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Bernoulli numbers (B,,),>o and Fibonacci numbers (F},),>o are regarded as the most impor-
tant and fascinating sequences in mathematics. Relationships between them and between
their companion sequences, Euler numbers (E,),>o and Lucas numbers (L,),>0, have been
studied by some authors in the past. Zhang and Ma proved [11] a relation between Fibonacci
polynomials and Bernoulli numbers. The following identity is a special case of their result:
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Abstract

We present new identities involving Fibonacci and Bernoulli numbers, and Lu-
cas and Euler numbers, respectively. To achieve this, we derive general relations
between Bernoulli (Euler) polynomials and balancing (Lucas-balancing) polynomials.
The derivations make use of elementary methods including generating functions and
functional equations. Evaluating these polynomial relations at specific points, we get
several new identities for the Fibonacci-Bernoulli and Lucas-Euler pairs. We also state
some identities involving Bernoulli and balancing numbers.
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where 8 = (1 — v/5)/2. Byrd [3] derived a result of similar structure involving Lucas and

Euler numbers:
n—k

zn: (Z) (Z)  LeB = 2", 2)

Still other relations are contained in the articles [2, 4, 7, 8], congruences are studied in [10].
Inspired by these elegant results, the present paper is devoted to develop further relations
between these famous number sequences. To achieve this goal, we study relations between
Bernoulli (Euler) polynomials and balancing (Lucas-balancing) polynomials. The deriva-
tions are based on functional equations for the respective generating functions.

We begin by introducing some notation. As usual, B, (z) will be used for the nth Bernoulli
polynomial and F,,(x) will denote the nth Euler polynomial, where the argument x is assumed
to be a complex number. These classical polynomials are defined by [1]
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The numbers B,(0) = B, and E, = 2"E,(1/2) are the famous Bernoulli and Euler
numbers, respectively. Bernoulli numbers are rational numbers starting with By = 1, B; =
—1/2,By = 1/6,B; = —1/30 and so on. Also, By,y; = 0 for n > 1. In contrast, Euler
numbers are integers. We have £y =1, Fy, = —1, E4 = 5 and Es,,1 = 0 for n > 0. Bernoulli
and Euler numbers (polynomials) play a distinguished role in many mathematical branches,
such as, number theory, combinatorics and analysis. There is a countless number of articles
in which their properties are studied. The basic properties can be found in the textbook [1],
for instance. For more material we refer to a bibliography of Bernoulli numbers (polynomials)
[5]. The following properties of Bernoulli and Euler polynomials will be employed in a sequel:
The reciprocal relations are

B,(1—z)=(-1)"B,(x) and E,(1—2)=(-1)"E,(z),
and the difference equations are given by
nz" ' = (=1)"B,(—z) — B,(x) and 22" = E,(z) + (=1)"E,(—x).

Euler polynomials can be expressed in terms of Bernoulli polynomials via

For(a) = 2 (Balw) ~ 2B (/2).



In this article, we choose balancing polynomials B (x) and Lucas-balancing polynomials
C,(x) to serve as the linking objects between Fibonacci and Bernoulli numbers and Lucas
and Euler numbers, respectively. Balancing polynomials are defined by the recurrence (see
)

B (z) = 6xB;,_(z) — B, _5(x), n =2, (5)

n

with the initial terms Bj(xz) = 0 and Bj(x) = 1. Similarly, Lucas-balancing polynomials are
defined by

Cu(z) = 62C,_1(x) — Cp_o(x), n > 2, (6)
with the initial terms Cy(z) = 1 and C4(x) = 3z. The numbers B} (1) = B} and C,,(1) = C,

are called balancing and Lucas-balancing numbers, respectively. It is a routine task to derive
the Binet forms for these polynomials. We have

_ @) = A=)

Biw) = Yy ond C’n(x):%()\"(:c)—i-)\"(a:)), (7)

where A(x) = 3z + 922 — 1 and A" !(z) = 3z — v/922 — 1. The polynomials are connected
to Chebyshev and Legendre polynomials (see [6]). We will exploit two other results about
balancing polynomials to prove many of our discoveries. The first result relates balancing
polynomials to Fibonacci and Lucas numbers.

Lemma 1. Balancing and Lucas-balancing polynomials admit the following evaluations:
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where m 1s an integer, i = \/—1 1s the imaginary unit, and F,, and L, denote Fibonacci and
Lucas numbers, respectively.

The second lemma deals with exponential generating functions for balancing and Lucas-
balancing polynomials.

