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Abstract

An n-color composition is one in which a part of size m can come in m colors
(denoted by subscripts). Let C(v) denote the set of n-color compositions of the positive
integer v. In this paper, we consider further modular restrictions on the subscripts of
the parts within members of C(r). We first count members of C(v) in which all parts
have subscripts of the form fa + b, where b and ¢ are fixed and a > 0 is arbitrary.
Generating function and explicit formulas are found for general b and ¢ which extend
earlier results when ¢ = 2 and b < 3. We study the case £ = b — 1 in further detail
and find that the corresponding subset of C(v) is in bijection with various classes of
compositions. Finally, we consider two related problems: one where the subscript
restriction applies only to parts within a given modular class and another where the
subscript of a part belongs to the same modular class mod ¢ as the part where ¢ is
fixed.

1 Introduction

A composition of a positive integer v is a sequence of positive integers o = {0y, 09,...,0,}
such that o1 + 09 4+ -+ + 0, = v. The summands o; are called the parts of o and v is the
weight of 0. For example, the compositions of 4 are

{4}, {3,1}, {1,3}, {2,2}, {2,1,1}, {1,2,1}, {1,1,2}, {1,1,1,1}.

Agarwal [1] introduced a generalization of the concept of a composition known as an
n-color composition wherein a part of size m > 1 can come in one of m different colors. The
colors of the part m are denoted by subscripts mq, mo, ..., m,,. For example, the n-color
compositions of 4 are

{41}7 {42}a {43}7 {44}7 {317 11}7 {327 11}7 {337 11}7 {11a 31}; {117 32}7 {117 33}7 {217 21}7
{217 22}7 {227 21}7 {227 22}7 {217 117 11}7 {227 117 11}7 {117 217 11}7 {117 227 11}7 {117 117 21}7
{117 117 22}7 {117 117 117 11}

It is well-known that the total number of n-color compositions of v is given by the Fibonacci
number F5,. Moreover, the number of n-color compositions of v with exactly m parts is
the binomial coefficient (”+m 1). For further results about n-color compositions, see, e.g.,
[1,2,4,6,7,9,10, 11, 13, 14, 15]. In this paper, we study some new restrictions on n-color
compositions that generahze previous results given by Sachdeva and Agarwal [13].

The organization of this paper is as follows. In the next section, we count the members
of C(v) in which the subscripts on all parts are of the form fa + b for some a > 0, where
b,¢ > 1 are fixed, providing generating function and explicit formulas. This extends recent
work [13] in the case ¢ = 2. We consider further the case ¢ = b — 1, which yields several
previously studied sequences from [16], and find bijections between various restricted classes
of binary words and compositions and the corresponding subset of C(v). In the third section,
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we count members of C(v) in which only parts of the form fa + b for some a > 0 satisfy a
similar modular requirement with respect to their subscripts. An explicit formula for the
generating function is found which extends prior results [13]. Finally, a comparable formula
can be given which counts members of C(v) in which parts of the form fa + b where a > 0
and 1 < b < ¢ must have subscripts of the same form.

2 Generalized restricted n-color compositions

Given positive integers ¢ and b, let Cypu1p(v) denote the number of n-color compositions of
v into parts with subscripts of the form fa + b for some integer a > 0. We also denote by
Crarp(m, v) the number of n-color compositions of v into m parts with subscripts of the form
la + 0.

For example, Cs,.1(4) = 9, the compositions being

{41}a {44}a {31a 11}7 {11731}7 {21721}7 {217 11a 11}a {11a 217 11}7 {117 117 21}7 {11a 117 117 11}

Theorem 1. Let GCyip(m,x) and GCpyrp(x) denote the generating functions for the se-
quences Coqrp(m,v) and Cearp(v), respectively. Then we have

GCrays(m, ) = ((1 - x;U(bl — 93@)>m’

b
gcla—&-b(x)

