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On some degenerate
principal series representations of O(p, 2)

Takashi Fujimura

Communicated by G. Olshanski

Abstract. We consider representations of O(p,2) (p > 4) induced from
one-dimensional representations of a maximal parabolic subgroup. We first
decompose them into K-types using Stiefel harmonics theory, then write down
the actions of the noncompact part. Now the reducibility and the unitarizability
of the irreducible constituents are deduced.

1. Introduction

The importance of parabolic induction in representation theory is widely acknowl-
edged. Representations induced from one-dimensional representations of maximal
parabolic subgroups are sometimes called “degenerate principal series”. This pa-
per treats degenerate principal series of O(p,2) in a manner analogous to those
used in [9]. That is, we first decompose the representations into irreducibles of
the maximal compact subgroup, and then calculate the infinitesimal action of the
non-compact part. We get informations such as reducibility and unitarizability.
The computations are done using Euler operators, thus avoiding the use of explicit
formulae of the vectors.

For other settings (non p-adic), see for example [18] for SO(p, q), [13] for
U(p,q), [14] and [26] for Sp(p,q), [24] for SU(2,2), [15] for Mp(n,R), [10] for
Sping(n,n), SU(n,n) and Sp(n,n), [4] for SU(n,n,F), [1] for GL(2n,R), [9]
for SO(p,q), U(p,q) and Sp(p,q), [11], [22], [23], [20] and [27] for Hermitian
symmetric spaces of tube type, [19] and [16] for U(n,n), [17] for Sp(2n,R),
[8] for GL(n,R) and GL(n,C), and [3] for rank one case, suggesting further
applications.

A special case of [21] gives a sufficient condition for our representations to
be complementary series. Our result implies that the condition is also necessary.

Now we describe our result in more details. Let G = O(p,2) where
p > 4. We consider the maximal parabolic subgroup S of G which has Levi
part isomorphic to GL(2,R) x O(p — 2). G has only two maximal parabolic
subgroups, namely, this one and the one treated by [9].
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In the Langlands decomposition S = M AN, A is one-dimensional, and its
character is parametrized by a complex number c. (The precise definition will be
given later.) We regard this character as a representation of S where M and N
act trivially. We induce this representation to G, and this is what we will work on.
We denote it by S¢(X ™). Its Harish-Chandra module is decomposed into the sum
of blocks, each block invariant under the action of the maximal compact subgroup
K = O(p) x O(2) of G. The blocks are parametrized by two non-negative integers
l1, 1y satisfying l; > ly, which we identify with points (I1,l3) in a plane. Here is
the main result.

Theorem. The Harish-Chandra module of S¢(X™) is irreducible and unitary if
and only if d = —2c—p+1€iR or —p+2<c< —1.
Im cA

——O0———0—» /
75 0 98 Re ¢

When it is reducible(i.e.c € Z), its irreducible constituents are as follows.
ec < —p : 1 non-unitary finite-dimensional quotient, 1 non-unitary sub-
quotient, 1 unitary submodule.

s 1
i/
= o o unit.sub.
PPN B B 7%

é e o o
—c— ;>+ 2 h
ec=—p—+1: 1 unitary 1-dimensional quotient, 1 non-unitary subquotient,

1 unitary submodule.

o 1
=
=
= e o ®
9 A & 0" unit.sub.
e e e
=
unit.quot. ll
ec=—p—+2: 1 unitary quotient, 1 unitary submodule.
A
2 =
=
=
= ®** * unit.sub.
1, LN LN
¢ unit.quot.
0 h
ec = —1: 1 unitary submodule, 1 unitary quotient.
s 1
¢ * * *unit.quot.
0.

TIRTAST SR ll unit.sub.

ec > 1: 1 non-unitary finite-dimenstonal submodule, 1 non-unitary sub-
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Iy 1
/um't.quot.
c+1

<=
<=
v UA b,
7.
=

quotient, 1 unitary quotient.

c ll

ec=0: 1 unitary I-dimensional submodule, 1 non-unitary subquotient, 1
unitary quotient.

o~
N

¢ * * *unit.quot.

L

3 <=-
unit.sub.

This completes the statement of the theorem.

In Section 2, we define the representation in more details, and realize it
concretely on the space of functions satisfying some relations.

