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Abstract

In this paper, we find the sums in closed form of certain type of Lucas-related con-
vergent series. In particular, we generalize some results already obtained by Bruckman
and Good, Hu et al., and others.

1 Introduction

Throughout this paper, we let N* denote the set N\ {0} of positive integers. We let ®
denote the golden ratio (¢ := %5) and @ its conjugate in the quadratic field Q(v/5); that

is & := 1_2‘/5 = —%. Further, we let sg(z) denote the sign of a nonzero real number z; that
issg(z) =1if x > 0 and sg(z) = —1if x < 0.
Let P,@Q € R* be fixed such that A := P?—4Q > 0 and consider .Z (P, Q) the R-vectorial

space of linear sequences (wy,), ., satisfying

Wpio = Pw,i1 — Qu, (Vn € Z). (1)

The Lucas sequences of the first and second kind are the sequences of .Z (P, Q) corresponding
respectively to the initial values (wg,w;) = (0,1) and (wgp,w;) = (2, P). Those sequences
are respectively denoted by (U,), and (V;),. Let o and 8 be the roots of the quadratic

n*
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equation: X? — PX + @ = 0 such that |a| > || (note that |a| # || because by hypothesis
P #0 and P? —4Q > 0). It is well known that for all n € Z, we have
o™ — 671

U, = 5 and V, =a" + [". (2)

o —

The connections and likenesses between the Lucas sequences of the first and second kind are
numerous; among them, we will use the following which are easy to check

Vn - n+1 QUn 1 (3)

U2n - Unvna (4>

BnUm - BmUn - _QmUn—m7 (5)
UnUm—i-r - UmUn-i-r - QmUrUn—nw (6)

which hold for any n, m,r € Z. Note that if we take (P, Q) = (1, —1), we obtain for the Lucas
sequence of the first kind the classical Fibonacci sequence (F},), (referenced by A000045 in
the OEIS [18]) and for the Lucas sequence of the second kind the classical Lucas sequence
(Ly), (referenced by A000032 in the OEIS). Further, if (P,Q) = (2,—1), we obtain the
so-called Pell sequences:

1+v2)r—(1—-v2)" n n
7 L Vo= (1 +V2)" + (1 - V2)

(respectively referenced by A000129 and A002203 in the OEIS). Next, if (P, Q) = (3,2),
then the sequences obtained are simply:

U, =

Uy=2"—1,V,=2"+1

(respectively referenced by A000225 and A000051 in the OEIS).

The exact evaluation of infinite Lucas-related series is an old and fascinating subject of
study with many still open questions. The particular case dealing with Fibonacci numbers
(considered as the most important) has been the subject of several researches that the reader
can consult in [4, 5, 7, 8,9, 11, 13, 15, 17]. For the general case, we just refer the reader to
the papers [6] and [10] that are close enough to the present work.

In this paper, we investigate two types of infinite Lucas-related series. The first one
consists of the series of one of the two forms:

“+o0
ZQan an+k an or Z( ) Qan an+k an
UaUa, ., — UpUa,.,

where k is a positive integer and (a,), is a sequence of positive integers tending to infinity
with n. The second type of series which we consider consists of the series of one of the two
forms:

+oo +oo
'H,/Ban Ban
;(—1) oo ; 0


https://oeis.org/A000045
https://oeis.org/A000032
https://oeis.org/A000129
https://oeis.org/A002203
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where (a,), is an increasing sequence of positive integers. We show in particular that if
P and @) are integers, then some of such series can be transformed on series with rational
terms.

2 The first type of series

We begin with the following general result.

Theorem 1. Let (an)n21 be a sequence of positive integers, tending to infinity with n, and
let k be a positive integer. Then we have

k
an an —an Kgan

An+k
To prove this theorem, we need the following lemma.

Lemma 2. Let (x,),5, be a convergent real sequence and let x € R be its limit. Then for
all k € N, we have

+o00 k
Z (Tpak — Tp) = ko — an
n=1 n=1

Proof. Let k € N be fixed. For any positive integer N, we have

N
E xn+k - xn -
n=1

] =
M»

(anri - xn+i71)

1 i=1

3
Il

] =

(Tpti — Tpyio1)

n=1

M- 11

= (TN+i — 1)
i=1
k k
ST
i=1 i=1
The formula of the lemma immediately follows by tending N to infinity. O