T
Cl—z— gttt — b

Proof. Let ¢ = o1---0,, be a non-empty n-color composition having m parts where each
subscript is of the form fa 4 b for some a > 0. If 0; = ¢ with ¢« > b, then o; contributes to
the generating function the term w;z’, where

o izt
1T g )

while if 4 < b, then it fails to contribute.
Note that the generating function of the sequence

{witog=140,...,0,1,...,1,2,...,2 ...
B b ¢ ¢
is given by
2
(1—2)(1 -2
Therefore,
< ) Z ) m l‘b m
GCrorp(m,x) = w; " = ( ) )
: (=) - )



Finally, summing the last expression over m > 1, we get

b
__r b
(1—z)(1—zf) x
gCg,H_b(ZE) = b = ¢ ¢ ’
x —r— +1 _ b
1 — = a=a] l—z—-24+2 x

We have the following combinatorial formula for the sequence Cyqip(m, v).

Theorem 2. The sequence Cyqip(m, V) is given by the expression

o) L:ib:J (m;:i_l 1) (1/ — 0 +7:l£11_ b) — 1).

Moreover, Ciuip(V) = Crarp(V — 1) + Cpaqp(v — €) — Cpasp(v — € — 1) + Cporp(v — b) when
v > max{l{+ 1,b}.

Proof. By Theorem 1, we have

GCratp(m, ) ((1 1= xg))

ii <m+z—1) (m—l—j 1>$j+iz+bm.
J
i=

=0

Taking ¢ = j + ¢i 4 bm gives

gc€a+bm x Z Z (m+l—l) (t—gl‘}‘?;n(_].l— b)_l)xt

1=0 t=il+bm

By comparing the v-th coefficient of both sides of the last equation, we obtain the desired
result. The recurrence relation follows from the generating function formula for GCpayp(x)
given in Theorem 1. [

Remark 3. Setting ¢ = b = 1 in Theorem 2, and using the binomial identity [5, Formula

5.26], recovers the fact that there are (”;;;n 1) n-color compositions of v with exactly m parts

and thus Fy, altogether with no restriction as to the number of parts.

By setting ¢ = 2 and b = 1, we have the following corollary (see Theorem 2.1 of [13]).

Corollary 4. The generating functions for the number of n-color compositions of v into
m parts with odd subscripts and for the total number of n-color compositions of v with odd

subscripts are

T
GCoui1(w) = 1 =2z —a%+a2%




Moreover,

m+i1—1\/v—21—1
C2a+1(may): ( m—l )( m—l )
=0

and Coqy1 (V) = 2Co011(v — 1) + Cogy1 (v — 2) — Couy1 (v — 3) for v > 3, with the initial values
C2a+1<1) = 17C2a+1(2) = 27C2a+1(3> =9.

Letting ¢ = 2 and b = 2 yields the following corollary (see Theorem 2.3 of [13]).

Corollary 5. The generating functions for the number of n-color compositions of v into m
parts with even subscripts and for the total number of n-color compositions of v with even
subscripts are

GCoura(m, x) = <<1 . x)a;l - x2)>m - ((1 + :z:)x(zl - x)2>m’
GCoara(x) =

x
1—ax—222+ a3

Moreover,

V2m

| =] .
m+1—1\[/v—201—m—1
C2a+2ml/ Z ( )( m—1 )

1=0
and Cogi2(V) = Cogra(V — 1) + 2Coa40(v — 2) — Couya(v — 3) for v > 3, with the initial values
C2a+2(1) - 07C2a+2( ) - 17C2a+2( ) L.

Letting £ = 2 and b = 3 yields the further corollary (see Theorem 2.2 of [13]).

Corollary 6. The generating functions for the number of n-color compositions of v into m
parts with odd subscripts > 1 and for the total number of n-color compositions of v with odd
subscripts > 1 are

gcza+3(m,x>=( v )2>m,

(14+2z)(1—=
73
GCouy3(x) = [k

Moreover,

v—3m

= m+i1—1\[/v—2t—2m—1
CQa+3(m7y)_ m—l m_1

=0

and Coui3(V) = Cogrs(v — 1) + Cours(v — 2) for v > 3, with the initial values Couy3(1) =
0,Co0+3(2) = 0,Co043(3) = 1.