In Section 3, there is a quick review on the special case of Stiefel harmonics
theory (which is generalized spherical harmonics theory).

In Section 4, the representation is identified with the space of functions
on a Stiefel manifold. Using Section 3, we decompose the representation into the
sum of irreducible K -modules, or “K -types”, where K is the maximal compact
subgroup of G'.

In Section 5, the action of p is computed in terms of differential operators.
Here, g = £+ p is the Cartan decomposition of the complexified Lie algebra. This
is done essentially by writing explicitly a projection operator which extracts the
harmonic polynomial part from an arbitrary polynomial, described in Section 6.

In Section 7, we deduce the reducibility. On points where it is reducible,
the composition series is determined. We see that the representation is built up
from “blocks”, forming a lattice in a plane. These blocks are separated by lines,
each territory corresponding to an irreducible constituent.

Finally in Section 8, we investigate unitarizability. The complementary
series is determined. We fix a standard inner product on each K-type. The ratios
of an inner product restricted to K-types compared with the standard ones are
related to each other by recursive relations. The existence of these ratios tells us
whether or not the irreducible constituent is unitarizable.

I would like to thank my advisor Prof. H. Matumoto for many helpful
suggestions. I was also informed that he had recently generalized my results.
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2. Construction of the representation

Write I for the identity matrix of size k. Let

(8 5)o= (5 W)}
K= {(g‘ g) ‘AEO(p),CeO@)},
e {(h )| peuoom)

The Cartan decomposition is G = K exp p,. We use German letters g,, &, ... for
Lie algebras corresponding to G, K, ..., and g, &, ... for their complexifications.

G acts by left multiplication on RP2 @RPF? (the standard representation),
and we define:

G=0(p,2) = {g € GL(p+2,R)

I
Vg = Op_g,z € RPH? (&) Rp+2,
I
X = G’U(),
X
S=4peG|IX €eGL(2,R) sit. pypy=|0
X

S is a parabolic subgroup of G. (It is the stabilizer of a two-dimensional subspace
in RPF2))
We define a map x : G — R* by

X(g) =detC if guy = (1401> in

The restriction of x to S is a group homomorphism.
For any complex number ¢, we define characters x* of S:

Xq (p) = | det x(p)|,
X (p) = sign(x(p))| det x(p)|* (Vp € 9).
We study the Harish-Chandra module of:
SCi(X) = {F € C*(X) | F(gpvy) = Xci(p)F(gvo) (Vg € G,Vp € S)} )

These are G-modules by left translation. We can interpret these as (generalized)
principal series representations as follows.
In the Langlands decomposition S = M AN, we can take as A:

h
h
A=<Sa=expH(h) | H(h) = , h € R, zeros elsewhere » ,
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which is one dimensional. For any complex number ¢, we define a linear functional
Ve on the Lie algebra of A:

ve(H(h)) =ch  (Vh €R).

Since
X (man) = exp(2ch),
Xc (man) = sign(x(m)) exp(2ch)
(Vm € M,Va =exp H(h) € A,Vn € N),

we get

SH(X) =2 Ind§, 4 y(1y @ expre @ 1y),

S (X) = Ind$, , v (sign x| ® exp vy @ 1y).
Here we take 2¢ = — (¢ +p — 1) and 1,;,1y denote the trivial representations.

The induction on the right hand side is shifted by p = v, _; to preserve unitarity.
Next, we pay attention to the connectivity. Let
GT=0"(p,2)
= (O(p) x SO(2)) expp,
={g € Glx(g) > 0},
I

ko= 0 1) e0m2)-0"m2)
10
Xt =0%(p,2)vo
= {gvo € X|x(9) > 0},
X~ = kcO*(p,2)vg
= {gvo € X][x(9) < 0}.
O™ (p,2) acts on X*. Since X = X* U X"~ (disjoint union), we can define
) 1 ze Xt

which is an O*(p, 2)-invariant function on X.
Elements in S*(X) are determined by their restrictions on X*:

r((ex)) = oo (@)

S¢(XH) = F e C®(X™) M
VX € GL+(2,R), V ( 1) € X+

C
F € S¢(X*) is extended to X~ by

((£)0) =2 (4)

Thus, multiplication by signg is an O (p, 2)-module isomorphism between S¢*(X)
and S~ (X).