Proof of Theorem 1. Following an idea of Bruckman and Good [6], let us apply Lemma 2
for , := —2—— (Vn > 1), which converges to 0 (since |a| > |B|). For any n,k € N, by

aan —fg3an



using (2) and the fact that af = @, we get
/Ban+k /Ban

Ttk — Tpn = Qon+k — /BanJrk B afn — ﬁan
aan 5an+k — aan+k /Ba'n
= (O{a" o Ban) (a“n+k _ ﬁn+k)
(@) (8+on — afoaen)
(aan — /Ban) (aan+k — /Ban+k)
_ Qan (6 - a)Uan+k_an
(Q - /B)Uan : (Oé - 6)Uan+k
— _ ]' Qan Uan+k an
o — 6 Ua Uan+k
So, Lemma 2 gives
+00 k k
1 Ua a /Ban
_ Qan n+k—0dn > . Ty = — )
Thus
k gan
Qa, an+k an :
E Ul ~ 22T
as required. The theorem is proved. O]

From Theorem 1, we immediately deduce the following corollary which is already pointed
out by Bruckman and Good [6] and also by Hu et al. [10]:

Corollary 3. Let (an)n21 be a sequence of positive integers, tending to infinity with n. Then
we have

CL a. /Bal
an _ntizon _ L 8
Z@ A (8)

If (an)n21 is an arithmetic sequence of positive integers, Theorem 1 gives the following
result (already pointed out by Hu et al. [10] for the case k = 1):

Corollary 4. Let (an)n21 be an increasing arithmetic sequence of positive integers and let r
be its common difference. Then for any positive integer k, we have

an 1 - Qfal k Ban
Z Uk’/‘ ; Uan' (9)

In particular, we have




Proof. To obtain Formula (9), it suffices to apply Formula (7) of Theorem 1 and use that
a, =r(n—1)+a; (Yn>1). Then to obtain Formula (10), we simply set £ = 1 in formula
(9). This completes the proof. ]

Before continuing with general results, let us give some applications of the preceding
results for the usual Fibonacci sequence; so, we must fix (P, Q) = (1, —1).

An immediate application of Formula (9) of Corollary 4 gives the following well-known
formulas (see, for example, the survey paper of Duverney and Shiokawa [7]):

i‘(’ 1 V5 -1 i‘" 1 3-56

n—1 F2n—1F2n+1 B 2 7 n—1 FQnF2n+2 B 2 ’
+o00 n— +o0 n—
) 1:\/5_1 (_1_)1:\/__2 (11)
n—1 FnFn—l—l 2 7 n—1 FnFn+2 .

Let k be a positive integer and a > 2 be an integer. By taking in Formula (8) of
Corollary 3: a, = ka™ (Vn > 1), we obtain the following formula:

—+00

Faf a” 1
Yo ek . (12)
Fkaanan+1 Fka®ka

n=1

By taking in addition a = 2 in (12), we derive the following formula:

f SR S S — (13)
2t Fign B By Fy®%

which is already pointed out by Hoggatt and Bicknell [8]. By taking again k£ = 1 in
(13), we derive the following remarkable formula, discovered since the 1870’s by Lucas
[11]:

*i’ 17—+

= . 14
Fon 2 (14)
n=0
From Formula (13), we deduce that Y70 F;Qn € Q(+/5) (for any positive integer k).

But except the geometric sequences with common ratio 2, we don’t know any other
“regular” sequence (ay,), o of positive integers, satisfying the property that ZI:E) i €

@(\/3) More precisely, we propose the following open question:
Open question. Is there any linear recurrence sequence (ay), oy of positive

integers, which is not a geometric sequence with common ratio 2 and which
satisfies the property that

+C>o1

€ Q(v/5)?

n=0 " 9"

5



Next, by taking a = 3 in Formula (12), we deduce (according to Formula (4)) the
following formula of Bruckman and Good [6]:

+o0
Ljan 1
P g (15)

By taking & = 1 in Formula (15), we deduce (after some calculations) the formula:

P Gl (16)

(also already pointed out by Bruckman and Good [6]).

e By taking in Formula (7) of Theorem 1: a,, = F,, (Vn > 1) and k = 1, we obtain the
following;:

+oo
Syt _12V5 ()
Fr, Fr. 2

n=1

(also already pointed out by Bruckman and Good [6]). Next, by taking in Formula (7)
of Theorem 1: a,, = F,, (Vn > 1) and k = 2, we obtain the following:

—+o00

Fr
)it /5, 18
Z( ) oo P (18)

n=1

Now, with the same context as Theorem 1, the following corollary gives the sums in
closed form of the series

+oo
( )nQan an+k an
2V

when k is chosen even.