Lemma 2. Let F(x,z) and G(x,z) be the exponential generating functions of (B:(x))n>0
and (Cp(x))n>0, respectively. Then

1

922 — 1

F(z,z) = ZB;(@% = e*** sinh(v/922 — 12), (10)
n=0 ’

and

G(z,2) = Z C’n(x)z—' = €3 cosh(v922 — 12), (11)
n!
n=0
where sinh(-) and cosh(-) are the hyperbolic sine and cosine functions.
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2 Results

Our first result is the following theorem.

Theorem 3. Letn > 1. Then

> (})B@eEE T B = G (12)

k
k=0
n=k (mod 2)
and .
> (Z) Cr(2)(2V922 — )" F(2" % — 1)B,_1, = n(92* — 1)B;_,(x). (13)
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Proof. By (10) and (11) we have
2G(x,2) = V92?2 — 1z coth(vV9x? — 12) F(z, 2).

The left hand side is .
ZTL
G = C,_ —.
2G(x, 2) ngl 1(:U)nn!

Next, form the power series expansion

1 > 22n
coth(z) = 2 + Z —— By,

“— (2n)!
we immediately get
> 2n
V92?2 — 1z coth(v 922 — 12) = 2(2\/9562 - 1)2”Bgnﬁ.
n)!
n=0

Now, the relation follows from multiplying the series on the right using Cauchy’s rule and
comparing coefficients. The second statement is proved analogously utilizing

(92% — 1)2F (2, 2) = V922 — 1z tanh(V922 — 12)G(x, 2),

in combination with



Corollary 4. Let n > 1 be an integer. Then we have the following relations between balanc-
ing numbers and Bernoulli numbers:

n

3 (Z) 32"3" B} B,_j = nCy_1, (14)

k=0
n=k (mod 2)

and
n

> (Z) 327" (2% — 1)y B,y = 8nB"_,. (15)

n=k (mod 2)

Also, for each m >0 (or > 1), the following identities are valid:
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Proof. Evaluate (12) and (13) at the points © = 1, x = i/6Lap,+1 and x = 1/6 Ly, respec-
tively and use Lemma 1. To simplify the square root recall that L2 = 5F? + (—1)"4. O

Special cases of the corollary are the following sums which should be compared with (1):

n n ek n
Z (k>5 > FpB,_\ = ELn—la (20)

n:k(ﬁlod2)
- N\ _n-k . on
> 5% (2" F — ) LyBy oy = = F, 1, (21)
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k=0
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and
n

. 5
3 (Z)mk(z“ — 1) Lox By = 7"1?2”_2. (23)

n=k (mod 2)
The next theorem deals with sums of weighted products of balancing and Bernoulli

polynomials and Lucas-balancing and Euler polynomials, respectively.

Theorem 5. Letn > 1. Then

n

> (Z’) (2v/92% — 1) * B () Bp_i(z) = n<3x + (22 — 1)\/9:@27—1) o (24)

k=0

Also, for n > 0, we have the identity

n

3 (Z) (V07 = 1) Cy(w) By n(w) = (32 + (20 = DVO7 = 1) . (25)

k=0

Proof. Since
Ze(x—1/2)z > e(x—l/?)z

72 — =22~ 2sinh(z/2)’

H(z,z) =
we have the functional relation

F(z, 2)H(z,2v/922 — 12) = zeBrH@e-1)voa?-1)z

Expanding both sides in form of power series and comparing the coefficients of 2™ yields the
first formula. The second formula corresponds to the similar functional relation

Gz, 2)I(x,2V/922 — 12) = BatRa=Dvoai=1)z.
[

Theorem 5 also contains some interesting sums as special cases. In order to give a more
detailed exposition, we state each example as a separate corollary.

Corollary 6. Forn >1

|25 ( . )Qn%an%l:n(_l)nl’ (26)

—~ 2k +1
and forn >0
15] 2\ Bt
n—2k+ n—2k+1 n—2k+1 n
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Proof. Both expressions follow from (24) and (25) evaluated at z = 0 in combination with

B (0) = 0, o omeveny C0(0) = (=1)%, n even;
(—=1)"=  n odd; 0 n odd.

To complete the proof of the second expression we have used

2 n
E,(0) = n—HBn“(l —onth),

Corollary 7. Let m > 1. Then, for eachn > 1

" n— L m L m Fm L m n—1

2\ k 6 6
and for n >0
- n- L L Fom(Lom — 3)\"
S (7 5T’“L2mkF§;kEn_k(ﬂ> - 2(3 2m + V5 Fom (Lo 3)> . (29)
k 6 6
k=0
Proof. Evaluate (24) and (25) at = Lo, /6. O

It is worth to remark that the following two results are contained in the corollary as
special cases for m = 1:

S ()67 (-5 (0) o

5 (1))t =2(l) =
k=0

Compare with (1) and (2). Also, using the relations B} (—z) = (—1)""' B(z) and C,,(—z) =
(—1)"C,(x) in combination with the difference relations for B, (z) and E,(z), explicit eval-
uations at negative points can be derived easily. For instance, setting x = —1/2 in (24) and
(25) leads to

(O (- ) )T o

> (D)) 1t B = (2 B "

where a = (14 /5)/2 is the golden ratio.

