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Abstract

We call an interval [z,y] in a poset small if y is the join of some elements covering
x. In this paper, we study the chains of paths from a given arbitrary (binary) path P
to the maximum path having only small intervals. More precisely, we obtain and use
several formulas for the enumeration of chains having only small intervals and minimal
length. For this, we introduce and study the notions of filling and degree of a path,
giving in addition some related statistics.

1 Introduction

Let P, be the set of all (binary) paths P of length |P| = n, i.e., lattice paths P = pi1ps - - - pn,
starting from the origin of a pair of axes, where each step p;, i € [n], is either an upstep
u = (1,1) or a downstep d = (1,—1), connecting two consecutive points of the path. We
denote by |P|, (resp., | P|s) the number of upsteps (resp., downsteps) of P. An ascent (resp.,
descent) of P is a maximal sequence of u’s (resp., d’s) in P. A peak (resp., valley) of the path
is the last point of an ascent (resp., descent). Clearly, every peak (resp., valley) is either the
middle point of an occurrence of ud (resp., du), or the endpoint of an occurrence of u (resp.,
d) at the end of the path. The height of a point of the path P is its y-coordinate. We denote
by lv(P) (resp., hv(P)) the height of the lowest (resp., highest) valley of P. A low valley of
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P is a valley of P with height Iv(P). We set P = |J,,~, Pn, Where Py consists of only the
empty path € (the path which has no steps). -

A Dyck path is a path that starts and ends at the same height and lies weakly above this
height. In this paper, we will denote Dyck paths using lower case letters. The set of Dyck
paths of length 2n is denoted by D,,, and we set D = |J,,», Dy, where Dy = {€}. It is well

known that |D,,| = C,, where C,, = n+r1 (2:) is the n-th Catalan number, (sequence A000108
in the OEIS [10]). Every Dyck path of the form u"d™, where n > 0, is called pyramid. A
Dyck prefix (resp., Dyck suffiz) is a path which is a prefix (resp., suffix) of a Dyck path.
Every non-initial point of a Dyck prefix having height zero is called return. A prime Dyck
path is a Dyck path with only one return point. It is well known that every non-empty
Dyck path a is the product of prime Dyck paths, i.e., a = uaiduasd - - - uad, where a; € D,
i € [k]. Every Dyck prefix (resp., Dyck suffix) P can be uniquely decomposed in the form
P = aguay - - -uay, (resp., P = apday - - - day), where a; € D, i € [0,k], k > 0.

A natural (partial) ordering on P, is defined via the geometric representation of the
paths P,Q € P,, where P < ) whenever P lies (weakly) below @. Obviously, @) covers
P whenever @) is obtained from P by turning exactly one valley of P into a peak. This
ordering is better understood by considering the following alternative encoding of binary
paths: Every P € P, can be described uniquely by the sequence (h;(P));cjn) of the heights
of its points, so that P < Q iff h;(P) < hy(Q), i € [n]. Then, the join and meet of P, ) are
given by:

hi(PV Q) = max{h;(P), h;(Q)} and h;(P A Q) = min{h;(P), h;(Q)}.

From these relations, it follows immediately that the poset (P,, <), or simply P, is a finite
distributive lattice. Clearly, P, is self-dual, with minimum and maximum elements the paths
0,=d"=dd---dand 1,, = u"™ = yu - - -y, respectively.

—_— —

n times n times

We note that the length of every maximal chain of the interval [P, Q], where P =
P2 pp and Q = q1qa - - - G, is equal to

n n

D (@) = h(P) =Y (n—i+1)-(lgi = u] = [p; = u)),

i=1 =1

1
I(P,Q)==
( ) Q) 2
where [S] is the Iverson binary notation, i.e., for every proposition S, [S] = 1 if S is true,
and 0 if S is false. Hence, the lattice P, is graded with rank equal to ("H), and its rank

2
function is
n

1 [ n+1 :
o(P)= 1 (ZMPH( ! )) =S i+ Dl =]
i=1 =1
This lattice appears in the literature in various equivalent forms (e.g., binary words [3, p.
92], subsets of [n] [5], permutations of [n] [12, p. 402], partitions of n into distinct parts [11],
threshold graphs [7]). The sublattice D,, of Dyck paths has been studied by several authors
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(e.g., [2, 9]). Manes et al. [6] have recently presented a bijection between comparable pairs
of paths of this lattice and Dyck prefixes of odd length.
Every path P can be decomposed as

P = uPdutrRdytsTRe .. fmhme gy fmer=km (1)

where m = |P|g and (k;)icim+1) is @ non-decreasing sequence of integers. For ¢ € [m], the
term k; is the number of u’s before the i-th downstep of P and k1 = |P|,. In the sequel,
we will write P = (k;)iejm+1) to denote the encoding of P by this sequence. This sequence
is an extension of the notion of P-sequences defined by Pallo and Racca [8] for binary trees,
and used by Germain and Pallo [2] in an equivalent form for Dyck paths, in order to prove
that D, is a distributive graded lattice. It is well known (e.g., see [4, Theorem 10.7.1]) that,
using this encoding, the cardinality of every interval [P, Q] in P, can be evaluated for every
pair of paths P, when the two paths end at the same point (i.e., |P|s = |@Q|q4). Indeed, we

have " .
Wi — Kj +
P, = det o , 2
[P, Q] i,je%m}((]_z"i_l )) (2)

where P = (k;), @ = (i), 1 € [m + 1].

In order to evaluate the cardinality |[P, Q]| for two paths P,Q € P, that do not end
at the same point (i.e., |Q|qs < |P|q), we partition the interval [P, Q)] into intervals [P;, Q;],
i € [0,|P|q — |Qla], of paths ending at the same point, where P; (resp., ;) is the path
obtained by turning the last |Ply — |Q|q — @ d’s of P into u’s (resp., the last ¢ u’s of @ into
d’s). Thus, we obtain

|Pla—|Qla
PQll= ) IPQll (3)
i=0

In this work, we will mainly deal with the intervals [a, u!®/2dl*/?] and [P, u/"!] for a € D
and P € P, using the notation I(a) = |[a, u!®/2dl*/?]| and J(P) = |[P, u!"]|.