Corollary 5. Let (an)n21 be a sequence of positive integers, tending to infinity with n, and
let k be a positive integer. Then we have

400 k U
( ) Qan an+2k an _ QaQnil a2n—a2n—1 (19>
nZ:; U Uan+2k ; Ua2n Ua2n 1

Proof. By applying Formula (7) of Theorem 1 for the sequence (as,), >, (instead of (ay,),,>,),

we obtain
+o00 k /Ba2n

Z Qagn UaszrUmc azn Z UaQn_ (20)

n=1 a2n ~ A2n+42k n=1




Next, by applying Formula (7) of Theorem 1 for the sequence (az,—1),,~, (instead of (a,),,5,),
we obtain

+
~ agn—1 Ua2n+2k 1—A2n—1 Bagn !
2.0 = (21)
n=1 UllEn 1Ua2n+2k 1 a2n 1
Now, by subtracting (21) from (20), we get
+ k
i (Qazn A2n+2k —02n Q(l2n71 Ua2n+2k1a2nl> _ Z (ﬁa% . /BCLan)
n=1 Ua2n Ua2n+2k Ua2n71 Ua2n+2k—1 n=1 Ua2n Ua2n71
which we can write as:
+ k
i(—l)nQan Uan+2k an Z ﬁ(l?nUGQn—l T ﬂaznianzn
n=1 U Uan+2k n=1 Ua2n Ua2n—l
Finally, since for any n € Z, we have f*"U,, , —pB%U,, = —Q®"'U,, _,, , (according
to Formula (5)), we conclude that:
“+o0o
( ) Qan an+2k an _ Qazn 1 a2n a2n—1
; U Uan+2k Z Ua27LUa2n 1
as required. The proof is achieved. O

If (an),~; is an arithmetic sequence of positive integers then Corollary 5 reduces to the
following corollary:

Corollary 6. Let (ay),~, be an increasing arithmetic sequence of positive integers and let r
be its common difference. Then for any positive integer k, we have

+0o (_ )n—lQT(n—l) U, k QQT (n—1)
2 U, U Uty = Uy Uss,

n=1 An 42k

(22)

In particular, we have

+o0 — —
(_ )n 1Q7"(n 1) B 1
> D T UV, (23)

n=1 Gn+2

Proof. To establish Formula (22), it suffices to apply Corollary 5 together with the formula
u, =1(n—1)+wu; (Yn > 1). To establish Formula (23), we take k£ = 1 in (22) and we use
in addition Formula (4). O

Remark 7. Let (ay), oy be an increasing arithmetic sequence of natural numbers and let r
be its common difference. By Corollary 4, we know a closed form of the sum

+oo Qr(nfl)

< Ua, U,

An+4k

(k € N¥)



and by Corollary 6, we know a closed form of the sum

+00 — -
(_1)n lQr(n 1)
> U (24)

n=1 n+k

when k is an even positive integer. But if k is an odd positive integer, the closed form of
the sum (24) is still unknown even in the particular case “a, = n”. However, we shall prove
in what follows that if ag = 0, there is a relationship between the sums (24), where £ lies in
the set of the odd positive integers.

We have the following:

Theorem 8. Let

+oo _ _

( 1)n 1Qr(n 1)
S, ::E vr, k € N¥).
* —1 Lrn[/r(n—l—k:) ( g )

Then for any positive integer r and any odd positive integer k, we have

. OV
Sep=—181+Q" —_— . 25
* Urk ! Q ; U2nr U(2n+1)r ( )

Proof. Let r and k be positive integers and suppose that k is odd. Because the formula of
the theorem is trivial for £ = 1, we can assume that k& > 3. We have

S o Urks o ‘i’i (_1)71—1@7“(71—1) B %i’f (_1)n—lQr(n—1)
" Ur " n—1 UrnUr(n+1) UT n=1 U’”nUT(rH’k)

+oo
_ Z<—1)nQT(n_1) UrkUr(n+1) - UrUr(n+k) .
Ur Urn Ur(n—l—l) Ur(n—l—k)

n=1
But according to Formula (6) (applied to the triplet (rk,r,rn) instead of (n,m, r)), we have
Urk‘Ur(n—i-l) - UrUr(n-i-k) - QTUrnUr(k—l)'

Using this, it follows that:

S UrkS - Ur(kfl) <% (_1)nan
rl — rk —
U’/‘ UT‘ n—1 Ur(n+1)Ur(n+k)
= —qQ Ur(e—1) s~ (—1)"1Q7 ("D
UT n=1 Ubn Ubn+k— 1 ’



where we have put b, := r(n+1) (Vn > 1). Next, because (k—1) is even (since k is supposed
odd), it follows by Corollary 6 that:

(k—=1)/2 _

U, U (r— U, 2r(n—1)

S = s,y = qrlmen U 5 @l

Ur Ur U(kfl) n—1 UanUbgn_l

(k=1)/2 (i
S
n—1 U2n7"U(2n+1)r
The formula of the theorem follows. ]

Remark 9. The particular case of Formula (25) corresponding to (P,Q) = (1,—1) and r = 1
is already established by Rabinowitz [17].

