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Abstract

A second-order polynomial sequence is of Fibonacci-type (Lucas-type) if its Binet
formula has a structure similar to that for Fibonacci (Lucas) numbers. Known exam-
ples of these types of sequences are Fibonacci polynomials, Pell polynomials, Fermat
polynomials, Chebyshev polynomials, Morgan-Voyce polynomials, Lucas polynomials,
Pell-Lucas polynomials, Fermat-Lucas polynomials, and Chebyshev polynomials.

The resultant of two polynomials is the determinant of the Sylvester matrix and
the discriminant of a polynomial p is the resultant of p and its derivative. We study
the resultant, the discriminant, and the derivatives of Fibonacci-type polynomials and
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Lucas-type polynomials as well the resultant of combinations of these two types of poly-
nomials. As a corollary, we give explicit formulas for the resultant, the discriminant,
and the derivative for the polynomials mentioned above.

1 Introduction

A second-order polynomial sequence is of Fibonacci-type F, (Lucas-type L,), if its Binet
formula has a structure similar to that for Fibonacci (Lucas) numbers. These are known as
generalized Fibonacci polynomials GFPs (see, for example [2, 9, 10, 13, 14]). Some known
examples are Pell polynomials, Fermat polynomials, Chebyshev polynomials, Morgan-Voyce
polynomials, Lucas polynomials, Pell-Lucas polynomials, Fermat-Lucas polynomials, Cheby-
shev polynomials, Vieta polynomials and Vieta-Lucas polynomials.

The resultant of two polynomials p and ¢, denoted by Res (p, q), is the determinant of
the Sylvester matrix (see (7), [1, 4, 12, 23] or [28, p. 426]). Very often in mathematics we
ask the question whether or not two polynomials share a root. In particular, if p and ¢ are
two GFPs, we ask whether or not p and ¢ have a common root. Since the resultant of p and
q is also the product of p evaluated at each root of ¢, the resultant of two GFPs can be used
to answer this question.

Several authors have been interested in the resultant. The first formula for the resultant
of two cyclotomic polynomials was given by Apostol [3]. Recently Bzdega et al. [5] computed
the resultant of two cyclotomic polynomials in a short way. Some other papers have been
dedicated to the study of the resultant of Chebyshev polynomials 7, 20, 25, 29]. In this paper
we deduce simple closed formulas for the resultants of a big family of GFPs. For example,
the resultant of Fibonacci polynomials F),, and the resultant of Chebyshev polynomials of
second kind U, are given by

Res(Fm,Fn) = 1if ged(m,n) =1, and Res(Fm, Fn) = 0 otherwise,
and
Res(Um, Un) = (—él)(m_l)("_l)/2 if gcd(m,n) =1, and Res(Um, Un) = (0 otherwise.

If 5(n) is the 2-adic valuation of n, then the resultant of Lucas polynomial D,,(x) and the
resultant of Chebyshev polynomials of the first kind 7,,(z) are given by

Res(Dm, Dn) =20 if ve(m) # v5(n), and Res (Dm, Dn) = 0 otherwise
and
Res (T, T,) = (—1)% 2m=DM=D=199 if 1y (m) # vy(n), and Res (T}, T,,) = 0 otherwise.

The resultant for the family of Fibonacci-type polynomials is given in Theorem 1 and the
resultant for the family of Lucas-type polynomials is given in Theorem 2. In Tables 1, 2,
and 3 we give the resultants for some known polynomials.
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Note that the resultant has been used to solve systems of polynomial equations (it en-
capsulates the solutions) [4, 21, 24, 27]. The resultant can also be used in combination with
the elimination theory to answer other different types of questions about the multivariable
polynomials.

The discriminant is the resultant of a polynomial and its derivative. If p is a GFP, we
ask the question whether or not p has a repeated root. The discriminant helps to answer this
question. In this paper we find simple closed formulas for the discriminant of both types of
GFPs. For example, the discriminant of Fibonacci polynomials, the Chebyshev polynomials
of the second kind, Lucas polynomials, and the Chebyshev polynomials first kind are given
by

Disc(F,) = (—1)"=20=D/2gn=1yn=3 Dige(U,,) = 2 pn=3,

and
Disc(Da) = (~1) D22 Dise(Ty) = 20V

The Theorems 4 and 5 give the discriminant of both families of Fibonacci-type polynomials
and Lucas-type polynomials. Table 4 shows the discriminant for some known polynomials.

The following formulas generalize the formulas for the derivative of Fibonacci and Lucas
polynomials given by several authors [2, 8, 15, 16, 17, 30] to Fibonacci-type polynomials and
Lucas-type polynomials (for details see Theorem 6).

’ N /
o d (naLl, — dF,) and . nd ]-"n.

" (a —b)? " «

2 Main Results

In this section we present the main theorems and corollaries of this paper. Proofs appear else-
where in the paper. We give some brief definitions (needed to make the theorems readable),
all formal definitions are given in Section 3.

For brevity and if there is no ambiguity we present the polynomials without explicit use
of “2”. For example, instead of F,,(z) and L, (z) we use F,, and L,.

We say that a polynomial recurrence relation is of Fibonacci-type if it satisfies that (see
also (2))

Fo=0, Fi=1, and F,, =dF,_1 + gF,_o forn > 2,

where d, and g are fixed non-zero polynomials in Q[z]. We say that a polynomial recurrence
relation is of Lucas-type if it satisfies that (see also (3))

Lo=po, L1=p1, and L, =dL, 1+ gL, o forn > 2,

where |po| = 1 or 2 and p;, d = ap;, and g are fixed non-zero polynomials in Q[z] with « an
integer of the form 2/p,. These are called generalized Fibonacci polynomials (GFPs).



If P is a polynomial, then we use deg(P) and lc(P) to mean the degree of P and the
leading coefficient of P. Let

g =le(d), A=lc(g), n=deg(d), w=deg(g), and p= Res(g, d). (1)

Let P and ) be polynomials with a,, = lc¢(P), b,, = lc(Q), n = deg(P), and m = deg(Q).
If {z;}7, and {y;}1*, are the roots of P and @ in C, respectively, then the resultant of P
and @Q is given by Res(P, Q) = ;b [T2, [T7%, (w — y) = ap [Ty Q) = 0, TT7L, Plyy).
The discriminant of P, Disc(P), is defined by (—1)"""1/2a2" 211, . (z; — ;).

We use v5(n) to represent the integer exponent base two of a positive integer n, which is
defined to be the largest integer k such that 2% | n (this concept is also known as the 2-adic
order or 2-adic valuation of n).

2.1 Theorems of the resultant of GFPs

In this subsection we give simple expressions for the resultant of two GFPs of Fibonacci-type,
Res(.?’-"m}"m), the resultant of two GFPs of Lucas-type, Res([,n, Em), and the resultant of
two equivalent polynomials (Lucas-type and Fibonacci-type), Res (L’n, .Fm).

The proof of Theorem 1 is in Section 4 on page 16, the proof of Theorem 2 is in Section
5 on page 17, and the proof of Theorem 3 is in Section 6 on page 18.

(n=1)(m=1)
Theorem 1. Let Tr = ((—=1)™3%1%p)" 2 | where n,m € Z~q. Then
0, if ged(m,n) > 1;

Tr, otherwise.

Res(Fp, Fin) = {

Theorem 2. Let T, = o 1(n+m)Qnecd(m.n) ((—1)"“52’7_°"p)nm/2, where m,n € Z~g. Then

) _Jo. i wa(n) = va(m);
Res (L, L) {TL, if va(n) # va(m).

Theorem 3. Let Tg]-‘ — 2r]gcd(m,n)fr]a77(lfm) ((_1)77w62777wp)(n(m—1))/2

Then

, where n,m € Z-y.

o, if va(n) < va(m);
Res(ﬁn,}—m) B {TL}', if va(n) = va(m).