By O(p,2) = O*(p,2) UkcO™(p,2), we first consider the decomposition of
S¢(X*t) as an O™ (p,2)-module, and then see the effects of k¢ .
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3. Stiefel harmonics theory

In Howe-Tan’s case [9], the module is identified with a space of functions on
SO(p)/SO(p—1) = SP~! and the theory of spherical harmonics is used for further
analysis. In our case we have instead SO(p)/SO(p — 2), a Stiefel manifold. But
we have at hand the Stiefel version of harmonics theory by Gelbart [6] and Ton-
That [25]. We quote the results on SO(p,C)/SO(p — 2,C).

Theorem 3.1.  We identify X, = SO(p,C) ( L2 ) with SO(p,C)/SO(p —

0p—2,2
2,C). The space of functions on X, is an SO(p,C)-module by left translation.
We denote by P the space of polynomials on CP & CP, with coordinates

(a) The space of SO(p,C)-finite vectors in C*®(X,)is
A(X,) = {restriction to X, of a polynomial € P}.
(b) A(X,) = H by restriction. Here,

H={heP|Aph=0,A2h=0,A,h =0},

p 62 p 82 p 82
Ay = Za—xg’ Ay = Za_yg’ Agy = ; ERE.

=1 =1

(¢) From now on, assume p > 4. If we denote by J the space of SO(p,C)
wmwvariant polynomials, then

P=E2JT®H.
(d) T is generated by &,2,&,2,&,, . Here,

p p p
_ 2 _ 2 _
§z2 = E T;, §y2 - E Yi s gxy = § ZiY;-
i=1 i=1 i=1

(e) H has also a GL(2,C)-action by right translation. Then, we have the decom-
position into irreducibles as SO(p, C) x GL(2,C)-modules (multiplicity free):

H= @ H i)

11,l0€Z
1121220

~ 2
/H(llil2) = 061,[2,0,...,0) ® p(ll,l2)’

where (7(pll,12,0,...,0) is the irreducible representation of SO(p,C) with highest weight

(/2]

(I1,15,0,...,0) and p?ll’lz)) is the irreducible representation of GL(2,C) with high-
est weight (11, 13).

In fact, their results are stated more generally for SO(p)/SO(p—n) (n <
[p/2]). Part (a) is due to Helgason [7] and Part (e) to Kashiwara and Vergne [12].
For general n, see [5].
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4. Decomposition into K-types

Let Ko = SO(p) x SO(2), K1 = O(p) x SO(2). We first decompose S¢(X™) into
the sum of irreducible Ky-modules.

Lemma 4.1. We have an isomorphism of Ky-modules:
S4(XT) = C*(SO(p)/SO(p — 2)).
The action of Ky on the right hand side is given by
((kv, k2) h) (z) = h(k, 'zky)

for V(k1, k) € SO(p) x SO(2), Vh € C®(SO(p)/SO(p—2)),
Vz € SO(p)/SO(p—2) =SO(p) (%) .

In particular, the Harish-Chandra module of S¢(XT) is

S(X) k— finite = A(SO(p)/SO(p — 2))
~

- @ Hts 1n)-

11,l0€Z
1121220

We denote this isomorphism by j : H = Se(XT).

Proof. Since Gt = K;M AN, the elements of S¢(X*) are determined by their

values on Kjvg. Thus,

SYX*) = {F € C(G*w) | Flgpvo) = x(p)F(gvo) (Vg€ G*,Vpe SNGH)}
= {F € C®(Kwy) | F(kpvo) = F(kvo) (Vk € K1,V¥p€ SNKi)}

F((A(F),CX))=F((A(}).0) }
(VA € O(p),¥VC € SO(2),¥X € SO(2))

F((A %),OnzzF«Aoahn}

g{Fecwm@N%)x&xmm

= FeC*0 Ly SO(2 (
{ € 0*(0(p) (§) x SO(2) ‘ (VA € O(p),VC € SO(2))
= C%(0(p) (§))-
Here, we used the fact that y. is trivial on
X
SNK, = {( YX) | X € S0(2),Y € O(p—2)}.
The rest is Thm.3.1. [

We want to decompose the irreducible SO(p) x GL(2,R)-module H, )
into the sum of irreducible SO(p) x SO(2)-modules. For this purpose, we com-
plexify the actions and apply the Caley transform.
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?