[\]

and

and




Corollary 8. Let m > 0 and @ = \/—1. Then, for eachn > 1

- nok Lom 3L, EFy . (iLys; — 3)\n-1
Z (Z)5QkF(2m+1)kF2n¢;flen—k<i 26H> :n( omt1 + V5 Fomi1(iLom 1 )) ’
k=0

6
(34)
and for n >0

"~ 0\ ook o Lo 3Loms1 + VB Fomi1(iLomi1 — 3)\"
Z(k)5 Loy Fgn s B i 26“) — ot 26“( 2] )) . (35)
k=0

Proof. Evaluate (24) and (25) at @ = Ly, 11/6. O
When m = 0, then

n

Z @WF Bui(5) = (5 + ﬁ) (36)

[e=]

and

k=

where 8 = (1 —+/5)/2 = —1/a.
Indeed, we can prove more for these special sums.

Theorem 9. Forn > 1 we have

zn: (Z) 57 FyBp_i(1) = n<ﬁ + x/Ea:) " (38)

k=0

and for n > 0 the analogue relation for the Lucas-Euler pair is

n

3 (Z) 5" Ly By _p(z) = 2 (6 + \/Sa:)n (39)

k=0

Proof. We start with
\/52 6(1—1/2)\/52

Hiz,V52) = =5 sinh(v/52/2)

and

- zZ" 2
F,2~ = ——¢*/?ginh V52/2).
>y = e (V52



Hence,

(ZF >(ZB 5n/2 ) — e 2@=1/2V5z _ 26(5+\/5x)z’

and the proof of the first identity is completed. To prove the second identity we use
e(x—1/2)\/52

Iz, V52) = cosh(v/52/2)

and .
Z Z— = 2¢*/? cosh(v/52/2).
"n!

n=0

[l

If we set z = 0 in (38), then we recover (1). Setting z = 0 in (39) gives
n n okl — 2n—k+1 .
> ()5 o e = 40)

k=0
Similarly, setting x = 1/2 in (38) results in

n

> (Z)E)_k (27H) — 1) Fy B,y = n2'™", (41)

k=0
whereas setting x = 1/2 in (39) gives (2). Also, using the reciprocal relations for B,(x) and

E,(z) and a — 8 = /5, we immediately get the alternating version of Theorem 9:

Corollary 10. The alternating variants for the Fibonacci-Bernoulli and Lucas-Euler pairs
equal

n

Z (Z) 57%]“(—1)"’ka3”,;€(95) = n(a — \/535) n_l, (42)

k=0

and
n

3 (Z) 57 (—1)" LBy p(z) = 2<a - \/S:c)n (43)

k=0

Now, the value x = 0 produces

k=0

which is the alternating version of (1) and

n o 1 — 9n—k+l1
> (Z) 572 (—1)" P LBy gy = A, (45)

n—k+1



Corollary 11. Let n and q be two integers with n > 1 and q > 2. Then it holds that

n

3 ()5 - s

k=0
S ——
k=0
q—1 =
= ng"" Y (Ba+ V)" =ng' Y (ag— VEr)" (46)
] r=1

Proof. The statement follows from (38) and (42) combined with Raabe’s formula
1

- Z B, (x + g) =q "B,(qx).

q r=0

When ¢ = 2, then (46) gives (41). When ¢ = 3, then we obtain

S (o
k=0

= Z (2)5712_16(—1)”% (31_(”_k) — 1) FyBng = n3'"" Loy . (47)
k=0

Theorem 12. The following relation between even-indexed Fibonacci numbers and Bernoulli
polynomials holds forn > 1:

" 2n " 2n
5"k Fo Boy = 92(1-n) k5 k(g — 1)2(nk), 48
kZ—O (21{3) 2k Ba(n—i) () kz_o ok (22 — 1) (48)

Forn > 0, the analogue relation involving even-indexed Lucas numbers and Euler polynomials

15
- 2n n—k __9l-2n - 2n n—k 2(n—k)
) ( ) k) 5" * Lo B (1) = 217273 (2k)5 (22 — 1)2(=H), (49)

k=0 k=0
Proof. We start with (48). By (3) we have

00 2n 1 zcosh((x —1/2)z)
;B%(;p)m = 5(H(w,2) + H(w,=2)) = 5 sinh(2/2)

