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Abstract

We establish an explicit formula for the maximum value of the product of parts for
partitions of a positive integer into distinct parts (sequence [A034893 in the On-Line
Encyclopedia of Integer Sequences).

1 Introduction

If you have ever been interested in recreational mathematics, it is very likely that you came
across a variant of the following problem: What is the maximum possible value of the product
of positive integers whose sum is equal to S? If the problem appears on some competition,
the positive integer S is usually set to the value of the year in which the competition takes
place [, §]. One could safely say that the problem belongs to the standard repertoire of
problem collections [[, [, [, f] and problem sections in mathematical magazines [, f]]. The
sequence of the maximum values of products of positive integers whose sum is equal to
n appears as [A000797 in the On-Line Encyclopedia of Integer Sequences [[]. It appears
to be well researched; along with many comments and references, one can find there the
generating function and the explicit formula for the n-th term of the sequence, and the
associated keywords are “nonn, easy, nice”.

The present paper is concerned with a variant of the problem that requires all integers in
the sum to be distinct. Although very similar to the original problem, it has attracted much
less attention, both in the problem-oriented literature and in the On-Line Encyclopedia of
Integer Sequences. Sure enough, an entry containing first 45 terms of the sequence appears
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as in the Encyclopedia, but there are no comments, no formulas, and no references.
Moreover, the word “easy” does not appear in the list of keywords for that sequence. Hence,
it seemed worthwhile to invest some effort in finding an explicit formula for the n-th term of
the sequence. An inspection of initial terms revealed that the factorials appear on positions
indexed (almost) by the triangular numbers, and from that observation it was not difficult,
by a bit of reverse-engineering, to guess an explicit formula. The formal proof of this result
is presented in the rest of this paper.

2 Definitions and preliminary observations

In this section we introduce the combinatorial concepts relevant for our problem and lay the
groundwork for our main result. We follow the terminology of [[(].

Let n be a positive integer. A partition of n is a sequence A = (A1,...,\,) € N¥ such
that Y.\, = nand Ay > ... > A\, > 0. Positive integers Aq,..., Ay are parts, and k is the
length of the partition. If all inequalities between the parts are strict, we have a partition
of n into distinct parts. Hence, a partition of n into distinct part is a way of writing n as
a sum of distinct positive integers, disregarding the order of the summands. If the order
of the summands is relevant, instead of partitions we have compositions, and if we allow
some summands to be zero, we get weak compositions. More formally, a weak composition
of n into k parts is an ordered k-tuple p = (1, ..., ux) such that Zle i =n and p; > 0,
1=1,...,k.

Our problem can be now cast in the terms of partitions: For a given positive integer
n, what is the maximum value of the product of parts over all partitions of n into distinct
parts?

A moment’s reflection will show that a partition maximizing the product cannot contain
1 as a part. It follows from the relation p-1 < p+1, valid for all positive integers p. Another
observation, p + g < pq, valid for all 2 < p < ¢, implies that a longer partition is preferred
over a shorter one. Hence, the product of parts will be maximized by long partitions that
do not contain 1 as a part. The following result will be helpful in discriminating among all
such partitions.

Lemma 2.1. Let a and | be positive integers greater than one, and let p be a weak partition
of L into | parts such that all numbers (a +1 — 1+ p;) are distinct, where 1 < i <. Then

H(a—l—i—l—l—%‘)ﬁn(a—i—i).

i=1

Proof. We will show that no product of the type Hézl(a +14 — 1+ p;) whose greatest term

exceeds a 4 | can be maximal. So, let us consider a product Hizl(a +1i — 1+ p;) with the
greatest term a + [ + p, where p > 1. It is clear that the elements in this product cannot be
consecutive, for if they were, it would imply that all terms of the product Hi:l (a+1—1) were
augmented by p + 1. Then the total sum of the increments would exceed [, a contradiction.
Hence, the terms in the product Hizl(a—l—i — 14 ;) are not consecutive. Let us suppose that
only one number is skipped over, and denote this number by s. Then the smallest term in
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the product must be a+p. By summing all terms, we get S, = ({+1)a+ ({+1)p+ (Z;I) —s.
On the other hand, the sum of all terms in []._,(a 4+ i — 1) is given by S = la + (;) But
these two sums are related by S, = S + [, and this condition implies a + (I + 1)p — s = 0,
ie, s =a+p(l+1). For p > 1 we get a contradiction, since already s = a + 2] + 2
is beyond the range of values that can be obtained from the terms of H§:1(a +i—1) by
adding a quantity that does not exceed [. For p = 1, we get s = a + [ + 1 as the number
that is skipped over. But the same number is the greatest term in the product, again a
contradiction. Hence, there are at least two numbers missing in the sequence of terms of
the product H§:1(a +i— 14 ;). Let a+ ¢ be the smallest and a + r the greatest missing
number. By replacing (a + ¢ — 1)(a +r + 1) by (a + q)(a + r) we get another product of
distinct terms, and its value is greater than the value of the product we started from. Hence,
the maximum value cannot be attained by the product whose greatest term exceeds a + [,
and the claim of the lemma follows. |