In this paper we study chains from a certain path P to the maximum path such that
each member of the chain is the join of some covers of the previous element, i.e., chains with
small intervals only. More formally, we say that a chain (or more generally a multichain)
C:P <P <---<Pin P has (only) small intervals if P; is obtained by turning some
valleys of P,_; into peaks, for every i € [k].

In Section 2, we introduce and study the notions of filling and degree of a path P € P,
which will be used for the evaluation of the number f(P) of minimal P—1,, chains with small
intervals. Apart from this, the filling and the degree are of independent interest and they are
related to some interesting statistics. Although Sapounakis et al. [9] have already defined
them for the sublattice D,, of Dyck paths, these new notions are not simple extensions of the
old ones. Furthermore, we give a connection between minimal chains with small intervals
and the powers of the Mobius function.

In Section 3, which is the main part of this paper, we evaluate the number f(P) for an
arbitrary path P € P,. We do this by producing several formulas concerning special classes



of paths, the combination of which completes the general case. Finally, we show that for
specific classes of paths the map f is related to the zeta function.

2 Filling and degree of a path

For every path P € P, \ {1,}, we call the join of all elements covering P filling of P, and
we denote it by P. We also define 1,, = 1,, for n > 0. Obviously, the filling of P is
obtained by turning every valley of P into a peak. For example, if P = dduudududdd, then
P = duduududddu. L

We note that for every P,Q € P, with P < @ < 1, we have that P < P < Q.

It is easy to check that the interval [P, P] is isomorphic to the Boolean lattice By, where
k is the number of valleys of P, for each P € P,.

In the following result we characterize the set of fillings of P,. For the proof, we can
easily show by induction, using the first valley decomposition, that a path P is a filling iff
every valley of P is adjacent to a peak.

Proposition 1. A path P is a filling of some path in P iff P # d and it satisfies all of the
following conditions:

(1) P avoids d*u?;
(ii) P does not start with du?;
(iii) P does not end with d*.

In the next result, we use the above characterization in order to enumerate the fillings of
Pn.

Proposition 2. The number a,, of fillings of P,, is the (n+1)-th tribonacci number (sequence
A000213 in the OEIS [10]), given by

Up = Qp1 + Qpg + Gp3, 1 >3, (4)
and ag = a1 =1, ay = 3.

Proof. Let P, be the set of fillings in P,. For n = 0,1,2 we have that Py = {5} P, =
{u}, Py = {uu,ud,du} and hence, |Py| = |P;| = 1 and |P,| = 3. For n > 3, P, can be
partitioned into the following three sets:

73”,,1 ={P¢€ P, : P starts with uu or dd},
75n,2 ={P¢€ ﬁn : P starts with ud},
75n,3 ={P¢c P, : P starts with du}.

n—l‘ =

By deleting the first step of each path of 75n,1, we can easily check that ‘ﬁnl
an—1. Similarly, by deleting the first two (resp., three) steps of every path in ﬁmg (resp.,

4
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ﬁnv?’)’ we obtain that ’ﬁnﬂ - ‘,]Sn72 = Up—2 (resp., ‘,]Sn,?y = ,Pnfg
relation (4). .

= a,_3), which gives

Using the notion of the filling, we restate that a chain C': Py < P < -+ < P, has small
intervals iff P, < P;_, for every i € [k].

For every path P € P, we (Eﬁn/e inductively a finite sequence of paths P® in P,, as
follows: P(® = P, and P® = PG(=1) whenever PU~Y # 1,. The number §(P) for which
POMP) = 1, is called the degree of P. Clearly, the chain C : Py = P© < P < ... <
POP) =1, is a P — 1, chain with small intervals and length §(P). In the following result,
we establish the minimality of §(P) with respect to this property.

Proposition 3. The length of every chain from a path P € P, to 1,, with small intervals
is greater than or equal to 0(P).

Proof. Let C : P=Fy < P, <---< P, =1, be a chain with P; < 15:1, for every i € [k].
For every j € [§(P)], we denote by i; the greatest element of [k] such that P, _; < PU™Y.

It follows that PU~Y < P, < 1327_/1 < PU), so that every interval [PV~ PU)] contains an
element of the chain C, giving automatically that §(P) < k. O

We now come to the evaluation of 6(P) for every path P € P,. Clearly, we have §(1,,) = 0,
5(0,) =n —1 and 6(P) = 6(P) — 1 for P # 1,.. In the general case, we will see that §(P)
is closely related to 1v(P) (the height of the lowest valley of P). Indeed, since P is obtained
by turning all valleys of P into peaks, it follows that the heights of their low valley points
will differ by exactly one, i.e., Iv(P) = Iv(P) + 1, for P # ul?l u/PI='d. Tt follows that

v(PY) = v(PU D)+ 1, 1 <i < §(P) — 1.
Summing for all ¢, we obtain that
Iv(POP)=D) = Iv(PO)) 4 §(P) — 1,

so that
|P| —2=1v(P)+4(P)—1,

giving the following result.
Lemma 4. For every path P € P with P # ull the degree 6(P) is given by the formula
0(P)=|P|—1-1v(P).

Proposition 5. The number of paths of P, having degree k equals

(")

for1<k<2n-—1,n¢€eN*.



Proof. Let A, be the set of all P € P,, with §(P) = k, and let M, x, N, be its subsets of
paths which start with « and d respectively.
We first prove that for n > 2 we have that

|Mnk| = |An—1,k|7 (5)
and
0, if £ <mn;
| Nok| = |DP,4]|, if k =n,; (6)

|An—1,k—2‘ ) if k& > n,

where DP,, is the set of Dyck prefixes of length n, which is well known that it is enumerated
by the binomial ( nT/LQJ), (sequence A001405 in the OEIS [10]). Indeed, by deleting the first u
from each path of M, ; we obtain a path in A,,_; ;, giving a bijection between the sets M,,
and A,,_y , which justifies relation (5).