2.2 Theorems of the discriminant of GFPs

As an application of the theorems in the previous subsection we give the discriminants of
generalized Fibonacci polynomials. The proofs of Theorems 4 and 5 are in Section 8.2 on
page 25.



Theorem 4. If deg(d) =1, g is a constant, and d' is the derivative of d, then
DiSC(,/—"n) _ (_g)(n—2)(n—l)/22n—1nn—3/8(n—1)(n—2)'
Theorem 5. If deg(d) =1, g is a constant, and d' is the derivative of d, then

Disc(L,) = (—g)"V/22n=1png21=m gr(n=1),

2.3 Theorem of the derivative of GFPs

The Theorem 6 gives formulas for the derivatives of Fibonacci-type polynomials and Lucas-
type polynomials. Note that the formulas given here are restricted to the special case in
which ¢ is a constant. The derivatives of a Lucas-type polynomials is given in term of its
equivalent polynomial and the derivative of a Fibonacci-type polynomial is given in terms
of Fibonacci-type and its equivalent.

Here we use F), L, ', V/ and d’ to mean the derivatives of F,, L,, a, b and d with
respect to z, where a and b are given in (4) and (5). The proof of the following theorem is
in Section 7.

Theorem 6. If g is a constant, then

(i)
., d (ngFn1—dF,+nF,1) d(nal, —dF,)
Fn p— pu—
(a—1b)? (a—1b)?

(it)
o - nd’}"n‘

Q

2.4 Resultants, discriminants, and derivatives of known GFPs

In this subsection we construct several tables with the resultant, the discriminant and the
derivative of some known polynomials (see Table 6).

The Table 1 presents the resultants of some GFPs of Fibonacci-type. The Table 2 presents
the resultants of some GFPs of Lucas-type. The Table 3 presents the resultants of two
equivalent polynomials (Lucas-type and its equivalent polynomial of Fibonacci-type). The
Table 4 gives the discriminants of GFPs of both types. The first half of Table 4 has GFPs
of Fibonacci-type and the second half has GFPs of Lucas-type. The Table 5 gives the
derivatives for GFPs.

Note that the following property can be used to find the discriminant of a product of GFPs
(see [6]). If P and @ are polynomials in Q[z], then Disc(PQ) = Disc(P)Disc(Q)Res(P, Q).



| Polynomial | ged(m,n) = | ged(m,n) >1 |
Fibonacci Res(Fm,Fn) =1 Res(Fm,Fn) =0
Pell Res(Py,, P,) = 20m-D=1) Res(P,,, P,) =0
Fermat Res(®,,, @) = (— 18 (m—1)(n—1)/2 Res(®,,, ;) =0
Chebyshev 2nd kind | Res(U,, U,) = (—4)m= D=2 | Res(U,,, U,) =0
Morgan-Voyce Res(By,, B,) = (—1)m=D0=1/2 | Res(B,,, B,) =0

Table 1: Resultants of Fibonacci-type polynomials using Theorem 1.

| Polynomial | 1a(m) # 1y(n), § = ged(m,n) | (m) =wm(n) |
Lucas Res(Dm, Dn) =20 Res(Dm, Dn) =0
Pell-Lucas-prime Res(Q),, Q) = 2m-Dn=D=129 Res(Q),,Q)) =
Fermat-Lucas Res (U, Uy,) = (—1)m/218mn/2 29 Res (0, ¥,) =0
Chebyshev 1st kind | Res(T,,, T,,) = (—1)"2 20m=D=D=12% | Res(T},, T,,) =0
Morgan-Voyce Res(C’m,C’n) =(-1)% 2° Res(C’m, C’n) =0
Table 2: Resultants of Lucas-type polynomials using Theorem 2.
| Polynomials | 1a(n) > va(m), § = ged(n, m) | 1a(n) <wve(m) |
Lucas, Fibonacci Res(D,,, F,) = 2071 Res(D,,, Fr,) =0
Pell-Lucas-prime, Pell Res(Q;, Pm) = 2(m=1)(n=1) 90—1 ReS(Q;L, Pm) =0
Fermat-Lucas, Fermat Res(ﬁn, CIDm) = (—18)n(m=1)/2 20-1 Res(ﬁn, <I>m) =0
Chebyshev both kinds Res(Ty, Un) = (—1)m=1)/29(m=1)(n—1)99—1 Res(Ty,Un) =0
Morgan-Voyce both types | Res(C,,, Bm) = (—1)nm=1)/2 29—1 Res(C’n, Bm) =0

Table 3: Resultants of two equivalent polynomials using Theorem 3.

Evaluating the derivative of Fibonacci polynomials and the derivative of Lucas polyno-
mials at = 1 and = = 2 we obtain numerical sequences that appear in [26]. Thus,

d(Fy)

7 = A001629; 7 = A006645;
T lzx=1 T lz=2
d(D,, d(D,,
(Dn) = A045925; (D) = A093967.
dx =1 dx r=2

For the sequences generated by the derivatives of the other familiar polynomials studied
here see: A001871, A317404, A317405, A317408, A317451, 3(A045618), 2(A006645), and
2(A093967).
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’ Polynomial ‘ Discriminants of GFPs ‘ The OEIS ‘

Fibonacci Disc(F,) = (—1)n20=D/2gn=1pn=3 | A317403
Pell Disc(P,) = (—1)(=2(=1/220=1%pn=3 | A317450
Fermat Disc(®,,) = 2n(n=D/23n=hn=2)pn=3 A318184
Chebyshev 2nd kind | Disc(U,) = 20D pn=3 A086804
Morgan-Voyce Disc(B,,) = 2" 'n"3 A127670
Lucas Disc(D,,) = (—1)n(r=D/2an"1pn A193678
Pell-Lucas-prime Disc(Q),) = (—1)nn=1)/29(n=1)% ym A007701
Fermat-Lucas Disc(¥,,) = 2D n+2)/23n(n=1pn A318197
Chebyshev 1st kind | Disc (Tn) = 2(n=1pn A007701
Morgan-Voyce Disc(C,,) = 2" 'n" A193678
Table 4: Discriminants of GFPs using Theorems 4 and 5.

’ Fibonacci-type \ Derivative H Lucas-Type \ Derivative ‘
Fibonacci d(;;") = nDA:l;:an Lucas % =nkF,
Pell d(d]; n) _ ”629("11121; n Pell-Lucas-prime d(g:") =2nP,
Fermat d(;") = 3(711978:3? ) || Fermat-Lucas d(jx”) = 3nd,,
Chebyshev 2nd kind d(dli") = 2n2T(';2_Ef§J = Chebyshev 1st kind d(;;:) = nU,,
Morgan-Voyce d(CZ”) = ”C”JT_(SJZZ?B” Morgan-Voyce d(;;”) =nB,,

Table 5: Derivatives of GFPs using Theorem 6.

3 Definitions, background, and basic results

In this section we give formal definitions of the concepts that we are going to use in this
paper. Throughout the paper we consider polynomials in Q[z].

3.1 Second order polynomial sequences

In this section we introduce the generalized Fibonacci polynomial sequences. This definition
gives rise to some known polynomial sequences (see, for example, Table 6 or [9, 10, 14, 22]).
The polynomials in this subsection are presented in a formal way (with explicit use of “z”).

For the remaining part of this section we reproduce the definitions given by Florez et al.
9, 10] for generalized Fibonacci polynomials. We now give the two second-order polynomial
recurrence relations in which we divide the generalized Fibonacci polynomials.