‘ Sequence Cyqip(V) ‘ A-Sequence ‘
1.2, 4,9, 19, 40, 85, 180, 381, 807, 1709, 3619, 7664, 16230, 34370 A052908
1,1, 2, 4,6, 11, 19, 32, 56, 96, 165, 285, 490, 844, 1454, 2503, 4311 | A116732
1,1, 1, 3, 4, 5, 10, 15, 21, 36, 56, 83, 134, 210, 320, 505, 791, 1221 A176848

W W W
W =

Table 1: Some particular cases for ¢ = 3.

When ¢ = 3, we obtain some known sequences from the OEIS [16]. In Table 1, we give
the first several non-zero values.

Note that the sequence A052908 does not have a combinatorial interpretation listed. For
the sequence A116732, our combinatorial interpretation differs from the one given. Let A be
the set of compositions with parts in {1,2, 3} such that the order of adjacent 1’s and 3’s is
unimportant. Let a(n) be the number of elements in A of weight n. For example, a(6) = 19,
where the compositions are

{37 3}7 {37 27 1}’ {37 17 2}’ {27 37 1}7 {17 27 3}7 {37 17 17 1}7 {27 27 2}7 {27 27 17 1}7 {27 17 27 1}’
{2,1,1,2},{1,2,2,1},{1,2,1,2}.{1,1,2,2},{2,1,1,1,1},{1,2,1,1,1},{1,1,2,1,1},
{1,1,1,2,1},{1,1,1,1,2},{1,1,1,1,1,1}

Theorem 7. Forn >0, a(n) = Csaya(n + 2).

Proof. Let w be a composition in A. Then w is either an integer partition (non-ordered
composition) with parts in {1,3} or can be factorized as p2w’, where p is a partition with
parts in {1,3} and w’ € A. Thus, the generating function A(z) of the sequence a(n) satisfies
the relation

A(z) = Pis(z) + Pra(z)a*A(x),

where P 3(z) counts integer partitions with parts in {1,3}. Since

1

Pa@ = a—5a =

we have

Alx) = !

Cl—z— 22— 23 f ot
Finally, by Theorem 1,
GCsa42(x) = 2 A(x),

which yields the desired result upon comparing n-th coefficients. O

Let b(n) be the number of compositions of n where each part of size j for j > 1 comes in
|7/3] kinds (sequence A176848). For example, b(7) = 4, the enumerated compositions being
{71, {7}, {32, 42}, {4, 3.} It is clear from the definitions that b(n) = Cs,13(n) for n > 1.

We now give a bijective proof of the prior theorem.
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Combinatorial proof of Theorem 7.

Let A,, and C,, denote the set of compositions enumerated by a(n) and Cs,y2(n), respec-
tively. We will define a bijection between A, and C,.5 for n > 0. Let us assume that 3
always precedes 1 whenever there is an adjacency of the two letters within a member of A,,.
Let A € A,. First assume A contains no 2’s. Then we may write A\ = 3?17, where 7,5 > 0
with 37 + j = n. In this case, we map A to the colored composition N = (3i 4+ j + 2)3;,2 of
n + 2 containing a single part. So assume A contains at least one 2, in which case we may
write

\ = 3i07J09a1gii1j19a2gi2|Jj2 . ., 9arJir 1j'r’

where all exponents are non-negative, r > 1, ay,...,a, > 1, and ip+j, > 1 for 1 < k <r—1.
In this case, we let

N = (3ig + Jo + 2)3ig12, (22) 71, (31 + J1 + 2)3iy42, - - -5 (22) 71 (3dyp + G + 2)30 12,

where (25)" denotes a run of the part 25 of length t.