On the other hand, for the proof of relation (6), we consider the following cases:
(i) if & <, then Iv(P) > 0, so that every P € A, starts with u, giving N, = 0.

(ii) £ > n; by deleting the first d from each path P € N, we obtain a path ) such
that if & = n, then lv(P) = —1, or equivalently Q € DP,,_;, whereas if k > n, then
Q) =k —2,ie, Q € A,_1,_2; this gives a bijection between the sets N, and
DP,_1 if k =n, and between the sets N, and A, _1 2 if £ > n, justifying relation

(6).

Clearly, the result holds for n = 1, whereas for n > 2, using (5) and (6), we proceed by

induction on n.
If kK <n, then |Aux] = [An_14] = (L%J).

It k= n, then [Ayul = [An-ial + PP = (")) + (520) = (f552) + (i) =

(1))
If k> n, then |Ap k| = |Ap-1l + [An-rp-af = (52) + (T5)) = (L%J). O

The minimal P — 1,, chains with small intervals which, according to Proposition 3, must
have length equal to §(P), are closely related to the powers of the Mobius function p of P.
Indeed, if f is the map on P defined by

f(P) =4 P — 1, chains of length §(P) with small intervals,

then we have the following result.

Proposition 6. For every path P € P we have that

0, if k < 0(P);

:uk(PJ'\P\) = {(_1)l(P,1P|)f(P)7 ifk:5(P).

6
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Proof. Since P is a distributive locally finite lattice, it follows (e.g., see [1, Proposition 3.7,
p. 90]) that the Mobius function of P has the following formula

(- if P<Q< Py

0, otherwise.

w(P,Q) = {

Furthermore, for k£ > 1, we can easily check that

P (P,Q) = Z H w(Pi1, Py),

where the sum is taken over all multichains C': P = Py < P, < --- < P, = Q of length k
with small intervals, so that

(P, Q) = (—1)!P@ . (# P — Q multichains of length k with small intervals).

Then, for Q) = 1p|, using Proposition 3, the required formula follows automatically. O]

3 Counting minimal chains with small intervals

In this section, we evaluate the number f(P) of minimal P — 1,, chains of length §(P) with
small intervals, for every path P € P. We will use the notation P’ (resp., P*) for the path
obtained by turning every low valley of P (resp., every valley of P, except the last one if P
ends with d) into a peak.

Note that f(1,) = 1, for every n > 0. Clearly, we have f(uP) = f(P) for every P € P,
so that it is enough to evaluate f(P) when P is a Dyck prefix. In the following result, we
give a recursive formula for the map f.

Proposition 7. For every path P € P, \ {1,} we have that

fPy= Y f@.

Qe[P',P)

Proof. Let C: P=PF < P, <--- < P, =1,, where k = 6(P), be a k-chain from P to 1,
with small intervals. Then, since P;_; < P; < ]32_/1 for every i € [k], we can easily prove by
induction that Pi(k_i) =1,,ie., 0(P) =k—1, for every i € [k]. In particular, §(P;) =k —1,
which by Lemma 4 gives that Iv(P;) = Iv(P) + 1. This shows that P, € [P’, P]. Moreover,
if we delete P from C' we obtain a (k — 1)-chain from P; to 1,, with small intervals.

On the other hand, given Q € [P’, P], by adding P in the beginning of every §(Q)-chain
from @ to 1,, with small intervals, we obtain a §(P)-chain from P to 1,, with small intervals.

Thus, the result follows automatically by decomposing the §( P)-chains from P to 1, with
small intervals according to their second member. O

7



Corollary 8. For every P € P we have that
f(P) =1 iff all valleys of P have the same height.

Every path P € P can be decomposed (not necessarily uniquely) as a product of a Dyck
suffix P; followed by a Dyck prefix P,. In the following result we give a recursive formula of
f that utilizes this decomposition.

Proposition 9. If P = PP, where P, is a Dyck suffix and P, is a Dyck prefix, then
f(P) = f(P)f(dPs).

Proof. Without loss of generality we may assume that P starts with d, P, # d and P, # ¢.
We use induction with respect to the length and to the (dual) partial order, i.e., assuming
that the result holds for every path @ (that starts with d) for which |Q| < |P], or |Q| = |P|
and Q > P, we will prove that the result holds for P.
We decompose P, P, as follows:

Pl = Rlad, Pg = UbRg,

where R; (resp., R») is a Dyck suffix (resp., Dyck prefix), a (resp., b) may be either empty,
or a path that starts with d (resp., ends with u), ends at height 0 and it is bounded by the
line y = —1 (see Figure 1).

Figure 1: The decomposition of P = P, P,

Then, we have that
P| = Ryd'u, (dP,) = udb' Ry, P’ = Rid'udb' Ry,
E: Ria*u, C/Z\P; :udgﬁg, P = R’{a*ud?;?%;.
It follows that every @ € [P/, ]3] can be uniquely decomposed as
Q@ = Q1udQs,

where )1 € [Rid, Ria*], Qs € [b’Rg,Eﬁg]. Clearly, since @)1 is a Dyck suffix and Q)5 is a
Dyck prefix with @ > P and |@Q1],|Q2| < |P| — 2, we have that

f(Q) = f(QudQ>) = f(Qiud) f(dQ2) = f(Q1)f(dud) f(udQs)
= f(Q1)f(du) f(udQ2) = f(Qru) f(udQ2),



and therefore

= > /@ ST Q) f(udQs)

Qe[P',P) Q1€[Rya’,R}a*]
QQE[b/RQ,bRQ]
= Y f(Qw) > f(ud@s)
Qru€[R1a’u,Rja*u] udQ2€[udb’ Ra,udbRz]
= ) f@Qu) D) f(ud@y)
Quu€[P{,P1] udQ2€((dP2) APy
= f(P)[(dPy),
completing the proof. [l

Corollary 10. If P is a Dyck prefiz with at least one return point, then f(dP) = f(P).