Fo(z) =0, Fi(z) =1, and F,(z) = d(x)Fn_1(x) + g(x)Fr_a(z) for n > 2, (2)

where d(z), and g(x) are fixed non-zero polynomials in Q[z].
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We say a polynomial recurrence relation is of Fibonacci-type if it satisfies the relation
given in (2), and of Lucas-type if:

Lo(z) = po, L1(z) =pi(x), and L, (z) = d(x)Ly—1(z) + g(x)Ly—2(z) for n > 2, (3)

where |po| = 1 or 2 and p;(z), d(x) = api(x), and g(z) are fixed non-zero polynomials in
Q[z] with « an integer of the form 2/py.

To use similar notation for (2) and (3) on certain occasions we write pg = 0, pi(x) = 1
to indicate the initial conditions of Fibonacci-type polynomials. Some known examples of
Fibonacci-type polynomials and Lucas-type polynomials are in Table 6 or in [9, 14, 18, 19, 22].

If G, is either F, or £, for all n > 0 and d?(x) + 4g(z) > 0, then the explicit formula
for the recurrence relations in (2) and (3) is given by

Gn(x) = t1a"(z) + t2b" (),

where a(z) and b(z) are the solutions of the quadratic equation associated with the second-
order recurrence relation G,,(x). That is, a(x) and b(z) are the solutions of 22 —d(z)z—g(z) =
0. If a = 2/pg, then the Binet formula for Fibonacci-type polynomials is stated in (4) and
the Binet formula for Lucas-type polynomials is stated in (5) (for details on the construction
of the two Binet formulas see [9])

a"(z) = b"(x)
a(x) — b(x)

a™(x) + b"(x) .

Fu(w) = (4)

and
L,(x)=
Note that for both types of sequence:

a(x) +b(z) =d(z), a(x)b(x)=—g(z), and a(x)—>b(x)=+/d?*(x)+ 4g(z),
where d(z) and g(x) are the polynomials defined in (2) and (3).

A sequence of Lucas-type (Fibonacci-type) is equivalent or conjugate to a sequence of
Fibonacci-type (Lucas-type), if their recursive sequences are determined by the same poly-
nomials d(z) and g(z). Notice that two equivalent polynomials have the same a(x) and
b(z) in their Binet representations. In [9, 10] there are examples of some known equivalent
polynomials with their Binet formulas. The polynomials in Table 6 are organized by pairs of
equivalent polynomials. For instance, Fibonacci and Lucas, Pell and Pell-Lucas, and so on.

Most of the following conditions were required in the papers that we are citing. There-
fore, we require here that ged(d(z), g(z)) = 1 and deg(g(z)) < deg(d(z)) for both types of
sequences. (For instance these conditions hold for polynomial in Table 6.) The conditions
in (6) also hold for Lucas-type polynomials;

ged(po, p1(z)) = 1, ged(po, d(x)) = 1, ged(po, g(x)) = 1, and that degree of £, > 1.  (6)

Notice that in the definition of Pell-Lucas we have Qq(z) = 2 and Q1(x) = 2z. Thus,
the ged(2,2x) = 2 # 1. Therefore, Pell-Lucas does not satisfy the extra conditions that we
imposed in (6). So, to resolve this inconsistency we use @/ (z) = @Q,(x)/2 instead of @Q,(x).

(5)
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Polynomial Initial value Initial value Recursive Formula

Go(z) = po(x) | Gi(x) = pi(x) | Gu(x) = d(2)Gns() + g(2)Gns(x)
Fibonacci 0 1 F.(x) =aF, 1(x) + F,_2(x)
Lucas 2 x D, (z) = xDp_1(x) + Dp_o(x)
Pell 0 1 P,(z) =2xP,_1(x) + P_as(x)
Pell-Lucas 2 2z Qn(x) =22Qn-1(x) + Qn_2(x)
Pell-Lucas-prime 1 x Q(z) =22Q!,_1(z) + Q) _o(x)
Fermat 0 1 D, (z) = 32P,,_1(z) — 20,,_2(2)
Fermat-Lucas 2 3z () = 32, _1(z) — 20, _o(x)
Chebyshev second kind | 0 1 Un(z) = 22Up—1(x) — Up—a(x)
Chebyshev first kind 1 x T, (z) = 22T, 1(x) — T, _2(x)
Morgan-Voyce 0 1 B,(z) = (x +2)Bp_1(x) — By_a(x)
Morgan-Voyce 2 T+ 2 Cu(z) = (24 2)Ch1(x) — Cr—a()
Vieta 0 1 Volz) = 2V, q1(x) — Vio(x)
Vieta-Lucas 2 x () = vy 1 (2) — vy_a(T)

Table 6: Recurrence relation of some GFPs.

3.2 The resultant and the discriminant

In this section we use the Sylvester determinant to define the discriminant of two polynomials.
For a complete development of the theory of the resultant of polynomials see [12].
Let P and @ be non-zero polynomials of degree n and m in Q[z], with

P=a,x"+a, 12" '+ + a1z + ag

and Q= bpx™ + byp1x™ 4+ 4+ by + by.

The resultant of P and (), denoted by Res(P, Q), is the determinant of Syl(P, Q) (see, for

example [1, 4, 20, 28]).

SYI(P, Q) =

If P’ is the derivative of P, then the discriminant of P is given by

Qp

0

Disc(P) = (—1)

Ap—1

0 an,
bmfl

0 by

n(n—1)

Qo 0 0
Qg 0
Qo
bo 0 0
bo 0

bm—l el e bO |

= a,'Res(P, P').

Note that the discriminant can also be written as a Vandermonde determinant (see [23]).



3.3 Classic results

In this subsection we give some classic properties of the resultant needed to prove the main
theorems. Most of the parts of the following lemma can be found in [4, 23].

Let f and h be polynomials, where a,, = le(f), b, = lc(h), n = deg(f) and m = deg(h).
Note that if £ is a constant, then Res(k:,f) = Res(f, k) = k&) The following lemma
summarize some classic result about the resultant (see, for example, Jocobs et al. [20]).

Lemma 7. Let f, h, p, and q be polynomials in Q[x]. If n = deg(f), m = deg(h), and
= lc(f), then

(i) Res(f,h) = (—1)""Res(h, ),

(ii) Res(f,ph) = Res(f, p)Res(f,h),

(iii) Res(f,p") = Res(f, p) ,

(iv) if G = fq+ h and r = deg(G), then Res(f,G) = al, ™Res(f,h),

(v) Res(f, h) =0 if and only if f and h have a common divisor of positive degree.

3.4 The GCD of two GFPs and other properties

Most of the results in this subsection are in [9]. Proposition 8 is a result that is in the proof
of [9, Proposition 6] therefore its proof is omitted.

In this paper we use Z>( and Z-, to mean the set of non-negative integers and positive
integers, respectively. Recall that 5, A, n, w, and p are defined in (1) on page 4 and that d,
g and « are defined on page 8.

Proposition 8. Let m, n, r, and q be positive integers. If n = mq + r, then there is a
polynomial T' such that F,, = F,,. T + gFmg—1F+-

Proposition 9. Ifm, r, and q are positive integers, then if r < m, then there is a polynomial
T such that fort = (%W we have

’ B ,CmT + (_1)m(t71)+t+r<g)(tfl)m+r£m_r7 Zf q is Odd,'
T LT 4 (1)t (g)meg, if q is even.

Proposition 10. If m, q, and r are nonnegative integers with q > 0, then

(i)
F _ Ly, ]: m(qg—1)+r — (_g)mfm(q72)+r, if ¢ > 1,
mq+r £mFr 4 ( )T-Fm—r, z'fq — 1
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(i)
al _ (CL - b)Qmem(q—l)—I—r + O‘(_g)mﬁm(q—2)+ra qu > 1;
T (@ = b2 F oy + a(—g) Lonr, ifq=1.