1
1
Lemma 4.2. Let Jeo = ( 1

> . The map € : P — P defined by

(e(f)) (@) = fzJg")
restricts to an isomorphism of SO(p,C) x GL(2,C)-modules:

Hinin) = Hiia o)

if we define the GL(2,C)-action on the image €(H) by

(9f)(x) = f(zJ'gJc)
(g€ SO(2,C), f €e(H),z € C°PpCP).

Proof. That € preserves the space of harmonic functions follows from the chain
rule in differentiation. Since left translations and right translations commute, the
rest is obvious. [ |

The set of diagonal matrices T C GL(2,C) is a Cartan subgroup. We
decompose H(;, 1,y into weight spaces:

l1—12

l1,l2 @ % (li,l2),m-

H 1, 10),m has weight (I; — m, I, +m) with respect to 7.
Note that H, 1,),m consists of harmonic polynomials which are

homogeneous of degree I, —m with respect to z1,...,zp,

homogeneous of degree [, +m with respect to yi,...,¥p.

Lemma 4.3.

I1—1>

= B D Huwm

l1,120€Z m=0
1121220

IIZ

S¢(X)

is the irreducible decomposition of S¢(X*1) as an SO(p, C) x SO(2,C) -module. In
particular, it is multiplicity free.

Proof.  Since J;'SO(2,C)Jc = {(8 a91> ‘ a€ C}, the action of SO(2,C)

on €(H) is reduced to the action of 7', which is determined by weights. The lemma
follows by Lemmad4.1 and Lemma 4.2. [ ]
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Lemma 4.4.

SE(X*) e(H)

- @ (H(h,lz),m & H(ll,l2),l1fl2*m)

l1,l2€7Z m=0
11>12>0
l1—l20dd

@ @ (H(h ,lz),m @ H(h,lz),h*lz*m) EB H(l1,l2),11;l2

I1—I>even

is the irreducible decomposition of S¢(X*) as an O(p,C) x O(2,C)-module. In
particular, it is multiplicity free.

Proof.  This follows from the fact that the action of kc(€ G — GT) is substi-
tution of the coordinates between the x;’s and y;’s. [ ]

5. p-action

The next thing to do is to calculate the action of the non compact part.
We transfer harmonic polynomials to S¢(X™) by the K -isomorphism ® = joe !,
apply the Lie algebra actions, and pull-back again to e(#).

Proposition 5.1.  For (s, 89, s3) € {£(1,0,0),+(1,0,1),+(0,1,-1),£(0,1,0)},
there exist linear maps

51,852,583 ,
T(ll,l2),m 0 H(l1,l2),m - H(l1+51,l2+82),m+53a

satisfying the followings:
e They do not depend on c,
e They are not zero maps (when the target space is not zero), and

e For VX € p,Vh € Hyyin)m >

X(@(R)) =(c— 1) (TG (X © ) + (TG, (X © b))
He—b+1) (T AX @ b)) + ST (X @ b))
e+t +p—2) (ST 15, (X @ b)) + (T 15X @ b))
(

(l1,l2),m (l1,d2),m

0,—1,0 0,—1,1
ety +p—3) (@(T{h DO @)+ BTN ® h))) .
We need several lemmas to prove this. Anyone who is willing to admit this
proposition may safely skip the rest of this section and the next one. The proof
itself is given in the end of the next section.



32 FuJIMURA

We fix some notations:

‘ﬁ@

9
v

i
"oy

e G
w5 =Y

These are infinitesimal translations corresponding to the GL(2,C)-action on .
Under these notations,

H(ll,lg),o = {ho eH | E;ho = 0} ,
Hty goym = {(EY)™ho ‘ ho € Hty )0} -

For a basis of p = { (tOB g) } , we may choose

{Xip=—Eiy—Ewili=1,2,k=12,...,p}
where Fj;; are matrix units.

Lemma 5.2. The explicit formula for j is
. A]_ c —1
i ((¢)) = @erornac (*

for h € H, (é}) € Ot (p,q) (?) . We extend j to a map:

j:P=C*({(4) eR? R det C #0})

by the same formula (x). Then, for 1 <k <p, h e H,
. oh z
Xixjh) =75 + cxh — zEgh — ypEJh

) . [ Oh
XorJ (h) =3 (a—yk + cyrh — ykEgh — mkEi/h> .