Note that X contains r + 1 parts and indeed belongs to C, 2. Also, while it is possible
for the first or the last part of X' to be 25, all parts of the form (3iy + ji + 2)3;,+2 where
1 <k < r—1 are greater than 2. Furthermore, since j, > 0 for 0 < k < r, arbitrary
differences can occur between the part sizes and subscripts. Thus, the mapping A — X may
be reversed and hence is a bijection between A, and C, s, as desired, upon decomposing
members of C,. 5 in the same way \' was above. O]

2.1 Thecase/=0b—-1

In this subsection, we provide additional combinatorial interpretations for the sequence
Crarer1(n), where ¢ > 1. In Table 2, we give the first several non-zero values of these
sequences for 2 < ¢ < 6.

’ l \ b \ Sequence Cyq1 (V) \ A-Sequence ‘
213 1,1, 2,3, 5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597 A000045
3141 1,1,1,2, 3, 4,6, 9, 13, 19, 28, 41, 60, 88, 129, 189, 277, 406, 595 A000930
405(1,1,1,1,2 3,4 5,7, 10, 14, 19, 26, 36, 50, 69, 95, 131, 181, 250 | A003269
516|1,1,1,1,1,2 3,4, 5,6,8, 11, 15, 20, 26, 34, 45, 60, 80, 106, 140 | A003520
67| 1,1,1,1,1,1,2 3, 4,5,6,7,9, 12, 16, 21, 27, 34, 43, 55, 71, 92 | A005708

Table 2: Some particular cases of £ =b — 1.

Let Fy(n) := Crate+1(n). By Theorem 1, we have

:L.ZJrl

1—ax—at

Fy(z) = Z Fy(n)z" =


https://oeis.org/A000045
https://oeis.org/A000930
https://oeis.org/A003269
https://oeis.org/A003520
https://oeis.org/A005708

Moreover, Fy(n) = Fy(n — 1) 4+ Fy(n — ¢) for n > £ + 1, with the initial values Fy({+ 1) =1
and Fy(n) = 0 forn € [(] = {1,2,...,0}. For £ = 2, it is clear that the sequence Fy(n)
coincides with the Fibonacci numbers, i.e., Fy(n) = F,,_5 for n > 2. Moreover, Fj(n) is seen
to correspond to the Narayana sequence (cf. [12]).

Let & be the set of compositions into parts 1 and ¢, where ¢ > 2. Let e,(n) denote
the number of elements in & of weight n. Chinn and Heubach [3] studied this family of
compositions and, in particular, found

Ey(z) = Z er(n)z"™ = !

o l—x =zt
n=0

Then 21 E,(z) = Fy(x) and we have the following result.
Theorem 8. Forn >0, Fy(n+{+1) = e/ (n).

Let H; be the set of compositions into parts greater than or equal to ¢. Let hy(n) be the
number of elements in H, of weight n. It is not difficult to show that (see, for example, [8,
Theorem 3.13])

B 1 -z
Cl—(zf ) 1—a—at

Hy(z) = Z he(n)z"

Therefore, we have the following relation.
Theorem 9. Forn > 1, Fy(n+ 1) = hy(n).

Let G, be the set of binary words such that between any two successive ones there are at
least £ — 1 zeros. Let gy(n) be the number of words in G, of length n. Let w be a binary word
in Gy of length n > ¢. Then w can be decomposed as w = Qw; or w = 10---Qws,, where

-1
wy, wy € Gy, which implies g,(n) = go(n — 1) + ge(n — £) for all n > ¢. Thus, this sequence
satisfies the same recurrence relation as Fy(n). Note that g,(n) = n+ 1 if n € [¢], which
follows from the definitions. Since Fy(n+ ¢) = 1 if n € [¢], applying the recurrence for F,(n)
implies Fy(n + 2¢) = n+ 1 for n € [¢(]. Comparing the recurrences and initial values gives
the following relation.

Theorem 10. Forn >0, Fy(n+ 2() = gi(n).

We conclude this section by providing bijective proofs of the last three results.
Combinatorial proofs of Theorems 8 and 9.