Proof. We prove Part (i), the proof of Part (ii) is similar and it is omitted. If ¢ = 1, then the
proof follows from [9, Proposition 3]. We now prove the case in which ¢ > 1. Using Binet
formulas (4) and (5) we obtain

(am 4 bm) (am(q—1)+r o bm(q—l)-l—r)
a a—Db '

aﬁmfm(Q71)+T‘ =

Expanding and simplifying we have
am(q—2)+r _ bm(q—?)—i—r

a—>

Lo Fin(g—1)4r = Fmger + (ab)™ = Fingtr + (=9)" Fin(g—2)+r-

Solving this equation for F,44, we have Fogir = Ly Frg—1)+r — (—9) " Fin(g—2)+r- This
completes the proof. O

Lemma 11. Let k,n € Z~y. Then
(i) deg (Fi) = n(k — 1) and lc (F) = L
(11) deg (L) = nn and lc(L,,) = 5"/ a.

Proof. We use mathematical induction to prove all parts. We prove Part (i). Let P(k) be
the statement:
deg (Fi) = n(k — 1) for every k > 1.

The basis step, P(1), is clear, so we suppose that P(k) is true for k = ¢, where ¢t > 1. Thus, we
suppose that deg (F;) = n(t —1) and we prove P(t+1). We know that deg(F,,) > deg(F,-1)
for n > 1. This, deg(d) > deg(g), and (2) imply

deg (Fit1) = deg (dF;) = deg(d) +deg (F) = n+n(t — 1) = nt.
We now prove the second half of Part (i). Let Q(k) be the statement:
le(Fy) = g5 for every k > 1.

The basis step, Q(1), is clear, so we suppose that Q(k) is true for k = ¢, where ¢ > 1. Thus,
we suppose that lc (F;) = 87! and we prove Q(t + 1). We know that deg(F,,) > deg(F,_1)
for n > 1. This, deg(d) > deg(g), and (2) imply lc(Fiyy) = le(d)le(F) = le(d)pt=t =
port =gt

We prove Part (ii). Let H(n) be the statement: deg (L,,) = nn for every n > 0. It is easy
to see that H(1) is true. Suppose that H(n) is true for some n = k > 1. Thus, suppose that
deg (Ly) = nk and we prove H(k + 1). Since Ly = dLy + gL,_1 and deg (d) > deg(g), we
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have deg (Li11) = deg (d) + deg (Lx) = n + nk = n(k + 1). This proves the first half of Part
(ii).

We now prove the second half of Part (ii). Let N(n) be the statement: lc(L,) = " for
every n > (. (for simplicity we suppose that a = 1). It is easy to verify that lc(£;) = .
Suppose that N(n) is true for some n = k > 1. Thus, suppose that lc(£;) = B*. Since
L1 = dLy + gL—1 and deg (d) > deg(g), we have le(Lyy1) = le(d)le(Ly). This and the
inductive hypothesis imply that le(Ly, ) = 38% = g+ L. O

Proposition 12 plays an important role in this paper. This in connection with Lemma 7
Part (v) gives criterions to determine whether or not the resultant of two GFPs is equal to
zero (see Corollary 14, Corollary 16, and 18).

Recall that definition of v,5(n) was given in Section 2 on page 4.

Proposition 12 ([9]). If m,n € Z~y and § = ged(m,n), then

(i) ged(Fom, Fn) = 1 if and only if 6 = 1.

(ii)
Ls, if va(m) = va(n);
ged (Ls, Lo),  otherwise.

ged (Lo, L) = {
(iii)

Ls, if va(m) > 1a(n);

1,  otherwise.

ged(Ly, F) = {

3.5 Some resultants of GFPs of Fibonacci-type polynomials

In this subsection we give some properties of the resultant of two GFPs and some results
needed to prove Theorem 1.

Proposition 13. For m and n in Z> these hold
(i) If n >0, then Res(g, F,) = p" ',
(it) Res(Fn, gFn) = (—1)<10m=V pm=1Res(F,,, Fr)
(iii) Res(Ly, gLy) = (—=1)"p™Res (L, Ly).
Proof. We prove Part (i) using mathematical induction. Let P(n) be the statement:
Res(g,}"n) = p" ! for every n > 1.

Since F; = 1 the basis step, P(1), is clear. Suppose that P(n) is true for n = k, where
k > 1. Thus, suppose that Res(g, F) = p"~!, and we prove P(k+1). From (2) and Lemma
7 Parts (ii) and (iv) we have

Res(g, Fk+1) = Res (g, dFy + g}"k_l) = )\"k_("+"(k_1))Res(g, d) Res(g, ]-"k).

12



This and P(k) imply Res(g,]:n) = Res(g, d)Res(g,]:n_l) = pt1
We prove Part (ii), the proof of Part (iii) is similar and it is omitted. From Lemma 7
Part (i) and Part (ii), and Lemma 11 Part (i), we have

Res (]-"m, g]-"n) = Res (]-"m, g) Res (.Fm, fn)
(—1)“"""VRes(g, Frn)Res(Fn, Fn)
= (—1)“”(m_1)pm_1Res(]:m,]-"n).
This completes the proof. O

The proof of the following corollary is straightforward from Proposition 12 Part (i) and
Lemma 7 Part (v).

Corollary 14. Let m,n € Zso. Then ged (m, n) =1 if and only if Res(F,,, Fy,) # 0.
Proposition 15. If m, n and q are positive integers, with n > 1 and mq > 1, then
(i) Res(F, Foo1) = ((_1)wﬁﬁ2npr)(”*2)(nfl)/2’
(ii) Res(Fom, Fing—1) = ((—1)m g2n—e py(m=Dma=2)/2,

Proof. We prove all parts by mathematical induction. Proof of Part (i). Let Q(n) be the
statement:
Res(F,, Fn1) = ((—=1)*"8%7p) (=202 g every n > 2.

Since F; = 1, the basis step, Q(2), is clear. Suppose that Q(n) is true for n = k — 1, where
k > 2. Thus, suppose that Res(fk_l,]-"k_g) = ((=1)“n321=%p )(k HE=2/2 e prove Q(k).
Using Lemma 11 Part (i) and Lemma 7 Part (i) we get

Res(Fn,Fn,l) = (—1)”2(”’1)(”’2)Res(.7:n,1,]:n)
= ReS<Fn—17dfn—1 +g~Fn—2)

This, Lemma 7 Part (iv), Lemma 11 Part (i) and Proposition 13 Part (ii) imply

Res(Fp, Fno1) = (8" 21D @inn=8)Res(F, 1, gFn_2)
_ (_1)wn(n—Q)g(n—Q)(Qn—w)pn—QReS(fn laf )

Simplifying we have
Res(]:n,fn—l) = ((—1)”"62’7_‘“@”72 Res(Fn_l,Fn_g).
This and Q(k — 1) give

(n—3)(n—2)
2

Res(}"n,]:nfl) = (( 1)< 321~ w) (5277 “(— )wnp)
= (e
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Proof of Part (ii). The proof is straightforward when m = 1 and ¢ > 1. Therefore, we
suppose that m > 1. Let W (q) be the statement: for a fixed integer m we have

Res (Fon, Fing-1) = ((—1)’7“’52’7*‘“,0)(m_l)(mq_2)/2 for every ¢ > 1.