Remark 10. In [10], Hu et al. established an expression of S, ; in terms of the values of the

Lambert series; and before them, Jeannin [4] obtained the same expression in the particular
case when () = —1 and r is odd.

3 The second type of series

We begin this section by dealing with series of the form  _, (—1)"3% /U,,, where (a,),, is
an increasing sequence of positive integers. By grouping terms, we transform such series to
another type of series whose terms are rational numbers when P, Q) € Z. As we will specify
later, some results of this section can be deduced from the results of the previous one by
tending the parameter k to infinity. We have the following:

Theorem 11. Let (an)n21 be an increasing sequence of positive integers. Then we have

—+00 +oo
/Ban Ua2 —a2n—1
(—1)”— = — Q21 n—Aa2n-1 (26)
; Uan nZ:; Ua2n Ua2n71

Proof. The increase of (a,), ensures the convergence of the two series in (26). By grouping
terms, we have

oo an oo azn agn—1
S = (e )

n=1 n=1 a2n a2n—1
oo (Bazn /6a2n—1 )
n=1 UaZn Ua2n71
+00 _
B ﬁaana%il _ /8“271, 1Ua2n
n=1 Ua2n Ua2n71

(according to Formula (5)),

+oo aon—
. Z _Q 2 1Ua2n_a2n71
Ud?nUa2n71



as required. This achieves the proof of the theorem. O]

Remark 12. We can also prove Theorem 11 by tending £ to infinity in Formulas (19) of
Corollary 5. To do so, we must previously remark that for any positive integer n, we have

lim —Ua"“k_a" =q ™
k——+o0 Uan+2k

(according to (2)) and that the series of functions

+oo
Ua —a
(_ 1)nQan n+2k n
; Uan Uan+2k

(from N* to R) converges uniformly on N* as we can see for example by observing that:

Ua tor—a Qftn2k T 1— <§)an+2k_a” 2
n n — X S O[_an VTL k: E N* .
‘ Uan+2k Qin 2k 1— (g)a"“k 1 - |g’ ( 7 )

According to the closed-form formulas of U, and V, (see (2)), it is immediate that
limnﬁﬁog—: = a — f = sg(P)V/A. So the approximations VA ~ sg(P)X—: (n > 1) are
increasingly better when n increases. When supposing P > 0 and ) < 0, we derive from
Theorem 11 a curious formula in which the sum of the errors of the all approximations

Vi

VA ~ sg(P)X—:L1 = ¢#* (n > 1) is transformed to a series whose terms are rational numbers

when P, () € Z. We have the following:
Corollary 13. Suppose that P > 0 and Q) < 0. Then we have

—2§ﬂ —2§—|Q|2n1 (27)
B n—1 Un B n—1 UQnUQn—l.

Proof. From the hypothesis P > 0 and ) < 0, we deduce that a = % and g = %Z

(since |a| > |B]). Thus @ > 0, # < 0 and o — f = VA. In addition, (P > 0 and Q < 0)
implies that U, > 0 (Vn € N*). Using all these facts together with (2), we have for any
positive integer n:

Va
VA

2.

n=

+o0
1

Vv
A_n
VA i

(a—p) -2

(0 = AU = Val _ |(0" =) = (a" + B _ I6I"
Un

U, U, U,’

which gives the first equality of (27).
The second equality of (27) follows from Theorem 11 by taking a, = n (¥n > 1). The
proof is complete. O

Before continuing with general results, we will give some important applications of the
two preceding results for the usual Fibonacci and Lucas sequences. By taking in Corollary
13 (P,Q) = (1,—1), which corresponds to (U, V,) = (Fy, L), we immediately deduce the
following;:

10



Corollary 14. We have

R L, R | =
; \/E_E :2; F, o ZQ;FQnF%L—l'

Next, the application of Corollary 13 for (P,Q) = (4,—1) can be announced in the
following form:

Corollary 15. We have

400 1 400 1
;A Vo] =2 2 Fp @ 4; FonFons’ 28)

where A denotes the set of the reqular continued fraction convergents of the number /5.

Proof. The continued fraction expansion of the number /5 is known to be equal to:
V5 =1[2:4,4,4,...]