Let &(n) denote the set of compositions of n with parts 1 and ¢ and Fy(n) the set of
colored compositions enumerated by Fy(n). We define a mapping f : E(n) — Fe(n+ £+ 1)
as follows. If A = 1"7/* where 0 < b < |n/(], then let f(A) = ((b+1)0+n—bl+1)pi1)et1.
Otherwise, we have

P A R A KA
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where r > 1, a9 > 0, a;,b; > 1if 1 <i <r and b,,; > 0. In this case, let

FOA) = (b1l + ag + 1)pyes1, (020 + a1)pyests - - (0l + ar1)peg1, ((Brgr + 10+ ar) v,y +1) 041

Note that f(A) contains r + 1 parts and indeed belongs to Fy(n + ¢+ 1) (a 1 not accounted
for by A occurs in the first part and there is an extra ¢ in the last part). Observe further that
the last part of f(\) has subscript greater than or equal to £ + 1 depending on whether the
last part of A is £ or 1. Upon considering the number of parts in a member of F;(n+ ¢+ 1),
the mapping f is seen to be reversible and hence yields the desired bijection.

To show Theorem 9, let H,(n) denote the set of compositions of n having parts of size ¢
or more. We define g : Hy(n) — Fy(n+1) for n > 1 as follows. If n € [¢ — 1], then both sets
are empty, so assume n > {. Then we may express A € H,(n) as

A= 0ol 40
where r > 1, 21 > ¢, x; > (+1if 71 > 1 and a; > 0 for all 7. Let

9(A) = (arl + 21 4 V(@i +1ye41, (020 + T2) (@o41)er1s - - - (Al + T ) (0,4 1)041-
One may verify that the mapping ¢ is a bijection, which completes the proof. m
Combinatorial proof of Theorem 10.

Let Gy(n) denote the set of binary words enumerated by gy(n). We define a mapping
f: Geln) — Fy(n + 2¢) in several steps as follows. Let A = MAy--- A\, € Gy(n) and first
assume n € [(]. In this case, let

(n+ 20)e11, if A = 0m;
JA) =3 n—s5+0u1,(s+0pp1, HfA=010""1"% where 1 <s<n-—1;
(n + 26)2{4_1, if A =10"""1

Henceforth, assume n > ¢. We will also assume ¢ > 1, as the adjustments necessary in
the ¢ = 1 case will be apparent. Note that A € Gy(n) may start with an initial (possibly
empty) run of 0’s with the remainder of A being decomposed into sections of the form
u = 101 (1 followed by £ — 1 0’s) and v = 10™"! where m > ¢ + 1 is arbitrary (to be
specified). Furthermore, it is possible for A to end in a section w of the form w = 107, where
0<p<i—2.

First assume A contains no section of the form v above. Then either

A= 0"t 0<i<|n/t], (1)

or
A= 0Py, 0<p<l{—2 and 0<i<|[(n—p—1)/{], (2)

where w = 10P. We define f in this case by considering whether or not n is divisible by ¢. If
¢ divides n, then let f(A) = (n + 20)41)e41, if A is of the form (1), and let

f)=U+p+ e, (C+ 10 +n—p—1—il) G141,

9



if of form (2). If ¢ does not divide n, then we define f(\) the same way as before provided A
is not of the form (2) with n —p — 1 = if. Note that n — p — 1 = if corresponds to exactly
one A in (2) since 0 < p < —2. We set f(A\) = (n+2¢), 41 in this case where ¢ = [n/l| 42
(note that ¢f +1 < n + 20 if and only if ¢ does not divide n). Observe that in either case f
maps the members of G,(n) not containing a v section in a one-to-one manner to the subset
of Fy(n + 2¢) whose members either have one part or have two parts where the first part is
less than 2/.