From Part (i) it follows that W(1) is true. Suppose that W(q) is true for ¢ = k, where
k > 1. Thus, suppose that Res(F,, Frnr-1) = ((—1)”‘“52”*”p)(m_1)(mk_2)/2. We prove
W (k +1). From Proposition 8 we know that there is a polynomial 7" such that F,11)-1 =
FouT + gFkm—-1Fm—1. This, Lemma 7 Part (ii) and Part (iv) and Proposition 13 Part (ii)
imply

Res(Fon, Frner1)—1) = Res(Fo, FnT + 9Fim-1Fm—1)
— (ﬁm—l)n(mk+m—2)—(w+n(mk+m—4))Res (fmq g-/rkm—lfm—l)
= BV IRes(Frn, g Fkm—1Fm—1)
= (—1)enlm=b gm=DEn=) ym=Res(F,, Froo1)Res(Frn Frmot)-

From this, Part (i), and W (k) we conclude

m— (m=1)(m-2)
Res(Fon, Fupm-1) = ((F1)216%7p)" 7 (F1)"6p) "= Res(Fun, Fion-1)

(m—1)m

= ((=1)=78*p) 2 Res(Fn, Frm-1)
~Hm (m—1)(mk—2)

(m
— ((_1)wn62n—wp) 2z ((—1)wnﬁ2n_wp) 3
Simplifying the last expression, we have

(n=1)(m(k+1)-2)
2

ressFmFmitm—1 = ((—1)’7“62’7’”,0)

This completes the proof. O]

3.6 Some resultants of GFPs of Lucas-type polynomials

In this subsection we give some properties of the resultant of two GFPs of Lucas-type and
some results needed to prove Theorem 2.

Recall that a GFP of Lucas-type is a polynomial sequence such that £y € {1,2}, £; =
271 Lod, and L, = dL,_1 + gL,_5 for n > 1.

Note that if we take the particular case of the Lucas-type sequence £, in which £y =1
and £, = 27'd, then using the initial conditions we define a new Lucas-type sequence as
follows: Let £y = 2Ly, L1 =2L1 =d and L,, = dL,_1 + gL,_» for n > 1. It is easy to verify
that £,, = 2L,, for n > 0. Therefore, to find the resultant of a polynomial of Lucas-type L,
it is enough to find the resultant for £, in which £y = 2.

The following corollary is a direct consequence of Proposition 12 Part (ii), Lemma 7 Part
(v), and Lemma 11 Part (ii). So, we omit its proof.
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Corollary 16. Let m,n € Zo. va(n) = vo(m) if and only if Res(Lyn, £,) = 0.
Proposition 17. Ifn € Z~y and Ly = 2, then
(Z) Res(g, ‘Cn) = pnz
(i)
0 f n is odd;
Res(L1,L,) =< ) n Z.fn o
21 ((=1)™B217%p)2 . if n is even.
Proof. We prove Part (i) by mathematical induction on n. Since Res(g, £1) = Res(g,d) =
it holds that the result is true for n = 1. Suppose that for some integer n = k£ >
Res(g, L) = p* holds. From (3) and Lemma 7 Parts (ii) and (iv) we have

2
L,

Res(g, Lr+1) = Res(g, dLy, + gLy—1) = "1 DRes (g, d)Res (g, Li).
This and the inductive hypothesis imply that
Res(g,/ikﬂ) = Res(g,d)Res(g,ﬁk) = Res(g,d)kH,

which is our claim.
We prove Part (ii) by induction on n. Let Q(n) be the statement:

Res (El, ﬁn) = {

Since Res(L1,£1) = 0, Q(1) holds. Note that £, = (py/2)d = d. This and Lemma 7 Parts
(ii) and (iv) imply that

Res(ﬁl,,Cg) = Res(ﬁl, ALy, + 950) _ B2n_wReS(d, 29) = 21(—1)™ 2%,

This proves Q(2).

Suppose that Q(k — 2) and Q(k — 1) is true and we prove Q(k). Note that if k£ is odd by
Corollary 16 we have that Res (/jl, Ln) = 0. We suppose that k is even. Lemma 7 Parts (ii)
and (iv), £, = d, Lemma 11 Part (ii), and (5) imply

Res (El, Ek) = Res (d, dLli_1 + gﬁk_g)
— B “Res(d, gLis)
= [B*1“Res (d, g) Res (d, Ek,Q)
= ((=1)™B*"“p) Res(L1, Li—2).

Note that k£ — 2 and k have the same parity. This and Q(k — 2) imply that

0, if n is odd;

27 ((=1)™pB21=%p)2 | if n is even.

Res(L1, L) = ((=1)™52-p) 27 ((—1)™g%1p) ‘> = 27 (—1)mg1p) %
This proves Q(k). O
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4 Proof of Theorem 1

In this section we prove the theorem about the resultant of two GFPs of Fibonacci-type (see
Section 2).

Proof of Theorem 1. Let A be the set of all i € Z~ such that for every j € Z-y we have
0, if ged(m,n) > 1;

Res(Fi, Fj) = (i-1)(G-1) 8
( j) {((_1)nw52”_wp) > otherwise. (8)

Since 1 € A, we have that A # (). The following claim completes the proof of the

Theorem.

Claim. A = Z-,.

Proof of Claim. Suppose B := Z~ \ A is a non-empty set. Let n # 1 be the least element
of B. So, there is h € Z~( such that Res(}'n,}"h) does not satisfy Property (8) (if m = n,
then Res(]—},]—'j) = 0). Let m be the least element of the non-empty set H = {h € Z- |
Res(F,, Fr) does not satisfy (8)}. Note that Corollary 14 and (8) imply that ged(m,n) = 1.
We now consider two cases.

Case m < n. Since n is the minimum element of B, m € A. Either m or n is odd,
because ged(m, n) = 1. We know, from Lemma 11 Part (i), that deg(F,,) = n(m — 1). This
implies that Res (Fn, Fm) = Res (]:m, Fn). Since m € A, we have that (8) holds for j € Z-,,
in particular (8) holds when j = n. That is a contradiction.

Case n < m. The Euclidean algorithm and gcd(m,n) = 1 guarantee that there are
q,7 € Z such that m = ng + r with 0 < r < n. We now can proceed analogously to the
proof of Proposition 15 Part (ii). From the Euclidean algorithm, Proposition 8 and Lemma
7 Part (iv) we have

Res(Fn, Fm) = Res(Fu, Fugir)
= Res (.Fn, F T+ g}"nq_l]:r)
(anl)n(mfl)*(wﬂ(nqﬂﬂfl))Res (_7.“”7 gfnq—lfr)'
This, Lemma 7 Part (ii) and Proposition 13 Part (ii) imply
Res(Fp, Fn) = B DE1“IRes(F,, gF ) Res(Fr, Frg-1)
= (_1)Wﬂ(nfl)ﬂ(nfl)(%*w)pn*l((_1)Tiw52n*wp)(n_l>(2wRes(]:mfr)

(n—1)ng

- ((_1)”w52”_“’p) 2 Res(fn,]-}). (9)

Since ged(n, m) = ged(n,r) = 1, either n or r is odd. So, Res (]:n,]:r) = Res (]:r,]:n). It is
easy to verify that r € A, because r < n and n is the minimum element of B. Set j = n, so
Res(F,, Fn) = ((=1)7g2n=w )= DE=D2 hig and (9) imply that

((-1y5=p)

(m—1)(n—7) (r—1)(m—1)
2 2

Res(F Fn) = ((—1)™5%74p)
= ((=1™p)

16
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That is a contradiction. This implies that A = Z. O

5 Proof of Theorem 2

In this section we prove the theorem about the resultant of two GFPs of Lucas-type (see
Section 2).

Proof of Theorem 2. We consider two cases: Ly = 2 and Ly = 1. We first prove the case
Lo=2. Let A= {i € Z=o | Vj € Zo, Property (10) holds for Res(L;, £;)}.