Also, it is easy to show that

Z FM(;—?:)! = % sinh(v/52/2) sinh(z/2).
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Thus, applying Cauchy’s rule, we arrive at

oo n 2 n

Z Z ( n) 5% Fog, Bo(n—) (2) S zsinh(z/2) cosh((2z — 1)v/52/2).

oo 2k (2n)!
To finish the proof of (48) we must apply Cauchy’s rule a second time and keep in mind that

) 0 Lo ZQn
zsinh(z/2) = ;(2@2 2n)l’
and . ,
_ no—2n on < "
cosh((2z — 1)V52/2) = ; 57272 (22 — 1) Ol

The proof of (49) uses similar arguments. The key components are

> 2" cosh((x —1/2)z)
nZ:o Banle) (2n)! - cosh(z/2)

which follows from (4) and

Z Lgn(;—;)! = 2cosh(v/52/2) cosh(z/2).

A slight modification in the above proof leads to the next theorem.

Theorem 13.

"\ /2n "\ /2n
o Bor _ 22(17n) k k—1 2 — 1 2(n—k)
(50 ) FoBao-s@) S (o) wst -t - b, (50)

and

"\ [2n _ ol-2n — (2n k 2(n—k)
> <2k> Lot By () = 272" (%)5 (20 —1) . (51)

k=0 k=0
Corollary 14. For each n > 1 we have the following relations:

n

" 2n\ ., . 2n\ , _,._

k=0 k=0

(2
> (ZZ) 5" (21720 — 1) Py By iy = n2207", (53)
k=0
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n M - 2n D\ "k
(Qk) sk (3172(n7k) — 1) P Bay(n ) = 92(1-n)+1 Z (ri) k(§> , (54)

k=0 k=0
" [2n = (21 .
) (Qk) Fo Bty = 2207 ) (ka) i (53)
k=0 k=0
~ (2n 1-2(n—k) n—192(1—n)
ol (2 — 1) Fop Bon—ky = n5"'2 , (56)
k=0

and
—~ (2n 1-2(n—Fk) 8 s (20 L
Z (Qk) (3 - 1)F2kBQ(n—k;) = 56 Z o k45", (57)
k=0 k=0
In addition, we have the identities

L2n — 217271 Z (zZ) 577,7/6’ (58)

k=0

()0 o2

k=0
and .
Z (2n> 2_2(n_k)L2kE2(n—k) _ 5ngl-2n (60)
pr 2k
Proof. Equations (52), (53) and (54) follow from (48) for x = 0 (or z = 1), x = 1/2 and
for z = 1/3, respectively, where we have also used Bs,(1/3) = 271(3'72" — 1)B,,. To get
equations (55), (56) and (57) set z =0 (or x = 1), x = 1/2 and for z = 1/3 in (50). Identity
(58) is (49) (or (51)) evaluated at x = 0 (or z = 1). Identities (59) and (60) are (49) and
(51) evaluated at x = 1/2, respectively. ]

" /on
_ 22n—1 ]
(o)
k=0

This leads to somewhat curious versions of the previous results. For instance, Lo, can be

expressed as
> (5)5"
Lon = " amy (61)
i > k=0 (gk)

We conclude this study with the following theorem.

Interestingly, it is known that
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Theorem 15. Let n > 1. Then

~ (n Bj () By—i(z) _ —~ (n Cr1(x)E, k()
; (k) (2—\/9:152—1)’C B — (k)k (2¢/922 — 1)k (62)

Proof. From (3) and (4) we have

H(z,z) ze*?4e#?2
I(z,2) 2e2—c2 2 coth(z/2).

This gives the functional relation
F(z,2)H(z,2v/922 — 12) = 2G(z, 2)1(2,2v/922 — 12).
Expanding both sides in form of power series and comparing the coefficients of 2" yields
z”: (n) By (x)B i (n - 1) (2) Ep1i()
<2W 2 (V02 — 1)1

The proof is completed noting that Bj(z) = 0 and
n—1 n
=(k+1 :
()=l
Corollary 16. The following identities are immediate consequences of Theorem 15:

- n k - n k Qk
—1)"*3272B’B,_; = —1)nk32mr (1 — 2" MO By,
2 ()t £ (vt e
(63)

Z (Z) 5% (21_(n_k) — 1) Fy By = Z <Z> k5732 DL DB, (64)

k=1 k=1

and more generally

“~ (n\__x —(k+1) Lom
> ()5 a5l s ()

" n k _k Lm
( )55 ? ¥ Lo 1)En-k<i>, (65)
=1

k 6
k=1 A
and
- n —k (k+1) .L2m+1 - - n\ k _E ok -L2m+1
; <k) 5 F(2m+1)kF2m+1 Bn—k <2—6 > = 2 (k;) 55 2 F2m+1L(2m+1)(k—l)En—k <ZT> )

(66)
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