Proof. We use induction with respect to the length of the path. Clearly, since P has at least
one return point, it can be written as P = uadR, where a € D and R is a Dyck prefix. Then,
using Propositions 7, 9 and the induction hypothesis, we have that

flduad) = Y = > fludbu) = > f(udb)f(du)

QE€[udau, uda*u] be(a,a*] bEla,a*]
Z f(ub) f(du) Z f(ubu) Z f(Q) = f(uad).
be(a,a*] be(a,a*] QEuau,ua*u]
It follows that f(dP) = f(duad)f(dR) = f(uad)f(dR) = f(P). O

From the two previous results it follows that the map f on the set of Dyck paths is
multiplicative. Moreover, since every Dyck prefix can be uniquely decomposed in the form
a@, where a = ¢ or a = uaid - - -uagd, a; € D, i € [k] and Q = € or Q = uP for some Dyck
prefix P, for the evaluation of f it is enough to restrict ourselves to the two cases f(uad)
and f(duP), where a € D and P is a Dyck prefix. For this, we introduce a new kind of
multichains for Dyck paths, based on the heights of the valleys of the paths.

We say that a multichain of Dyck paths C': 0y < 01 < -+ < 0y, where h = hv(og) (the
height of the highest valley of 0y) is of type v iff for every j € [h] the paths 0}, 0,_1 have the
same valleys at every height at most h — j.

Example 11. The multichain C : 09 < 07 < 09 < 03 with

oo = wdv?duld*u® Pud*v? du? dud*udud?,

o1 = vdildul PP Bud? P du dBudud®,

oy = WdutPudud®ud*v’ dud*ud?,

o3 = vrdu? Pududud*u® dud*ud®
is of type v, whereas the multichain oy < 07 < 09 < s with s = W’du*d*ud*udu* dudud®ud*
is not of type v (see Figure 2).
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)
01
0o

Figure 2: The multichain of example 11

For a,s € D with a < s we denote by v(a, s) the number of all a — s multichains of type
v. Clearly, we have v(a, s) # 0 iff a, s have exactly the same low valleys. Furthermore, we
can easily check that

k
v(uard- - uagd, usid - - - usgd) = H v(ua;d, us;d)

i=1
when a; < s; for every i € [k], and that

v(uad, usd) = " v(a,t). (7)

t<s

In the following Proposition, we give an alternative formula of v on the pairs of prime
Dyck paths, which will be used in the sequel.

Proposition 12. For every a,s € D with a < s we have that

v(uad, usd) = Z v(w, s).

wE[a,a*]

Proof. In view of formula (7), it is enough to construct a bijection between the set of a — ¢
multichains of type v for all t < s, and the set of w— s multichains of type v for all w € [a, a*].

A key property of Dyck paths that we will use throughout the proof is the following: If
two Dyck paths ¢, 7 of length 2n have the same valleys for every height at most j, then they
coincide up to height j + 1, and if ¢ < r then every valley of r at height j + 1 is necessarily

also a valley of t. Note also that given a multichain o0y < o1 < -+ < g, of type v and if
0 < j <i < h, then o}, 0; have the same valleys at every height at most h — 1.
In order to exhibit the required bijection, for a multichain a = 09 < 0y < --- < o0, =t

of type v with ¢t < s, we set 0,41 = s and we first construct a sequence of Dyck paths 7;,
i € [0,h + 1], where 7; is the Dyck path obtained by turning into peaks all valleys of o; at

10



height j that are not also valleys of oy,41_;, for every j < h —i. Clearly, we have 7y € [a,a]
and 7,41 = S.

Furthermore, 7,_; < 7; for every i € [h + 1]. Indeed, all valleys of o;_1, o; at height
j < h — 4 which turn into peaks for the construction of 7;,_1, 7; are the same, whereas the
valleys of o;_; at height A —i+ 1 that turn into peaks are not valleys of oy, 41_(h—i+1) = 03, S0
that o; (let alone 7;) passes at least two units above these valleys and hence, 7;_; is weakly
below ;.

Set w = 79; hence, w € [a,a*]. Moreover, 71— = w, where k = hv(w). Indeed, clearly
09, 0nh+1—x have the same valleys at every height at most k£ — 1. It follows that the valleys of
To, The1—k that are either at height at most £ — 1, or at height £ and have been created by
the above construction are the same. Furthermore, if there exists a valley of 7y at height &
that has not been created by the construction, then this valley is also a valley of both oy,
Ont1—k SO that it is also a valley of 77,.1_,. Thus, since the height of the highest valley of 7
is k, the paths 7y, 74411 have the same valleys, which gives 79 = 711 _%.

We define s; = 7,4 (h+1-#), @ € [0,k]. It is easy to check that w =59 <51 <--- <5, =35
is a multichain of type v.

For the converse we note that the peaks of 7; at height j 4+ 2 generated according to the
above construction from o; for 7 < h — i, are exactly these peaks of 7; that are peaks of 7
and not of a.

Now, for a multichain w = sy < 51 < -+ < s = s with hv(w) = k, we define a multichain

w=Tg <7 < STy =S
with
50, ie[0,h+1—k];
Ty = .
Si—(ht1-k), 1€ [R+2—kh+1]

Finally, we define o}, i € [0, h] to be the Dyck path obtained by turning all peaks of 7;
at height 7 + 2 that are also peaks of w but not peaks of a into valleys, for every j < h —i.

Clearly, we have o = a and 0}, < s.