0, lf Vg(i) = Vg(j),
(68) {2"gcd<w> (=)™ 827p)"2 it va(i) # v (). o

From Proposition 17 Part (i) we have that ¢ = 1 € A. So, A # (). The following claim
completes the proof part Ly = 2.
Claim. A = Z+,.
Proof of Claim. Suppose B := Z~\ A is a non-empty set. Let n # 1 be the least element of B.
So, there is h € Z-q such that Res (ﬁn, Lh) does not satisfy Property (10). Let m be the least
element of the non-empty set H = {h € Z | Res(L,, £;) does not satisfy Property (10)}.
Note that if v5(n) = vo(m), then Res(L,, L,,) = 0 (by Corollary 16). That is a contradiction
by the definition of H. Therefore, we have that vy(n) # ve(m). So, n # m, where at least
one of them is even. This implies that Res (Em, En) = (—1)’72’”"Res (En, Em) = Res (En, Em).
Therefore, Res(L,,, £,,) does not satisfy (10). So, m ¢ A. Since n # m is the least element
of B, we have m > n. From the Euclidean algorithms we know that there are ¢,r € Z
such that m =nqg +r with 0 <r < n.

We now proceed by cases over gq.

Case ¢ odd Suppose that ¢ = 2t — 1. Note that ¢t = [¢/2] and that (m —n +1r)/2 =
(t — )n+r. Since vy(n) # va(m), r # 0 and n(n — r) is even. This, Proposition 9 for odd
case, and Lemma 7 Part (ii) and Part (iv) imply that Res(L,, £,,) equals

Res(ﬁn, Enq+r) = Res (En, L,T + (_1)t(n+1)+r—ng(t—1)n+r£n_r)

— R,eS(En,;CnT—i‘ (_1)t(n+1)+r—ngm—2n+rEn_r)
w(m—n+tr)

= (pM)™ = n(n—T)ReS(Em(_1)t(n+1)+r—ngw

2 ETL—T)
n(m—n+r)(2n—w) m—n+r

— 672 Res (En’ (_1)t(n+1)+r—ng#£n_r)‘

Note that Res(L,, (—1)/(t+r=n) = (—q)mlitsr=n) — (_1)m=n) = 1 This, Lemma 7
Parts (iii) and (iv) and Proposition 17 Part (i) imply

n(m—n+r)(2n—w)

Res (En, /Jm) = B 2 Res (/Jn, g ﬁn_r)
n(m—n+r)(2n—w) n—m+r

= Bz Res(Ln,9) > Res(L, L)
= U (1)) ST Res (L, L)

m—n+r
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Thus,
(m—n+r)n
Res(ﬁn,ﬁm) = ((—1)’7“’52”"",0) 2 Res(ﬁn,,,,/in). (11)
Since n(n — r) is even, we have that Res(ﬁn_r, En) = Res (En,ﬁn_r). This and m > n —r
imply that Res(L,, £,_,) satisfies (10). From this and (11) we have

Res (En, 'Cm) — ((_1)77w5277—wp) wn om ged(n—r,n) ((_1)7]wﬂ2n_wp) "(n;r)

nm

— Qngcd(n,m) ((_1)770.2527770.;,0) 2

Thus, Res(L,, L) satisfies (10). That is a contradiction.

Case ¢ is even Let ¢ = 2t. Note that ¢t = [¢/2]. Using Proposition 9 for the even case,
Lemma 7 Parts (ii) and (iv) and following a similarly procedure as in the proof of the case
q = 2t+1 we obtain Res(L,, £,,) = BE1=*)m=rn/2Reg(L,,, (=1)"* V) Res(L,, g"'L,). This,
the fact that Res (En, (—1)(”+1)t) = 1 and following a similar procedure as in the proof of
the case ¢ = 2t+ 1 we obtain that Res(L,, £,,) = ((—1)" %17 p)m=I"/2Res(L,, L,). Since
r < n, we have r ¢ B. Therefore, r € A. This implies that

(m—=r)n

el ) = (590 e
— ((—1)170.;&27]7&0’0)@ ((_1)7]w2ngcd(r,n)ﬂgn_wp)%

mn

_ 2ngcd(n,m) ((_1)nwﬁ2n—wp> 2

Thus, Res(ﬁn,ﬁm) satisfies (10). That is a contradiction. This completes the proof that
A= Z>0.

We now prove the case £y = 1. It is easy to see that £, = 2L, is a GFP sequence of
Lucas-type, where £y, = 2. This and the previous case imply

— o, if v5(n) = vo(m);
Res(Lin, Ln) = {Qngcd(mﬂ) ((_]_)77“15277_"“',0)% ., if va(n) # va(m).

Since Res (m, E_n) = Res(QEm, 2£n), we have

Res (L, £,) = Res(2, L,)Res (L, 2)Res (Lo, L,,) = 2(”+m)"Res(£m,£n).

Therefore, Res (ﬁm, En) = 2~ (n+mReg (m, E_n), completing the proof. m

6 Proof of Theorem 3

In this section we prove the theorem about the resultant of two equivalent polynomials (see
Section 2).

The following corollary is a consequence of Proposition 12 Part (iii). So, we omit its
proof.
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Corollary 18. Let m,n € Zg. va(n) < vo(m) if and only if Res(L,, Fn) = 0.

Proof of Theorem 3. We consider two cases: a = 1 and o« = 2. We prove the case a = 1,
the case a = 2 is similar and it is omitted. Let

A={i € Zoo | Vj € Z=g, Property (12) holds for Res(L;, F;)}.

0, if 15(7) < va(d);
R ‘C?E - . i(i—
es( J ) {2ngcd(z,j)n ((_1)770.)627770.1,0)(]( 1))/2 ’ if VQ(j) > l/g(i).

Since Res (Ej, 1) =1, we have i =1 € A. So, A # (). The following claim completes the
proof.
Claim. A = Z+.
Proof of Claim. Suppose B := Z~q \ A is a non-empty set. Let m # 1 be the least element
of B. So, there is h € Z~( such that Res(ﬁh,]-"m) does not satisfy (12). Let n be the least
element of the non-empty set H = {h € Zq | Res(Ly, F,,,) does not satisfy (12)}.

If v5(n) < vo(m), then by Corollary 18 it holds Res(ﬁn,}—m) = 0. This and (12) imply
that m € A. That is a contradiction. Let us suppose that v5(n) > ve(m).

We now analyze cases on m.

Case m = n. Note that Res (Cn, fn) = Res (]—"n, En). From Proposition 10 Part (i) with
r=qg=a=1(if a # 1 is similar) we have L,, = F,11 + gF,_1 = dF, + 29F,_1. Therefore,
Res(}"mﬁn) equals

(12)

Res (]:n, dF, + 29~7:n—1) = (5n—1)nn—(w+n(n—2))Res (fn, 29~7:n—1)
= pr=He-wgn(n—1Reg (.Fn, g]-"n,l).

By Lemma 7 Part (ii) and Proposition 15 Part (i), we have
(n=2)(n=1)
Res(Fy, dF, +29F, 1) = 2" D (1)« (gm i) pet (q)en e p) ==

n(n—1)

— 9n(n=1) ((_ 1)wn62npr) 2

So, Res (En, Fn) satisfies Property (12). That is contradiction. Therefore m # n.

Case m > n. From the Euclidean algorithm we know that m = ng +r for 0 < r < n.
We consider two sub-cases on q.

Sub-case ¢ = 1. Note that 0 < r < n. So, m = n+r and Res(ﬁn, fm) = Res(ﬁn, ]:,HT).
This and Proposition 10 Part (i) imply that Res(L,, Fn) = Res(Ly, aLyFr + (—g)" For).
Therefore,

Res (‘Cna -Fm) _ Bnn(nJrrfl)f(errn(nfrfl)Res (‘Cna (_g)r‘/—_-nir)
= B Res (L, (—9) Fur)
[T Reg (L’n, (—g)”) Res (L’n, ]—"n,r) )
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This and Lemma 7 Part (iii) imply

Res (En, ]-"m) = ﬂ”(%’_‘”)r (Res (En, —g))r Res (ﬁn, ]-n_r)
= prn—wr (Res(ﬁn, —1))T (Res(ﬁn, g))r Res (En, Fn,r)
ﬂn(Qn—w)’/‘(_1)T77n(_1>7]anReS (ga £n)rReS (£n> ]:n—r) .
Therefore,
Res (ﬁn, ]-"m) = (—l)nm(”“),8”(277_“)’”pm’Res (Cn, ]-"n_,,) . (13)

Since m > n — r is the least element of B, we have n — r € A. Therefore, it holds
Res(Ly, Fp_p) = 2n(ecdtmn=r)=1) ((=1)m 2w )" ="0/2 " Thig and (13) (after simplifica-
tions) imply that

n(n+r—1)
2

R€S<£n,f ) n(ged(n,n—r) [5277 w( )wp}

Therefore, Res (En, fm) satisfies Property (12). That is a contradiction. Thus, m # n + r.

