—1>b+(g_2)'(gkn—2)b+m+1.<9"’_Z7_1))”'

Therefore, we have the last expression for (Z) " O
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6 Explicit formulas

Neuschel showed that the extended binomial coefficients can be expressed as a sum of Hermite
polynomials and Bernoulli numbers [7]. In this section, we express the b-nomial numbers of
each type, including extended binomial coefficients, in terms of the binomial coefficients.

D))
() (Z>b=+zz ) GG - ()
o (), 2 (-4

o (G2 G EE) ()

i1+ig+Fig=gk+b

Theorem 29. For any nonnegative integers n and k:

Proof. (i) For any string = = ajas - - - a,, with a digit a; € ¥p, we can find the unique string
xj for each 7 =0,1,2,..., g as follows:

Qs if a; <ja

! ! / li
T =a,a,---a. , where a, = o ]
J 12 n’ 7 {,]; 1fai2]~

Hence, every string in ¥}'[k] can be uniquely constructed as follows: For any positive integer
ij satisfying > °9_, i; = k:
o Let zg =07

e For j =1,2,...,g, construct string z;, by choosing ¢; digits (7 — 1) in the string x;_4
and replacing each chosen digit j — 1 with digit j;

o Let v = x,.

Then each string x; € {0,1,2,...,5}" for all j =0,1,2,...,¢, so the string € ¥}'. Since
there is no change in the occurrences of digit j after constructing the string x4,

]x\j = ‘ijrl‘j = ij — ijJrl for all j = 1,2, ey g — 1, and |.Cli“g = ’ili'g‘g = ig.
Hence, the digit sum of the string x is

g

g
:Z]|x’3 Z] ZJ—l—l +g-iy= Zij:k'
j=1

Jj=1

18



Since the string = € ¥}, the string x € X7 [k]. ‘
Since there are (Z) ways to construct x; from xy and (Zjifl) ways to construct x; from z;_;
J

for each 7 = 2,3,..., ¢, there are (Z) (2) (Z) e (ZE’Z:) distinct strings in 3}[k]. Therefore,
the right-hand side of the equation (i) counts the number of strings in 3}'[k]. Since the size
123 (k]| = (}), the equation (i) holds.

(ii) To construct a string in o} [k + 1], we start with the string 2y = 10" and we construct

x1 by choosing 7; — 1 copies of the digit 0 in xy and replacing each chosen digit 0 with the
digit 1. Then the string x; has i; digits 1 because of the leading digit. After that, we have
the same procedures to construct z; for all j = 2,3,...,¢g as (i). Since we want the digit
sum to be k + 1, the sum ) i; = k + 1. Therefore, we have the equation (ii).

(iii) By (i) and Theorem 27 (i), we have
(1= (5, ()
k)5 gk+1/, gk+1),
Lo () ) ()R (e
A 1 19 1 , iy ) \i i)
> ij=gk+1 g > i=gk+1 9

Weassumeiggig_l§---§i2§i1§n+1andi;§i’gflg---giggi’lgn. However,

) =0, we can let #{ <n+1 so we set i; = . Hence,

(=2 () ()= () - (),

where »9_,i; = gk + 1. Since (”:1) — (") =(,",), we have the equation (iii).

i1 i1—1

n

sice (n+1

(iv) Similarly, by (ii) and Theorem 27 (ii), we have

(0),~ i)~ ()

k) b gk +9/ 4 gk +9/ b
. n+1 il Z'g,1 _ n le Z'g,1
_Z<i1—1>(i2) (Zg) Z(il—l)(@é) (%)

where 379 i; = gk + g+ 1= gk +b. Since (Ztll) - (") =(",), we have (iv). O

i1—1 i1—2

Note that we can assume the indices 7; in Theorem 29 satisfy the following:

(2) ig < igfl c<ip < iy <
(i2) lg < lg1
(zzz) ig < ig,l
(

) g <igy

INIA A A

because otherwise, we have (g) (Z) e (ig‘l) =0, (”) =0, ( " ) =0, or (1'1712) = 0.
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Using the explicit formula for the binomial coefficients:

(1) = o

we find the following explicit formulas for the b-nomial numbers of each type.

Theorem 30. For any nonnegative integers n and k:

, n\ n! .
(3) (k)b = 2 (n— )iy — ia)1(iz — i3)! -~ (1y_1 — i)lig!"

i tigetig=k

- n i - n! '
(i) (k)b2 =2 (L+n — iy) (i1 — i2)(iz — i3)! - (ig_1 — ig)li)’

i1+igttig=k+1

n iy - ! )
(i72) (k)b3 - 2 (L1 — i) !(iy — i0)! (i — 13)! - (ig_1 — ig)Vig)’

i14ig+Fig=gk+1

(i) (k)M - 2. 2+ 1 — 1) (i1 — i2)(iz — i3) - (ig_1 — ig)li!’

i1+ig+-tig=gk+b

where the indices i; satisfy

0<iz<ig;< <<y <n for (i);
0<i,<i;z1< <iy <y <n+1 for (i1);
0<i,<iz1< <y <iy <n+1 for (iii);
0<iz<ig; < <y < iy <n+2 for (iv)

7 Symmetry

In this section, we discuss symmetry of the sequences defined in Sections 3, 4, and 5. By the
definitions, the binomial coefficients and extended binomial coefficients have symmetry: for
any nonnegative integer n,

(Z) B (nik) e (Z)b - (gnn_ k)b' (15)

The b-nomial numbers of type 2 and 4 and the sequence (Cy1(n, k)),, ;- also have symmetry
as follows.