Furthermore, we can analogously prove that a = o, < o] < --- <0} < sis a multichain
of type v and o; = o/ for every i € [0, h]. O

In order to illustrate the bijection in the proof of Proposition 12 we give the following
example.
Example 13. Let a = v?du’duv’d*u?d3ud?*uddvu’dud?udud?®, t = v*dud*ududud*v® dud*ud®
and s = wWduPdPudPudu*dudud®ud*. For the multichain a = 0y < 04 < 09 < 03 =t of
Example 11 (see Figure 2), using the construction in the proof of Proposition 12, we have
that

w =1y = 1 = wduldududud*ud®udu®du?d*ud*ud?,
7 = WduddPudud?ud*ududu*d*ud?,

73 = urdul dPududud®udu® dud*ud®

11



and
T4 = S.

Then, the multichain w = sy < 51 < s9 < s3 = s, where s; = 7,41, @ € [3], is the
corresponding w — s multichain of type v (see Figure 3).

S =Ty
73
T2
T0o — T1

Figure 3: The multichain produced in Example 13 from the multichain of type v of Example
11

In the following result, we give a formula for the evaluation of f on prime Dyck paths.
In the proof, we use the following obvious consequence of Proposition 7:

f(uad) = Z f(w), for every Dyck path a. (8)

we€(a,a*]

Proposition 14. For every Dyck path a € D we have that

f(uad) = ZV a,s) (9)

Proof. We prove the required formula by induction on the length of a.

Clearly, it holds for a = . Now, let a = uayduasd - - - uayd, where a; € D, for i € [k,
k € N*. Each w € [a,a*] has a common low valley with a. Assume that the r-th low valley
of a, r € [k], is the leftmost such valley. Then, w = vwjudw; - - - udw,df, where w; € [a;, a}],
for i € [r], B € [b,,b}] and b, = ua,1dua,od- - -uard, v € [k]; (note that by = ¢). Then,

Ty Yr

12



using the induction hypothesis, equation (8) and Proposition 12, we have that

k
f(uad) Z f(w Z Z f (wwiudws - - - udw,d) Z f(B

wEla,a*] r=1 wie[a[i,}a;‘] B€E[br,b}]
ielr

= Z Z Z v(wyudws - - - udw,, $)I(s) f (ub,d)

1 w;ela; ,af] s>wiudws - --udwy
1€]r]

S D oIS ol ) () P

r=1 we[az *] s; 2wy
iclr]  4€lr]

- Z Z H Z v(wg, ;) | I(squdss - - uds,) f(ub.d)

s;>a; =1 wle[al

i€(r]
k r
= Z Z (H v(ua;d, usid)> I(syudss - - - uds, ) f (ub,d).
r=1 s;>a; =1
1€[r]

(10)

On the other hand, given a path s € D with s > a, having the same low valleys with a, we
set s = usjdusad - - - usgd, where s; € D and s; > a; for every i € [k]. Clearly, as before, we
can decompose every path ¢ € [s, ul*//2dl*I/?] with respect to the leftmost common low valley

with a, i.e., ¢ = ugdy where ¢, x € D, ¢ > sjudsy---uds, and x > us,1dus,od---

for some r € [k].
It follows that

> v(a,s)I(s)

s>a

I
E

ﬁ
I
—

I
WE

ﬁ
I
—

t>by

1=

H v(ua;d, us;d) | I(sjudsy - - - uds,) f(ub.d).

|
E

ﬁ
Il
—

1=

2

s;>a;

i€[k]

Z f[ v(ua;d, us;d) | I(sjudsy - - - uds,) Z v(b., t)I(t)
A

2

s;>a;

1€[r]

The required formula follows from (10) and (11).

13

k
H v(ua;d, us;d) | I(syudsy - - - uds, ) I (us,y1dus, od - - -
i=1

usd,

uskd)

(11)



Example 15. For a = v?d*u3dudud®, from formula (9) we have that f(u3d*ududud?) =
Fluad) = 3 v(a, $)I(s).

s>a
Clearly, there are five s > a which have the same low valleys with a, namely: s; = v*d?a;,
i € [5] where a1 = v3dudud®, ay = u'd*ud®, a3 = v3du*d*, ay = udud* and a5 = u’d®.
We can easily check by the definition of v that v(a,s;) = 1, v(a,s2) = v(a,s3) = 2,
v(a,s4) =4 and v(a, s5) = 5.
Furthermore, using formula (2) we have that

I(s1) = |[(2,2,5,6,7,7,7), (7, 7,7, 7,7, 7,71 | = | [(2,2,5,6), (7,7,7,7)] |
6 (3) % Ei;
L6 (5) ()] _
o1 3 () =,
00 1 2
I(s5) = |[(2,2,6,6,7,7,7), (7,7, 7,7, 7,7, 1) | = | [(2,2,6,6), (7,7,7,7)] |
6 (3) Eﬁ; Ei;
L6 () G)|_
12 () =51,
00 1 2
6 (5 ()
I(s3) = |[(2,2,5,7,7,7,7), (7, 7,7, 7. 7,7, 1] | = 1 [(2,2,5), (7,7, 7)] | = |1 (3)| = 46,
0 1 3
6 (5) ()
I(s) = |[(2,2,6,7,7,7,7), (T, 7, 7,7, 7,7, 7] | = | [(2,2,6), 7,7, 7] | = [1 6 (3] =36,
0 1 2
I(ss) = 1(2,2,7,7,7,7,7), (1, 7, 7,7, 7,7, D | = | [(2,2), (7, 7)] | = f (? —91.

From the above we obtain that f(u*d*u®dudud*) = 514.

In the following result we show that, for specific Dyck paths, the map f is related to the
zeta function. We recall that the zeta function of a poset X is given by the formula

=t 75

0, otherwise,

for z,y € X. Moreover, it is well known (e.g., see [12, p. 263]) that (*(z,y) counts the
number of x — y multichains in X of length &, for £ > 0.

14



Corollary 16. If a is a product of pyramids, then

Fukad®) = ¢51(a, uld/2glalr2),
for every k > 0.
Proof. For k = 0 the result obviously holds.