Sub-case ¢ > 1. Since Res (En,]-'m) = Res([ﬁn,fnq+r), by Proposition 10 Part (i) we
have Res (En, Fm) = Res (En, aLnFrig—1y+r — (—9)" Fug—2) M) This, Lemma 7 Part (iv) and
the fact that nnp(ng+r —1) — (wn+nn(¢g—2)+r—1)) = (2n — w) , imply that

Res (Cn, ]—"m) — gr@n1—w)nReg (En, —(—g)”}"n(q,mﬂ).
So, by Lemma 7 we have

R€S<£n7«/t-m) = 5 (2n—w)n Res(£n7 )RG‘S(Ena( g)n)R‘eS(‘CnVFn(quJrT)

= gl (pym (ReS( )" Res (Lo Fogg-as)
gn—w nZ( 1ym (Res(ﬁ ))nRes(En,fn(q—2)+r)

_ 27] w n2( 1)r]n(n+1) (Res (ﬁmg)) Res(/ln,fn(q_g)w)

_ ﬂ(277 w)n? (Res(ﬁm g))n Res(ﬁn, Fn(q—?)—‘r?“) :

Since m is the least element of B and n(q —2) +r < m, we have that n(¢ —2) +r € A. This
and v5(n) > va(m) = va(n(q — 2) + r) imply that

n(n(g=2)+r—1)
2

Res (En’ Fn(q72)+r) _ 2n(gcd(n,n(q—2)+r)—1) [(_l)nw52n—wp]

Note that ged(n,n(q — 2) + r) = ged(n, ng + r). Therefore,
n(n(g=2)+r—1)
Res(£n7fm) = ﬁ(zﬁ—w)n ( 1)77nwpn 2n(gcd(n,n(q—2)+r)—1) [(_1)nwﬁ2n_wp} 5

(2n—w)n(ng+r—1) nwn(ng+r—1) n(ng+r—1)

= 5 (-1 3 p oz onleedmngtn)—1)

n(ng+r—1)

2n(gcd(n,nq+r)—1) [(_1>nw62n—wp] 3
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n(m—1)
From this we conclude that Res(L,,F,,) = 27ecdtnm)=b) [g2—w(_1)mp="2  Therefore,

m € A. That is is a contradiction.

Case m < n. From the Euclidean algorithm we know that n = mq +r for 0 < r < m.
There are two sub-cases to consider, ¢ = 1 and ¢ > 1. However, we prove only the case in
which ¢ = 1, the other case is similar and it is omitted.

Sub-case ¢ = 1. In this case r # 0, for r = 0 see the case m = n. Therefore,
Res (ﬁn, fm) = Res (£m+r, fm). This, Proposition 10 Part (ii) and Lemma 7 Parts (i) imply
that

Res(Ly, Fn) = Res(((a—0)*/a) FuFr + (—9) Lin—r, Fm)

2 —b)?
= (=1)7 (M DRes(F,p, (e - ) FnFr 4+ (=9) Lin—r).

Note that (m £ r)(m — 1) and r(m — 1) are even (it is clear if m is odd), if m is
even, then 1 < wy(m) < s(n = m +r). So, both n and r are even. Therefore, we have
(_1)n2(m+r)(m—1) — (_1)n(m—1)r — (_1)n(m—1)wr =1.

From Lemma 7 Parts (ii), (iii), and (iv) we have
Res(Lo F) = (3700000 Res(F, (—g) L)
_ B(mfl)(QW*w)rReSQFm’( ))RGS(Fm,Emfr)
= BN IRes(Fn, (—g)")Res(Fony Loy )
_ ﬁ(m 1)(2n— ereSU:m,( 1) )Res(}"m,g )Res(}"m,ﬁmfr)
1) (—
n

,,,

Bm=D@n—w)r(_1yn(m- 1)1 Res(g, Frn ) "Res(Fny Lo )

— B(m 1)(2n— w)rpr(m 1)(_1) 2(m— 1)(m7T)R€S(£m7T,Fm)
_ (_1)n(m—l)(1+w)r6(m—1)(Qn—w)rpr(m—l)ReS (Lm—ra ]:m) )

Since n = m + r is the least element of H, we have that (m — r) ¢ H. Therefore,
Res(ﬁm,r,}"m) satisfies (12). So,

Res(ﬁn, fm) — 6(m—1)(2n—w)rpr(m—1)2n(gcd(m—r,m)—1) (ﬁgn_wp) (m—r)(m—1)/2 .
Since 0 < r < m, the ged(m — r,m) = 1. This (after some simplifications) implies that

Res(L,, Fin) = ((—1)"”52”*“p)(m_1)(m+r)/2. Therefore, m € A. That is a contradiction.
This completes the proof of the claim. m

7 Proof of Theorem 6

In this section we prove a theorem that gives closed formulas for the derivatives of GFPs.

Recall that from (4) and (5) we have d = a + b, b = —g/a, where d and g are the
polynomials defined in (2) and (3). This implies that a —b = a + ga™'. Here F,,, L, a', V'
and d' are the derivatives of F,,, £,,, a, b and d with respect to x.
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Proof of Theorem 6. We prove Part (i). From Binet formula (4) and b = —g/a we have
Fo=(a"=(=g)"a") /(a—(=g)a™).

1

Differentiating JF,, with respect to x, using a — b = a + ga~" and simplifying we have

_nd (@ (—g)ta ) (1 ga ) (@ — (—g)"a ")

;L _ , 14
7 (a—b)? (a—b)? "
Since d = a+ b, and b = —g/a, we have @’ +V = d’, and V/ = ga—2a’. These imply that
!
a’:L and l—ga_ch—i.
a+ ga=! a

Substituting these results in (14) and simplifying we have

g _nad (@ 4 (—g"a™)  d-d (" —(=g)"a")
" (a =) (1+ga=t)?  (a—0)

Thus,
S nd @) dd (@ (—g) )
! (a—0b)? (a—0b)? (a —b)
It is known that (see, for example [11]) a” + 0" = gF,—1 + Fni1. S0,

7 nd (gFn—1+ Fnr1) —d-d'F,
! (a —b)?
This completes the proof of Part (i).

We now prove Part (ii). From [11] we know that £,, = (¢F,—1 + Fny1) /a. Differentiating
L, with respect to z, we have (recall that g is constant) £}, = (9F,_; + F,,,,) /a. This and
Part (i) imply that

/ gd/ ((n — 1)a£n—1 - dJrn—l) d ((n + 1)a£n+1 B d‘/—-n-i-l)
L, = + :
ala —b)? ala —b)?

Simplifying we have
d/
‘C{n = m ((n — 1)Olg£n_1 + (TL -+ 1)a£n+1 —
This and £,, = (9F,—1 + Fn+1) /o imply that

, _d (n—=1)gLp1+ (n+ 1)Ly —dL,)

dagfnfl + Fo
— )

£ (a —b)? '
Therefore,
;A (n(gLnr + Loy1) + (L1 — gLar) — dL,)
L, = (4= D) ) (15)

From [11] we know that
gLy 1+ Ly = (a—b)>*F/a, Loy — gLy 1 =al,Ly, and afl;—d=0.
Substituting these identities in (15) completes the proof. O
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8 Proof of Theorems 4 and 5

In this section we prove Theorems 4 and 5. We first prove some basic lemmas needed for
the main proof.