(see e.g., [14, page 116]). From this we derive that for all n € N, the nth-order convergent of
V5 1S 7 = Pn/qn, where (Pn)nen and (gn),cn are the sequences of positive integers, satisfying
the recurrence relations:

Pn+2 = 4pn+1 + Pn

(Vn € N),
Gn+2 = 4qn+1 + gn

with initial values: pg = 2, ¢ = 1, py = 9, ¢ = 4. Using those recurrence relations, the
sequences (p,), and (g, ), can be extended to negative indices n. Doing so, we obtain p_; =1
and ¢_, = 0. It follows from this that (U, V,,) = (gn-1,2pn—1) (n € N) is exactly the couple
of Lucas sequences corresponding to (P, Q) = (4, —1). Since (P, Q) = (4,—1) gives A = 20
and (o, ) = (2+ 5,2 —/5) = (@3,53), we deduce by applying Formulas (2) that we have
for all n € N:

n —=3\" .
B (@3) —(‘P) 7@371_(1)3”7 1F
dn—1 = @3 _63 — 2\/5 - 9 3ns

Thus

5 5 (Vn € N).

By applying then Corollary 13 for (P, Q) = (4, —1), we get

1 1
(pTH Qn) = <_L3n+37 _F3n+3)

R W1 =1 R |
V20— —"—=4) —=8Y —
; Gn—1 — F5, 0% ; FonFon—s3

11



that is

+00 > o 1
; ‘\/5 B 2; anq)gn B 4; F6nF6n73’

as required. The corollary is proved. O]

Further, by applying Theorem 11 for (P, Q) = (1,—1) and taking successively: a,, = 2n,
a, = 2n — 1 and then a,, = 2n + 1, we respectively obtain the three following formulas:

+oo
(_1>n 1
ZW ZF4F4 ZFQ P2l ZF4n 1Fans

S O I < S

1 F4n+1F4n—1

(29)

Remark that the addition (side to side) of the two last formulas of (29) gives the first formula
of (11).

Now, by applying another technique of grouping terms, we are going to show that some
series of the form ) ., 8% /U,, (where (a,), is an arithmetic sequence of a particular type)
can be also transformed to series whose terms are rational numbers when P, ) € Z. We have
the following:

Theorem 16. For any positive integer r, we have

oo 52rn+2r—1 oo Q2’"—1n

—_— = . (30)
n—=0 U2rn+2'r71 n—1 Uzrn
Proof. Let r be a positive integer. From the trivial equality of sets:
{2n+27"  neN}={2"n, ne N} \{2'n, n e N},
we get
T 52rn+2’“_1 _ f Bzr—ln - f B2m
n—0 U2Tn+2T*1 —1 UQT*Ln n—1 U2Tn
+oo BT‘ln ﬁQTn
B ;::1 U2T*1n U2Tn
i’i 52"*171‘/'?_1 _52%
. n
n—1 UQ’"n
(since Upy = Uspr1,Var1,, according to (4)). But since 8% Vi1, — B¥"

gFin (ay_l" + 52T_1”> — 7" = (aB)? " = Q¥ " (according to (2)), we conclude that:
oo 52’“n+2r_1 oo QQT—ln

U2Tn ,

—1
n=0 U2Tn+2T n=1

12



as required. The theorem is proved. O

To finish, let us see what Theorem 16 gives for the usual Fibonacci sequence. By taking
in Theorem 16: (P, Q) = (1,—1) and r = 1, we obtain the following formula:

+oo “+oo _

1 (_1)71 1
— —_— . 31
; F2n+1q)2n+1 ; F2n ( )

Next, by taking in Theorem 16: (P, Q) = (1,—1) and r > 2, we obtain the formula:

+o0 1 +00 1
= Vr > 2). 32
nZ:O FQTn+27‘71 @27‘”—"—27‘_1 ; FQ'I‘n ( = ) ( )

Note that the particular case corresponding to r = 2 of the last formula; that is the formula
+oo 1 +oo 1

Z Flp o ®4n+2 i Fun’
n=

n=0

was already pointed out by Melham and Shannon [13] who proved it by summing both sides
of Formula (13) over k, lying in the set of the odd positive integers.

Remark 17. Transforming a series of real terms into a series of rational terms could serve,
for example, to show the irrationality of the sum of such a series. For example, for (w,), €
Z(P,Q), André-Jeannin [3] proved the irrationality of the series 7> ¢" /w,,, when P € Z*,
Q = =£1,t € Z* and |t| < |af; thus including the series in (30) of Theorem 16 (if we assume
P e Z* and Q = +1). Other similar and related results can also be found in [1, 2, 12, 16].
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