We now prove that for £ > 0 we have that
v(uFadt uFsd®) = (¥ (a, s).
Indeed, we can easily see that hv(ufad®) = k, and that every k-multichain from u*ad* to
uFsd® of type v is of the form
wFad® = uFogd® < - < iFop_d¥ < uFopdt = uksdk,

producing the a — s multichain

a=09< - <01 S0 =S

Then, for £ > 1, by Proposition 14 we have that
f(uFad®) = Z v(u"tad" 1t 8)1(s)

s>uk—ladk—1
= Zv(uk_ladk_l, uFtsd" 1)1 (s)
s>a

=3 a9 (s) = ¢ (a, b/ 2d2). 0

s>a

Since f is multiplicative on D, by using formula (9) we can evaluate f for every Dyck
path. For Dyck prefixes that are not Dyck paths, it is enough to evaluate f(duP), where P
is a Dyck prefix. We achieve this in formula (13) of the following Proposition, the proof of
which, although it shares some common ideas with the proof of formula (9), it is much more
complicated. The difficulty lies in the fact that it is not possible to prove (13) directly by
induction, so that we introduce and prove the more general equality (14) which concerns a
pair of paths (P, R) where a lexicographic induction applies. We also note that in this proof,
we use several times the following obvious consequence of Proposition 7:

f(duP) = Z f(dQ), for every Dyck prefix P. (12)
QE(P,P]

Proposition 17. For every Dyck prefiv P = aguay ---uay, k > 0, a; € D, i € [0,k], we
have that

f(duP) = ZHV(ai,si)J(SOVI), (13)

where the sum is taken over all sequences (s;), i € [0,k], of Dyck paths with s; > a;, and
over all sequences of Dyck prefizes (V;), 1 € [k+ 1], with V; > us;Viyq1, i € [k], and V41 = €.

15



Proof. Let a Dyck prefix R = byuby - --ubx, A >0, b; € D, i € [0, A].
For the pair (P, R) we consider the equality

A

k
Z f(duPQ) = Z .l_Iv(ai7 S) Hv(bz-, ti)J (s0V1), (14)

QE[R,R =0

where the sum is taken over all sequences (s;), i € [0, k], (¢;), i € [0, A], of Dyck paths with
s; > a; and t; > b;, and over all sequences of Dyck prefixes (V;), i € [k + X + 2], with
Vi > usiVigr, i € [K], Vigr 2 toVieyo, Vipirr = utiVigigo, @ € [A], and Viypago = €.

Clearly, formula (13) is a special case of equality (14) for R = e.

We prove equality (14) by induction. More precisely, assuming that (14) holds for every
pair (P, Ry) with either |P| + |Ry| < |P| + |R|, or |Pi| + |R:1| = |P| + |R| with |Ry| < |R],
we prove that (14) also holds for the pair (P, R).

We restrict ourselves to the case P ¢ D, since the case P = ag € D is similar and easier
to prove. We consider the following cases:

1. Assume that R = v’

We first note that if A > 0, then by the induction hypothesis we deduce that equality
(14) holds for the pair (Pu?,¢), from which we can easily obtain that (14) holds also for the
pair (P,u"). Thus, we restrict ourselves to the case R = ¢, so that now it is enough to prove
formula (13).

We set H = aquas - - - ua,, and we consider two subcases:

1(i). Assume that ay = ¢, i.e., P = uH. Then, by formula (12), and by equality (14) for
the pair (g, H), it follows that

flduP)y= 3 fldu@) =3 ]] vias)J (),

QE[H,H|

where the sum it taken over all sequences (s;), i € [k], of Dyck paths with s; > a; and over
all sequences (V;), i € [k + 1] with Vi > s1Va, Vi > us;Viqq, i € [2,k], and V41 = €. Since
J(V1) = J(uVy), we can replace Vi by uVi, thus verifying formula (13).

1(ii). Assume that ag # €. We set ag = uyiduyod - - - uy,d and 6, = uy,p1duy,yod - - - uvy,d,
ve N rely.

Every @Q € [P, ﬁ] can be decomposed according to the leftmost common low valley with
P (see Figure 4).

16



YAV NIVAVE @
Q= %

or
wy Wa w, @2

O NN NN

wi € i) i€y, Q€[S SuH], Q€ [H H

Figure 4: The decomposition of Q € [P, ﬁ] according to the leftmost common low valley of

P, Q.
Using formula (12) and the above decomposition we have that

flduP)= " f(dQ)

QE[P,P]

_ i 3 > flduwiud - - - w,_yudw,dQ)

r=1 wilif] Qels,uH, 5 uH)]
1€[r]

+ Z Z f(duwyud - - - w,udQ)

wi€lvivf] Qe[H, H)

€[V
= Z Z f(uwyud - - - w, _yudw,d) Z f(dQ)
r=1 U’iS[’Yi"Yf] Q€[6TUH7(§I‘Z}/I}
i€(r] (15)

CY S St wad)
w;i €[y Qe[H, H)
i€v]

Then, using Proposition 14, and equality (14) for the pair (wjud---w,ud, H) we have

17



that

f(duP) Z Z Z HV wi, t) I (tyud - - - t,_qudt,) f(dud,uH)

r=1 w; €[4, *] >w,bl 1
ielr] i€lr]

v k
+ > > > S I vwnt) [T viai s:) T (tud - - t,udWr)
wze[fy“fy] t,>w; s;>a; Wi>s1Va i=1 i=1
16[1/] i€lk] Vi>us;Vig1,i€[2,k]
Vk+1 3

_Z Z H Z v(w;, t;) | I(tiud - - - t,_yudt,) f(duduH)

T1t>'yl leG['yZ ]
i€[r] i€lr]

+ D > Hvam H > v(wity) | J(tud- - tud W),

t; >7,,1€[V] Wi1>s1Va =1 =1 w, i €vi» v} *1
si>a;i€(k] Vizus;Vig1,i€[2,k] i€v]
Vit1=¢

Finally, using formula (13) for the path §,uH and Proposition 12, we obtain that

f(duP)