(In general, the polynomials in the parentheses of j in the right hand sides are no
longer harmonic.)

1 Y

Proof. Let ;,;.p y.p be the coordinates for RPT?@RP*2 . Then, for a function

21 Wy
zo W2
F on RPT2 @ RP™2 | the action of X in terms of differential operators is
oF oF oF oF

XZF:l a_ i
K Z8k+xk6,zz+w6 +y 8wZ
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We want to compute this for F' = j(h). In terms of coordinates,

1 Y

T1W2—Y122 —T1wi1+yi121
S D D
F Ty Yp = D°h : : )
AR zpw25yPZ2 7$pw11)+ypzl
22 W2
where D = det ) = 21Wq — ZoW1 .
Using the chain rule
Wao oh -1 w1 Oh —1
=D - ———(AC
8xk (( )) (Dax ( ) Dayk( ! )]
z9 ah, _1 Z1 ah 1
=D -——=——(A,C ——(AC™
8yk (( )) ( Da.’L‘k( )+D6yk( ! ) ’

8z1<< ) cwy D Th(ACTY)

. —(x3wy — Yizo)we Oh
+D Z iz 7, (A,C71)
i=1

p
(xiwe — Yyiza)wy Oh
DC
+ ; s gy, 0T

g_i ((é})) —e(—2) D" (A, CY)

p

c _(xiw2 - yzZZ)( ) oh
+D Z s 7, (A;,C7Y
i=1

P
—(iﬂiwz yz2’2)2’1 3}1
D¢ E A

= ((@) =c(~w) D h(ACT)

+ Dci (wswy — ysz1)wy Oh (A 0_1)
i1 D2 8x, !

p

c —(—z;w1 + yiz1)(—wy) Oh -
+D°) o2 oy, 0T
i=1

aF Al _ c—1 -1
6—11]2 ((C)) —CZlD h(AlC )

P
_(xz’wl yzzl)ZZ Ooh
D¢ E A
+ — D? 8:5( ¢ )

—T;w +yzz z1 Oh
+Z - ) layz(AC b,
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Thus,

A
(1)
~\ oz, "oz, Loy ykawl C

21We — Zowy Oh
- 2D hat o2, (A1C7Y) + D Hapwy — yrza)h(ALCTH)
P
c —(@swa — Yi22) (Tpwo — Yr22) 8h,

=1

p
e (@iwy — yizo) (xpwi — yp21) Oh

=1

_pe[ 9h TkWs — Yz 1
=D (&ck(AlC Dte 5 (h(A,C7Y))

_ zp: TiWy — YiZe TpWe — Ypzo [ Oh (A 0—1)
D D oz "

i=1

p
Tiwy — Yizo Tpywi — Ypz1 [ Oh

=1

=D (gzc (AC7Y) + e (axh) (4C7)

3 (x xk§f> (A0 + 3 (xi(‘y’“)g_;) Mlc_l))

=1 i=1

(aa—h + C.fkh — .Z'kE h — ykEwh)
L

XoF' is similar. [

Lemma 5.3. We extend ® = joe ! to a map from P.
For h € H(h,lz),m - G(H);l <k< D,

X1,®(h) = @<<%aik %ai% + \lf( — I +m)zy

— %(c —ly—m)y + \/irrkEy — %ykE””) h)
Xy B(h) = ‘I’((%a% + %a% - %(c L+ m)z

+ %(c —ly— m)ys — %xkEg + %ykE;)h).

(In general, the polynomials in the parentheses of ® in the right hand sides are no
longer harmonic.)
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Proof. By the definition of ¢, for Vf € P,

O (100
8xk€ f=e <( 28$k+\/§ayk)f),
o _, _1<<z 0 1 6) )

— ——+__ ,
3yk€ f=e V2 0xy, 2 Oy, 4

1 1
x —1p __ x T
Efelf=¢t <<2Ew—|-2Eg+ S E, ——Ey> f)
EVelf=¢! 1E$ 1E E’” Ey
o€ f=¢ PR + Ey —3 +
x —1p -1 i T i 1 T 1