Lemma 31. For any nonnegative integers n and k:

0 (0 e 0),

0 ()= (5,

(1ii) Cp(n,k) = Cpu(n,n—k+1).
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Proof. (i) Let x be a string in U”+1[k3 + 1]. Then there exist digits a; € 3, satisfying
T = a1ag - Apappq With a; # 0 and Y a; = k+ 1. Then we define a string 2" such that

t' = ajay---anpa,, , where a; = { i Y .
g —a;, otherwise.
Since a; # 0, the digit a} € 3, so every digit a; € ¥, for all 7. Since a; # b, the digit a; # 0.
Since the sum > a; = k + 1,
s(x") :gn+b—Zai:gn+g+l—(k+1) =g(n+1)—k.
Thus, the string 2’ € 0" [g(n + 1) — k]. Hence, the function
frooptk+1] = o) g(n + 1) — k] with f(z) = f(z)

is well-defined. Since a; # ¢; iff a; # ¢, the function f is injective.
To prove f is surjective, we c0n81der a string y € o7 [g(n + 1) — k] with digits ¢; such
that y = cico - - - 1. Then the string

b—c¢, ifi=1,;

/ / /
Y =iy 6C,, Where ¢y = .
g — ¢;, otherwise,

satisfies f(y/) = yand ¢/ € o] " [k+1], since s(y') = gn+b—>_ ¢; = gn+b—(gn+g—k) = k+1.
Therefore, f is bijective, so |0y [k + 1]| = |op[g(n + 1) — K]|.

(ii) Applying (15) to the second identity in Corollary 28,
g1
(1), = G 2 (),
g1
N (gn ﬁ gkr)b " Zl (g(n +2)+—19k‘ - i)b
-1
:(gnn—k> +gz( n+ig—@>b
g
:(9 ) +121:( n+1+2)b_(nik>b4.

(iii) Similarly, by Lemma 26 and (15),

g—1 g—1
n n
k — p—
g—1 n g—1 .
;(gn—gkntg—z)b izl(g(n_k+1)_z>b b1(nn )
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Even if (2)23 = (nfk) ’s and Cy(n, k) = Cpi(n,n — k + 1), the b-nomial numbers of type

3 and the sequence [Cpq(n, k)|n k>0 are not symmetric in general. That is,

(n) 7é< " ) for any b > 2 and Cyy(n, k) # Cpa(n,n — k + 1) for any a > 1.
k) b n—FkJ;

However, we can find the following relations for symmetric entries.

Lemma 32. For any positive integer n, any integer k, and any digit a =2,3,...,9 — 1:

0 (i)~ (1,7 Gl (),

(ZZ) Cba(TL7 n—k+ 1) — C’ba(n, k?) = C’b,b_a(n, n—=k + 1) - Ob,b—a(”; ]{?)

Proof. (i) By (15) and Theorem 27 (i),

g—1 g—1
n B n _ n
(”_k+1>b3_ - (g(n_k+1)_i)b i—0 (gn—(gk—g—l—i))b

()G (™)

By adjusting the indices n and & in (16), we have
n—1 n—1 n—1 n—1 n—1
= = - + (17
(n—k+1)b3 (n—l—(k’—l)+1)b3 (k—1>b3 (g(kz—l))b (g(k—Q))b (17)
By subtracting (17) from (16) and applying Theorem 27 (i), we have
n B n—1
n—k+1/,, n—k+1/,,
0, G20, (G, Gazu)) + (G o) - i)
ks k—1),, gk/, gk-=1)/, gk-=1)/, gk-=2)/,
(), Go) ) G- )00
K/ s =1/ ko /s k=1/ 4 K/ s k b3’
which provides the relation in (i).
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(ii) By (15) and Lemma 26, we have

g—1 g—1 g—a
n n n
— k 1) = = -

= i ( " .)b— § ( " .)bzcm(nak) _:Ob,g—a-i—l(n?k)' "

i=1 i=g—a+1

i=

By adjusting the index k, we have
Coa(n, k) =Cri(n,n—k+1) = Chgqri(n,n —k+1). (19)
By subtracting (19) from (18) and applying Lemma 31 (iii), we have
Cra(n,n —k+1) — Cpa(n, k) = Cpggr1(n,n —k+1) = Cpy_ai1(n, k).

Since g —a+ 1 = b — a, we have the relation in (ii). O
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