Assume henceforth that A contains at least one section of the form v above. Then we
may write

A= 0u oy - urout (3)
where r > 1, j,41,...,4.41 > 0, and v; = 10™ ! with m; > ¢+ 1for 1 <i<r, or
A= 0uy - uroui w, (4)

with all the same restrictions as before and w = 10?7 for some 0 < p < ¢ — 2. If X is of the
form (3), then let

FO) = (7 + 2+ ) i+ 1yer1, (2l + M) g nyents - - o5 (Frprl + 10 ) (6,4 1)041-

Observe that » > 1 implies f(\) contains at least two parts in this case and m; > ¢ 4 1 for
all 7 implies the size of the part always exceeds the size of the subscript (with the first part
of size at least 2/).

Now suppose A is of form (4). To define f, we consider cases on j. If 7 > 1 in (4), then
let

J) = +p+ 1)1, (G0 + 1)+ 5) @ 41ye41, (G2l 4+ M) (gt 1yeg15 - - - (g1 4 10) (6,4 1) 041

Note f(A) here must contain at least three parts and therefore this covers the remaining
cases where the first part is less than 2¢. If j = 0 in (4), then let

JO) = (01 +2)0 4+ p + 1) 420041, (120 + M) (g4 1)0415 - - > (g1l A+ M) (6, 4 1)041-

Notice that this covers the remaining p € F,(n+ 2¢) in which the first part of p is at least 2¢
with p containing at least two parts. The inverse of f can then be constructed (we leave the
details to the reader) in a composite manner in much the same way as f was above upon
considering the number of parts and whether or not the first part is at least 2/. O

3 Subscript restrictions only on certain parts

Given integers £, ¢, b, b > 1, let Df;‘ijb,(y) denote the number of n-color compositions of
v such that the parts of the form fa + b for some a > 0 have only subscripts of the form
'+ for some a’ > 0. Additionally, we denote by Dﬁ;‘ﬁ;b/ (m, v) the number of such n-color
compositions of v that have exactly m parts.

For example, D32 51(3) = 6, the compositions being

{31}, {24, 14}, {2, 11}, {14, 20}, {11, 22}, {14, 14, 14 }

10



Theorem 11. Let QD?;‘ijb,(m,x) and QDf;‘iZb’ () denote the generating functions for the
0+l

YRR .
sequences Dy, ;" (m,v) and Dy " (v), respectively. Then we have

m

sy Z+(£_Z)x£ %
D ma) = | SHEO P@ D i)

£ i+(0—i)xt 4
bu(xf) + P(l’) + Zz’:l, iZb (mod /) J(rl(facé))2 xr

‘ i+t(l—i)a’ ;i\’
1 - (fch(ﬂ) + P(@) + 22521, it (mod o) %x )

GDLY () =

where H(x) is the generating function of the sequence

2/
0, otherwise,

h _{VWF—MJ“‘L if tn+b>b and n > 0;

and P(z) is the polynomial given by

1=b (mod ¢)
0<i<b
Proof. Summing the first expression over m > 1 gives the second, so we need only prove
the first. Let 0 = 0109 -+ 0,, be a non-empty n-color composition having m parts such that
parts of the form fa + b where a > 0 have only subscripts of the form #'a’ + 0/ where o’ > 0.
First assume o; = b (mod /) and suppose 0; = r = la+0b. If a > 0 and r > ¥V, then o;
contributes to the generating function a w,x" term, where

la+b—-V
wy = | = —| +1.

If a > 0 and r < b/, then there are no possible such parts for otherwise the index would
exceed the part (note that this case can occur only if b < ).

If a <0, then o; = r < b and there is a contribution to the generating function of ra”
per the definitions, and combining all such r yields the polynomial P(z) defined above. If
o; # b (mod /), then there is again a contribution of rz”. Thus, for each ¢ € [¢] such that
i # b (mod (), we have a total contribution of

izt + (¢ + i)x”i + (20 + i):l:%*i 4.
=ir'(1+ 2"+ 2+ ) + b’ (2" + 22* + 3% + - +)

i y :| it gxi—l—f
y==*

1
1 —at

+€:v’{

(1—y)? :1—x@+(1—:ﬂ)2’

which gives the final part of the formula for ng;Ci}fb/ (m, z) above. O

11



For example, the generating function for the sequence D§g’++73(m, v) is given by

’ 2 + Ig) 3 m
GD3" 3 (m, ) = (x7H 23) + x4+ 42t + (—332 + —x3) ,
3a+7 ( ) ( ) (1 B x3)2 (1 o x3>2

where H(z) = (1—3:;59(?31;5;3) Note that H(x) is the generating function for the sequence