1 1
Be'foe ((~tEr 4+ lpy 4 ipe 4 ipy :
Since E7 and E} are Euler operators which tell us the degree of homogeneity,

Eh = (I —m)h, E'h=(l,+m)h
(h € H(ll,l2),m‘)

By Lemma 5.2,

X1®(h) =X 4j(e" ' (h))

=i (o + enemma —uery) )

=joe ! (((\}iik + %aiyk) +c (%mk - \%yk)

Xo,®(h) is similar. u
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In order to pull-back the p-action by ®, we have to modify the polynomials
occuring in this lemma to harmonic ones. As will be shown, it is possible to
decompose them according to P = J ® H (c.fThm.3.1), and furthermore to
determine to which H, 1,y they belong.

This is done in the next section.

6. Decomposition of polynomials
We fix & (1 <k < p) during this section.
Lemma 6.1.  Let P € P be homogeneous of degree my in x1,...,x,, homoge-

neous of degree ms in Yi,...,Yp.
Suppose (ET)?P = 0. Then, in the decomposition

P= (P _ mEngjP) b BNEP),
we have
E; (P pl— 71712 n 2E;’E‘;P) =0.
Proof.

E?EYETP = EYEZESP + (E2 — EY)EZP

Yy

gives us
1
E2\P——FYE*P ) =0. ]
y ( my—me+2 Y )

Lemma 6.2. For ho € H, )05

oh

a—yz € Hy 1o-1),00
Ohy _ (Ohg , 1 O\ 1 0
&ck aIL'k ll—lg+1 mayk ll—lz-i‘l wayk’

with

1 Ohg
EY € Hy, - .
ll _ l2 + 1 T ayk (ll 1;l2)50

Proof.  Recall that hy € H, 1,),0 implies E?fho =0.

oh
For 3_:(;2’
Ohyg 0
A—=—Ahy =0 (for A=Ap, Ay, Ap),
Oyx Oy ( v A7)
that is, 3_22 € H. It is homogeneous of degree l; w.r.t. z1,...,z, and of degree

lo—1wrt.y,...,Yp.
Ohg 0
Elf— = —(FEZhy) =0
Y Oy 5yk( vho)
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shows that 9
3—yz € 7-L(ll,IQ—l),O'
For g—g’,
Ohg 0
Aa—xk = a—xkAhO =0 (fOI' A= Aw2, Aa:y, Ay2),
that is, g—gz € H. Since
Ohy 0 Ohg

E*?Z= = FE* — (E®hy) — E*=— =0

( y) 8:vk yaxk( y 0) yayk ’
we can apply Lemma 6.1 with P = g—zz, mi =1l —1, mg=ls. [

Lemma 6.3.  For hy € H, 1,0, define

. 1 Ohg
(kaho) —xkhO - gwy (ll + lz +p —3 ayk>
1 aho 1 ath
— &2 EY
§$ (2l1+p—2(axk+l1—l2—|—1 zayk)

1 Eyaho)
(Lh=lb+D)(l1+1le+p—3) "0y )’

. 2 +p—14 9ho
h = h — Sz
(yeho) =ykho §y<(ll+lz+p—3)(2l1 +p —2) Oz
—2(2l +p—4) EY aho)
htlo+p=3)2h+p=2)(2+p—4) *y

_@2( 1 1 Oho
(ll + l2 +p-— 3)(2[1 +p— 2) $a$k

2 Ohg
+ E})? )
(ll +l2+p—3)(211 +p—2)(252 +p_4)( ) ayk
Lh+lk+p—4 Ohy
(l1 + 1, +p— 3)(2l2 +p_4) 8yk

1

— é-yz

Then,

(.’L‘kho)~ € H, (ykh0)~ cH.

A fortiori, EZ(yrho) = (zxho)

Proof. We first deal with

. 1 Ohy 1 Ohy
ho) =xrho — T - T
(.Tk O) Tkl l1+l2+p—3§y8yk 2l1+p—2§283:k
1 0 Oho

+ .
2L +p—=2)(lL +1la+p—3) "y

Ohy Ohy
Apezphy = Ti(Agohg) + 22 = 22
Tkl xk( 0) + 8xk 8:vk
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Oho dho 2 Oho
yaho = &2(A, wgh )+ (2p +4E’”)Eyah

zak
(2p+4ll - 4) xaho
oy’

Ohy
2p+ 4l —4)—
= (2p+4l, —4) D0,

A€ F

and

Ohy Ohy Ohg
2 2EY — =2EY—
TR R it

give

;Aﬁ&yaho_ 1
L+l+p—3 oyr 2l +p—2
+(2l1+p—2)(l11+12+p—3)A Eggzz
- gZZ _l1+121—p—32 3322 _211+p—2(2p+4ll_4)gzz
T +p—2)(l11+12 +p—3) (2p +4h —4)Eggzz

=0.