8.1 Basic lemmas for the discriminant

Recall that one of the expressions for the discriminant of a polynomial f is given by Disc( f ) =
(—=1)"(=D/2¢~1Res(f, f'), where a = lc(f), n = deg(f) and f’ the derivative of f.

Lemma 19. Forn € Z>o we have

n(—g)n=1/2, if n is odd;

F,, mod d* + 4g =
g {(—1)(”“)/2 (ndg™=272) /2, if n is even.

Proof. We use mathematical induction. Let S(k) be statement:

(—=1)k=D/2ggt=1)/2, if £ is odd;
(—1)*+2/2 (kdgk=2)/2) /2, if k is even.

Since F; = 1 and F, = d, we have S(1) and S(2) are true. Suppose that the statement is
true for some k =n — 1 and k = n. Thus, suppose that S(n — 1) and S(n) are true and we
prove S(n + 1). We consider two cases on the parity of n.

Case n even. Recall that F, 1 = dF, + gF,—1. This and S(n — 1) and S(n) (with n
even and n—1 odd) imply that F 4 = (—1)"*2/2 (nd?g"=2/2/2) + (n—1)(—g)"~2/2g mod
d? + 4¢g. Simplifying

fkmodd2+4gz{

22T A2 g(n=2/2

FnJrl = <_1) D)

+(2n — (n 4 1))(=1)"2/2g"2 mod d? + 4g.

It is easy to see that
o nd2gm=2/2
2

)/2

(n—2
92 n o) /o1
(-1 dan(1)0m gl = (s BT g

Thus,
N 2 2
Fogr = (1) — (d* +4g) + (n + 1)(—g¢)™? mod d? + 4.

This implies that 7,11 = (n 4+ 1)(—¢)™? mod d? + 4g.
Case n odd. S(n—1) and S(n) (with n odd and n — 1 even) and F, 1 = dF,, + gF,_1,
imply that

— 1)dg(=3)/2
Fpi1 = n(—g)" V24 4 (—1)nD/2 ((n )29 > g mod d* + 4g
—1)(n=1/29p _ (—_1)(n=1/2(, — 1
= dg(”_l)/2<( ) t (2 ) (n )> mod d? + 4g
-1 (n+3)/2 1)d (n—1)/2
= (1) (n + 1)dg mod d? + 4g.

2
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This completes the proof. O]
Lemma 20. If n € Zso, then Res((a — b)%, F,) = (8*17%p)""Dn1.

Proof. From [11] we know that (a — b)? = d*> + 4g. This and Lemma 19 imply that there is
a polynomial 7" such that

F {(a —0)2T + n(—g)=/2, if n is odd; (16)

(a — b)*T + (—=1)"2/2271qg(n=2/2p " if p is even.
Using Lemma 7 Parts (i), (iii) and (iv) and simplifying we have
Res(d2+4g,gm) = Res(d2—|—4g,g)m = Res(d2+4g,g)m = ()\2”_2’7Res(g, d)z)m = p*™. (17)

To find Res((a —b)?, Fn) we consider two cases, depending on the parity of n.
Case n is even. From (16) we have

Res((a —b)?, ]-"n) = Res((a —b)2, (a —b)*T + (—1)("+2)/22_1dg("_2)/2n).
This and Lemma 7 Parts (i), (ii) and (iv) imply that

Res((a—b)%, F) = A0 DRes((a — b, (~1)"2/22 n)Res((a — )%, dg"~2"?)
= AEIn=D (271021 Res ((a — b)?, d)Res((a — b)2,g” 2/2)
3(277—w)(n—2)(2—171)2771;{68(6117 d? + 4g)Res((a — D)2, g2/ )

Using similar analysis as in (17) we have Res((a —b)?, g""=?/2) = p"=2. I is easy to see that
Res((a — b)?,d) = Res(d, d* + 4g) = $?"+27. Therefore,

Res((a _ b)2,.7:n) _ 5(2777w)(n71)n27]ppn72 _ (ﬁanwp)(nfl)HQn.
Case n is odd. From (16) we have
Res((a — b)%, F,) = Res((a — b)?, (a — b)*T + (=1) /2271 qg(n=2)/2p)
This and Lemma 7 Parts (i), (ii) and (iv) imply that

Res((a — b)2,]-"n) — (52)W(”*1)*w(n71)/2Res(d2 + 4g,n(—g)(”’1)/2)
= BT Up2Res(d? + 4g, g V7?)
= (p¥* )n Dp2n.

This completes the proof. m
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8.2 Proof of main theorems about discriminant
Proof of Theorem 4. From Theorem 6 we have
Res(F,, (a — b)*F,,) = Res(F,,d (naLl, — dF,)).

Since deg(d) = 1, we have that d’ is a constant. (Recall that when F,, and £, are together
in a resultant, they are equivalent.) Therefore,

Res (Fn, (a — b)QF,'l) = (d)" 'Res (.Fn, nal, — d]-"n).

Since deg(F,,) = n(n—1) and deg(L,) = nn, we have Res (fn, noan—d]:n) = Res (.7:”, naﬁn)
So, Res(]—"n, (a — b)2.7-"7’l) = (ad’n)”*lRes(}—n,En) = (ad’n)"flRes(ﬁn,}"n). This and Theo-
rem 3 imply that

Res(Fn, (a— b>2]_—7/1) = (ad'n)"12n ot (ﬁzp)n(n—l)ﬂ = (2d'n)"" (5210)71(%—1)/2' (18)
On the other hand, from Lemma 20 and the fact that deg(a — b)? is even we have
Res(Fy, (a — b)2F,) = Res(Fn, (a — b)*)Res(Fy, Fp,) = n?(82p) "V Res(F,, Fl).

This and (18) imply that

1)/2

(2dln)n71 (52P> n(n—
n?(32p)n !

Res(]—"n, ]—"T’l) = —3(2d/)n—1(/BZp)(n—l)(n—Q)/Q.

Therefore,

(n=1)(n—-2) l)n 2)

DISC(JT_'n> — (_1) 61 "Res(}_n,}"') ﬂl—nnn—3(2dl)n—1( 62 )n 1)(n— 2)/2

This completes the proof. O

Proof of Theorem 5. From the definition of the discriminant we have
Disc(L,) = (=1)"" V203 " Res(L,, L],).

This and Theorem 6 imply that Disc(L,) = (—=1)"""Y/2a8 "Res(L,, (nd'F,)/c). Since
(nd')/evis a constant, Disc(L,,) = (—1)"""D/2a7"(nd' /)" Res(L,,, F,,). This and Theorem
3 imply that

/
Disc(ﬁn) — <_ )n<n2 1>Oéﬁ <ﬂ> on—1,1- n(ﬁZ )(n” 1))/2
— prln- (nd’) 2n71a272n( _ ,0) (n(n=1))/2
Completing the proof. O
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Theorems 4 and 5 generalize as follows.
If deg(d) = m, g is a constant and d’ is the derivative of d, then

DlSC(.Fn) — (_p)(n—2)(n—1)/22n—1nn—3/8(n—1)(n—3)Res(Fn’ d/)nfl‘
If deg(d) = m, g is a constant and d’ is the derivative of d, then
Disc (Ln) _ (_p)n(n—l)/2 2n—1nna2—2n6n(n—2)ReS<£m d’)n,

Open question. In this paper we did not investigate the case deg(g) > deg(d). This

property is satisfied by Jacobsthal polynomials.

9
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