= i Z ﬁv(u%—d, ut;d)I (tyud - - - t,._qudt,)-

r=1 ti>y,; =1
i€(r]

k
Z Z V(6 ut,q1d - - - ut,d) Hv(ai, si)J (ut,i1d - - - ut,dVy)
i=1

ti 2y i€lr+1l,v] Vizus;Vigq,i€(k]

Sizai,ie[k] Vk+1*8
+ E E HV a;, Si H (uy;d, ut;d) J (tyud - - - t,udWy)
t;>v;,1€[v] Wi1>s1Va =1 i=1
si>ag,i€lk] VizusiVip1,i€(2,k]
k+1=¢€

= Z HV(%,Sz‘)'

SiZai,iE[O,k] =0
so=ut1d---ut,d

v (16)
g ( E I(tiud - - - t,_yudt,)J(ut,1d - - - ut,duWy) + J(tyud - - -tyudW1)> .
Wi1>s1Va r=1
Vizus;Vit1,
1€[2,k]

Vit1=¢

18



Clearly, since the number > I(tyud- - - t,_judt,)J (ut,1d - - - ut,duW;) (resp., the number
r=1
J(tyud - - - t,udWy)) counts the set of all paths greater than or equal to soul¥; that have (resp.,

do not have) low valleys we obtain that
Z I(tiud - - - t,_qudt,)J(ut,1d - - - ut,duWy) + J(tyud - - - t,udWy) = J(seuWy),
r=1

so that, by setting V3 = uW; in formula (16), we obtain (13).

2. Assume that R # u*. Then, we set R = utb,ub,11 - - - uby, where y is the least integer
such that b, # €.

It is enough to restrict ourselves to the case where p = 0 (i.e., by # €), since the general
case follows easily by applying equality (14) for the pair (Pu*,b,ub, 11 - - - uby).

Furthermore, we can restrict ourselves to the case where R ¢ D (i.e., A > 0), since the
case where R € D is similar and easier to prove.

Set by = umduned - --uned, 0, = unrdun,iod---uned, & € N, r € [§], and T =
biuby - - - uby,. B

By decomposing each @) € [R, R] according to the leftmost low common valley with R,
as before we have that

£
Z f(duPQ) IZ Z Z fduPuwyud - - - wy_yudw,dQ)

QE[R,R] r=1 wi€; ) Qe[0,uT, 0, uT]
i€]r]

+ Z Z f(duPuwyud - - - weudQ). (17)

wi€n;,nf] QE[T,T)
i€[¢]

It is enough to prove that the first (resp., second) sum on the RHS of the above equality
is equal to the part of the second sum in equality (14) which has (resp., does not have) low
valleys.

Clearly, by applying (14) for the pair (Puwiud - - - w,_judw,,0,uT) for r € [£], we have
that

Z f(duPuwyud - - - w, _qudw,dQ)

Qe[0,uT 0, uT)

k A (18)
= Z HV(%’, si) v(uwud - - - wp_yudw,d, usd) v(0,, z) Hv(bi, ti)J (soV1),
i=0 i=1
where the sum is taken over all sequences (s;), i € [0,k], (¢;), i € [A], s, 2 and (V4,..., Vg,
Wit1, Vi, -, Viepa) with s; > a;, t; > by, s > wiudwoud - - - wy—udw,, 2z, > 6, Vi >

usiVipr, © € [k — 1], Vi > uspusdWi1, Wi > 2. Viga, Vigigr 2> utiVigigo, © € [A], and
Vitarz = €.
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Clearly, we have

v(uwud - - - w,_qudw,d, usd) = Z v(wud - - - w,_qudw,, ¢) = Z Hv(wi, ®i),
$<s bi>w; i=1
i€[r]
where ¢; € D, i € [r], and ¢rud- - ¢, _qudp, < s. Then, by substituting in equality (18),
summing in terms of (W;), i € [r], changing the order of summation and using Proposition
12, in an analogous way as the one used in the proof of formula (15), we can easily deduce
that

Z Z flduPuwyud - - - w,_1udw,dQ)

wi€lmini] Qel,uT fruT)
1€[r]

A

k r
— Z H v(ai, s;) H v(und, ug;d) v(0,, z) H v(b;, t;)J (s0V1), (19)

=1

where s; > a;, @ € [0,K], t; > b;, i € [N, ¢ > i, 0 € [r], s > dprud - -+ pp_yudey, 2 > 0y,
Vi > us;Vig, 1 € [k — 1], Vi > uspusdWig1, Wig1 2> 2, Vigo, Vipipr > utiVigivo, © € [A], and
Vitare = €.

Then, by setting ty = u¢d- - - up,dz. and Viyy = usdWy,q, the RHS of equality (19)

becomes
A

k
> T vais) T v(vi ta) I (sen),
i=0 i=0
where the sum is taken over all sequences (s;), (¢;), (V;) with the same restrictions as in
equality (14), with the extra condition that the r-th low valley of ¢y (and by) coincides with
the first low valley of V1.

Next, by summing in terms of € [£], we deduce that the first sum on the RHS of equality
(17) coincides with the part of the second sum in (14) for which Vi, has low valleys.

Finally, for the second sum on the RHS of equality (17), by applying (14) for the pair
(Puwyud - - - weud, T'), we have that

£ A

Z Z f(duPuwyud - - - weudQ) :Z Z HV((M’ Si) Hv(wi, bi) Hv(bi, ti)J (soV1),

wi€lng ] Qe[T,T) w; €[n;,m}] i=0 i=1 i=1
icfé] i€l¢]

where the sum is taken over all sequences (s;), (¢), (b;) with s; > a;, @ € [0,k], ¢; > wj,
i€ [£], by > t;, i € [N, and over all sequences (Vi,..., Vir1, Wiia, Virs, - -+, Vigare) with
Vi > usiVigr, i € [k], Vipr = uorud- - peudWig, Wiyo > 61Vigs, Vigisr > utiVigigo,
1€ [2, )\}7 and Vk+)\+2 =e£.