{2, 2,3,4,5,5,6,7,8,8,9,10,11,11,12,13,14,14,15,16, 17,17, 18,19, 20, 20, 21, 22, . .. }
Moreover,
gD (@)
—319 4 2416 — 14 3412 3511 309 348 4 90T 340 — 325 — 3% — 323 — 222 — 1

- 319 — 2216 — 215 4 214 4 4212 4 311 4329 4328 — 22T + 320 + 35 + 3t + 43 + 222+ — 1
=z + 322 + 82% + 212* + 5525 + 1442° + 37227 + 97728 + 25492° + 664720 + - - .

For example, D}‘jg/j;?’(?) = 372, as all n-color compositions of n = 7 are counted except

{71}7 {72}7 {74}7 {75}7 {76}'

Remark 12. Taking all of the relevant parameters to be one in Theorem 11 gives

m

o X
gDa‘:_ll(m’ :U> - (1 — x)Qm’ m Z 1’
and .
Da’+1 _
GDas (7) 1 —3x+ a2’

which are the generating functions for the number with m parts and the total number of
n-color compositions of v for v > 1, respectively.

By setting ¢/ = 2 = ¢ in Theorem 11, we have the following corollaries.

Corollary 13 (Theorem 2.4 of [13]). The generating functions for the number of n-color
compositions of v into m parts such that the odd parts have only even subscripts and for the
total number of n-color compositions of v such that the odd parts have only even subscripts
are

/ 202 + 3\ ™"
2a’+2 o
gD2a+1 (m,z) = (m) )
, 2 2 3
gD 2 () = ——— . °

1 —4x2 — a3 4+ 24

Corollary 14 (Theorem 2.5 of [13]). The generating functions for the number of n-color
compositions of v into m parts such that the odd parts have only odd subscripts and for the
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total number of n-color compositions of v such that the odd parts have only odd subscripts
are

“ 4222 \"™
GD5: 1 (m x)z(m) ,
x + 222
1 —x— 422 + 24

gDy (z) =

Corollary 15 (Theorem 2.6 of [13]). The generating functions for the number of n-color
compositions of v into m parts such that the even parts have only even (odd) subscripts and
for the total number of n-color compositions of v such that the even parts have only even
(odd) subscripts are

x4 a2 +2*\"
D3 m, ) = gD ) = (M)

2 3
2a/+2 2a/+1, N rTH+attx
gD2a+2 ( ) gD2a+2 ( ) 1 — 1 — 32— 3 + $4'

4 A further related restriction

Given £ > 1, let T;(v) denote the number of n-color compositions of v such that any part of

the form fa+ b for some a > 0 and 1 < b < £ has a subscript of the same form. Additionally,

we denote by Ty(m, v) the number of such n-color compositions of v that have m parts.
For example, T4(5) = 17, the compositions being

{51}7 {55}7 {447 11}7 {117 44}7 {337 22}7 {227 33}7 {337 117 11}7 {117 337 11}7 {117 117 33}7
{227 227 11}7 {227 117 22}; {11a 227 22}7 {227 117 117 11}; {11a 227 117 11}7 {117 11; 22; 11}7
{117 117 117 22}7 {117 117 117 117 11}

Similar to the proof of Theorems 1 and 2 above, we have the following result.

Theorem 16. Let GT;(m,x) and GTy(x) denote the generating functions for the sequences
Te(m,v) and Ti(v), respectively. Then we have

GTe(m, ) = ((1 — x)fl - 90[))?717
GTi(x) = .

1 -2z —af 4 2+

Moreover, the sequence Ty(m,v) for 1 < m < wv is given explicitly by
L] . .
m+i—1\[(v—~>li—1
mm = 3 ("))

1=0

with To(v) =2T(v = 1)+ To(v — ) = To(v — € — 1) forv > {4+ 1.