Before we state and prove our main result, we need another observation. It is concerned
with the sequence of triangular numbers T,, = (m; 1). This is one of the most ancient and
the best researched sequences, and we refer the reader to entry in the On-Line
Encyclopedia of Integer Sequences and to the references therein for more information. We

will need the following property of triangular numbers.

Lemma 2.2. Let n > 1 be a positive integer. Then there are unique positive integers m and
[ such that n ="1T,, + L.

m+1

Proof. By starting from the formula 7;, = ( ) —VS”QMJ as the

) one easily obtains m = {

greatest positive integer such that 7, < n. Now [ is uniquely determined by [ = n — (m;r 1),

and the claim of the lemma follows. O

3 The main result

Theorem 3.1. Let n > 2 be a positive integer, and let m,l € N be such that n = T, + [,
where T, denotes the m-th triangular number. Then the mazimum value a,, of the product
of parts of a partition of n into distinct parts is given by

ek 0<i<m =2
== 1=
(m+1)! l=m.

Proof. The case | = m is the simplest, and we treat it first. The longest partition of such
an n into almost distinct parts is given by n = 14+ 2 + ... +m + m. The product of the
parts will increase if this is written as n = 2+...+m+ (m+ 1), and no other partition into
distinct parts yields a greater product, since pg > p + ¢ for all integers p,q > 1.

Let us now consider the case n =T, + [ for 0 <1 < m — 2. We start from the partition
n=142+...+m+I[. There is no point in keeping the part 1 in the partition, so we add it
to the part m, thus obtaining the partition n =2+3+...+1{+1{+...+(m—1)+ (m+1).
This is not a partition into distinct parts; in order to get one, we must somehow split one of
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two copies of the part [ and distribute the fragments among the remaining parts in such a
way that the new partition contains only distinct parts. If any of the fragments is added to
a part k, where 0 < k < m — [ — 1, this will result in a partition with repeated parts, since
the new part will not exceed m — 1, and all integers between m — [ and m — 1 are already
in the partition. Hence, we must look for the optimal way of distributing the fragments
among the [ consecutive integers m —1, ..., m—1, and this is exactly the situation of Lemma
1. The simplest way is to add 1 to each of those [ integers, thus obtaining the partition
n=24+...4m—-l—-1)+(m—-I01+1)+...4(m—1)+m+ (m+1). The product of parts
is given by “Z:ll)!, and the case 0 <[ < m — 2 is settled.

The remaining case [ = m — 1 follows much along the same lines. By starting from
n=1+...+m+ (m —1), by splitting m — 1 into 1’s and by adding the ones to the
parts 2,...,m, we obtain the partition n = 1+ 3+ ...+ m + (m + 1). The claim now
follows by splicing the part 1 to the part m + 1, thus obtaining the maximizing partition

n=3+...+m+(m+2). O

Hence, we have established an explicit formula for the n-th term of sequence [A034893.

4 Concluding remarks

Among the best known results concerning the partitions of integers is certainly the famous
Euler’s theorem stating that there are equally many partitions of a positive integer into
distinct parts and into odd parts [LJ. Hence, it is proper here to consider the maximum
possible value of the product of parts over all partitions of a positive integer into odd parts.

Theorem 4.1. Let n > 8 be a positive integer. The maximum value b, of the product of the
parts in a partition of n into odd parts is given by

3m , n = 3m;
b,=¢25-3"3% | n=3m+1;
5-3m71  n=3m+2.

This sequence has essentially the same structure and behavior as [A000797, and the proof
follows by the same reasoning, so we do not include it here. The sequence (b,) begins as
1,1,3,3,5,9,9,15,27,25,45,81, ..., and after some initial irregularities falls into the pattern
bpis = 3b,, for n > 8. The sequence is not listed in the On-Line Encyclopedia of Integer
Sequences.

Another sequence considered here that is not in the On-Line Encyclopedia is the se-
quence counting the weak compositions of n into n parts that appeared in Lemma 1. The
sequence is defined as the number of weak compositions p of a positive integer n into
n parts such that py; —p; # j, for all 4,5 = 1,...,n — 1. The first few terms are
1,3,7,17,37,85, 181,399, 841, 1805, 3757,7933. It might be interesting to investigate the
properties of this sequence in more detail.
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