By changing the order of summation on the RHS of the above equality, using Proposition
12, as before, and setting ¢y = ug1d - - - uged, Vipo = ulWiio we deduce easily that the second
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sum on the RHS of equality (17) coincides with the part of the second sum in (14) for which
Vis1 has no valleys, which completes the proof of equality (14). O

Example 18. For P = w?du®d®u’d, by formula (13) we have that f(du*du’d®u®d) =
flduP) = > v(u*du®d®, so) v(ud, s1)J(soV1), where the sum is taken over all prime Dyck
paths sg, s; with sy > u?dud® and s; > ud, and all Dyck prefixes Vi with V; > us;.
It is easy to check that so = u?du?d® or sy = u'*d*, s; = ud and V; = u?d or V; = u?>.
Furthermore, for these sg, s; we have that v(u?du?d®, sg) = 1 and v(ud, s;) = 1 so that

flddud®v?d) = J(v’dud*v’d) + J(vduu’u®) + J(udud®v?d) + J (v’ dud®u?)
+ J(utd*ud) + J(utd*u?).

Then, by formulas (3) and (2) we obtain that

J(uPdu d*u?d)

= [, u']| + |[WPdu®, u'Vd]| + |[wPdu’du®, w’d?]| + |[u?duPd®ut, uBd®)|
+ [[PdudPu? u’dY)| + | [P duPdPuPd, ubd)|

=1+ [(2), QO] +[[(2,4), (9,9)]] + 1[(2,4,4), (8,8, 8)]]
+10(2,4,4,4),(7,7,7, 7] +|[(2,4,4,4,6), (6,6,6,6,6)]|

sl POOO Y EEE

BTN C T - { I NI I O
1 6 o1 4 (5) 7o

01 5] | 4 ; 4l 00 13 (5)

0 0 0 1 1

=1+94+33+65+75+ 35 =218.

Similarly, we find that J(v?du*d®u®) = 183, J(v*dud*u?®d) = 166, J(uv*dud*u?®) = 141,
J(utd*u?d) = 114 and J(u'd*u?) = 99, so that we obtain that f(duddu’d®u*d) = 921.

In the last result, we show that for specific paths, the map f is also related to the zeta
function.

Corollary 19. If a is a product of pyramids, then
fldu*a) = ¢ (a, ul),
for every k > 1.

Proof. We apply Proposition 17 for the Dyck prefix P = «v*~'a. Firstly, for k = 1 we obtain
that

f(dua) = J(a) = CQ(a,uM).
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Next, for k > 2 we obtain that

fldua) = " J(VA),

where the sum is taken over all sequences (V;), i € [k] of Dyck prefixes with V; > uV;,
i€lk—1], Veu1 > uaVy and Vj, = €.
Each such sequence (V;), ¢ € [k], produces a unique multichain (W;), i € [0,k — 1], of
length k& — 1 from u*~a to Vi, defined by Wy = u*~ta and W; = v~V ;i € [k — 1].
Then, formula (13) gives that

dua Z Ck 1 a Vvl) (V'I) _ <k+1(uk—1a7uk—l+\a|) _ Qk“(a,u'“‘). []

Vi>uk—1la

References

[1] M. Barnabei and E. Pezzoli, M&bius functions, in J. P. S. Kung, ed., Gian-Carlo Rota
on Combinatorics, Birkhauser, 1995, pp. 83-104.

[2] C. Germain and J. Pallo, Two shortest path metrics on well-formed parentheses strings,
Inform. Process. Lett. 60 (1996), 283-287.

[3] D. E. Knuth, The Art of Computer Programming, Vol. 4A, Addison-Wesley, 2011.

[4] C. Krattenthaler, Lattice path enumeration, in M. Bona ed., Handbook of Enumerative
Combinatorics, CRC Press, 2015, pp. 589-678.

[5] B. Lindstrom, Conjecture on a theorem similar to Sperner’s, in R. Guy, H. Hanani,

N. Sauer, and J. Schonheim, eds., Combinatorial Structures and Their Applications,
Gordon and Breach, 1970, p. 241.

[6] K. Manes, I. Tasoulas, A. Sapounakis, and P. Tsikouras, Counting pairs of noncrossing
binary paths: A bijective approach, Discrete Math. 342 (2019), 352-359.

[7] R. Merris and T. Roby, The lattice of threshold graphs, JIPAM. J. Inequal. Pure Appl.
Math., 6 (1) (2005), Article 2.

[8] J. Pallo and R. Racca, A note on generating binary trees in A-order and B-order, Int.
J. Comput. Math. 18 (1985), 27-39.

[9] A. Sapounakis, I. Tasoulas, and P. Tsikouras, On the dominance partial ordering of
Dyck paths, J. Integer Sequences 9 (2006), Article 06.2.5.

[10] N. J. A. Sloane et al., The On-Line Encyclopedia of Integer Sequences, available at
https://oeis.org, 2019.

[11] R. P. Stanley, Some applications of algebra to combinatorics, Discrete Appl. Math. 34
(1991), 241-277.

22


https://cs.uwaterloo.ca/journals/JIS/VOL9/Tsikouras/tsikouras67.html
https://oeis.org

[12] R. P. Stanley, Enumerative Combinatorics, Vol. 1, 2nd edition, Cambridge University
Press, 2011.

2010 Mathematics Subject Classification: Primary 05A19; Secondary 05A15, 06A07.
Keywords: binary path, Dyck path, partial order of paths, chain of paths.

(Concerned with sequences A000108, A000213, and A001405.)

Received May 8 2019; revised versions received August 29 2019; September 27 2019. Pub-
lished in Journal of Integer Sequences, December 29 2019.

Return to Journal of Integer Sequences home page.

23


https://oeis.org/A000108
https://oeis.org/A000213
https://oeis.org/A001405
https://www.cs.uwaterloo.ca/journals/JIS/

	Introduction
	Filling and degree of a path
	Counting minimal chains with small intervals