13



Note that the sequences 7;(v) and Cy11(v) are the same which can be shown using the
definitions.

We now describe a statistic on n-color compositions which accounts for the expression
given for T;(m, ) above. More precisely, let S;(m, ) denote the set of n-color compositions
enumerated by 7y(m,v) and we determine a statistic o on Sy(m, ) such that

{r e Sulm,v) :o(r) =i} = (mnji—l 1) (I/ ;fi; 1).

Given a part ag of m € Sy(m,v), let o(ag) = [ (B —1)/¢]. Define o(m) to be the sum of the
o-values of its individual parts. For example, if £ = 3 and 7 = 59, 77, 85, 129, 35 € S3(5, 35),
then o(7) =0+ 2+ 1+ 2+ 0 = 5. Note that if S corresponds to the i-th smallest possible
subscript on a part of 7 of size «, then ag contributes i — 1 towards the o () statistic value.
If ¢ =1, then it is seen that o(7) is simply the sum of the subscripts of all the parts minus
the number of parts of w. Define

thi= > ¢  vem>1,

TeS(m,v)

where ¢ is an indeterminate. We have the following explicit formula for t,(fj) (q).
Theorem 17. Ifv >m >1 and { > 1, then
L= m+i—1\[(v—~>i—1Y\ .
=3 (") 5)

1=0

Proof. Let ¢’ be the statistic defined on m € S;(m,v) as follows. Given a part ag of m, let
o'(ag) = # and define ¢’(7) to be the sum of the ¢’ values of its parts. For example,
if 7 € S5(5,35) is as before, then ¢’'(7) = 3. We first show that ¢ and ¢’ are identically
distributed on S;(m,v). To do so, we change the subscripts on each part of 7 € Sy(m,v) as
follows. Let r, be a part of 7. First assume r is not divisible by ¢. Then r = fa + b where
a>0and1<b</—1ands="»a+0bfor some 0 < da < a. In this case, we replace r, with
ry, where t = f(a —a’) 4+ b. If r is divisible be ¢, then r = fa and s = fda’ for some 1 < o’ < a,
in which case we replace the part r; with r;, where t = ¢(a —a’ + 1). Let 7’ denote the
resulting member of S;(m, ). One may verify that the mapping = — 7’ is a bijection with
o(m) = o'(n') for all .

We now count members m € Sy(m, v) such that o'(7) = i where 0 < ¢ < |(v —m)/{].
We denote these 7 by

7= (a1 +0b1)ay, - (am + lby)a,
where a; > 1 and b; > 0 for all j. Then by +- - -+b,,, = ¢ implies there are (mnjzl) possibilities
for the 0;. Thus, a; + -+ + a, = v — fi so that there are (”;f:l) possibilities for the a;.
Since the a; and b; may be chosen independently of one another, it follows that there are
(M (”*h*l) such 7, which completes the proof of (5). O

m—1 m—1
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Let t(g)(q, u)=>" t,(,e,)n(q)um for v > 1 and define the generating function

m=1
(w1q,u) = Y ti(q,u

v>1
Using (5) and interchanging summation yields the following result.

Corollary 18. We have

Tu
1 —2(l4u) —atq+ xlq

TO(z; q,u) = (6)

and thus

t9(q,u) = (1+uw)tt? (g u) + gt (q,u) — gt (qu), v >0+1, (7)

Formulas (6) and (7) reduce, respectively, to the generating function and recurrence
formulas for 7;(v) in Theorem 16 when ¢ = u = 1. Note that the { = v = 1 case of
recurrence (7) was previously considered in [9]. A combinatorial proof may be given for
(7) by considering whether or not the last part is 1y, and if not, whether or not the last
part is equal to its subscript. Finally, taking ¢ = 2 in the preceding yields a polynomial
generalization of the problem of counting n-color compositions of a given size in which each
part and its respective subscript always have the same parity.
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