Ao (zpho) =Apexphy —

Ohy
A 2 22—

Ayzxkho = xk(Atho) = 0,
Ayzgzz% = &2 (A Oho

o) =
25_1215':C gh: = fwz( zEy 8h0

15 =0

and

zgmya = &y (A2 m ——) +2E; — i 28yk (Eyho) =0
give

Ayz (.’Ekho)~ =0.

0 _om
oy Oyr’
Oy, o paOho

o2 (e 0 1) = 9%
_2<8xk(Eh0) ota) =25,

Dho v ho o 1y Oho
Aafr By ! = b (B Bl5 ) + 2EE

YT Oy,
=2 ( EY(E? gho Ohq Ohq
Yk

— 1
39) 2 —h+ )(9y1c

A;cyxkho = .Ik(Awyho) +

)+ (Eg — E))
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and
Oho Oho Ohg 0
A — = A, — E*f + EYY— = -1
myfzy ayk facy( Ty 83/]9) + (p + z + y) ayk (p + ll + l2 ) y
give
- 1 Oho 1

Awy (.’Ekho) :Awy.’ll'kho —
1

—Aw - _
l1+12+p—3 yéyayk 2l1+p—2

Oho
Agybpr—
wyfz a.Ik
Ohy

Y

4 BV
Ch+p—2)li+1l+p—3)"" "oy

Ohyg 1 Ohy 1
=2 _ L+l —1)= — —2
8yk l1+l2+p—3(p+1+2 )Gyk 2l1—|—p—2< 8yk
1 Ohy
+ 20 = lo+ 1)
@h+p—2Xh+b+p—3)(l ’ )8m

=0.
Thus,

A(l‘kho) =0 (fOI‘A = Amz, Amy, Ayz),

that is, (zxho) € H.

We turn to
Y 20, +p—4 Ohy
ho) =vyrho — :
+ 2(2114‘])—4) é‘ EZ/%
1 dhy
2 BY——
i (h+1la+p—3)(24L —{—p—2)§ T Oy
B 2 ¢ (Ey)Z%
(Li+l+p=3)C2L+p—2)2+p—4)"""" Oy

_ l1+l2+p—4 f aho
(h+lb+p—3)2h+p—4)" oy,
Aw2ykh’0 - 0:
8h0 ahO
A 262 BY— = 2(2] —4HEY —
8h0 ath
Ap2ép2(EY)’— = 2(2l; + p — 4)(EY)’—,
Ohg
sz 22— =0,
§y Oy,
Oho Ohg
Aoy = 2BV 2
v f yal'k zaﬂfk
and
Ohg Ohg
A&, Eg— =2 Efc/ 2=
oy Oy, () O
give Ay (yrho) = 0.
oh.
Ayzykho = 2—0

Oy, ’
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Ohy
A2 szy— = (],
Ohg
JANR 2 Eg P 0,
Yy é- ( ) ayk
8hO aho
Aypbp =2 =22y + p — 2) 22,
2y E (2la+p )ayk
Ohy Ohyg
Apbpy— =—2—,
v f yal‘k 8yk
and
ahO aho
NppyBY— =2(ly — ly +1)=—
yfy mayk (1 2+ )ayk
give Ay (yxho) = 0.
Ohg
Agyyiho = o2,
yyk 0 (')xk
Ohg Ohg Oho
Ayy€r2 BV — _opy?0 Lo g, — 1)
y§ xawk wayk + ( 1 2 )(%sk
oh
Awyfﬂ(Eg)Qa—yZ =0,
oh. oh.
A$y§y2a—yz =4(l — 12)Ega—yz,
Ohy Ohg
Am Ty 2Ey—,
and
ahO aho

ygy ayk (1+ 2+p ) ayk

give Axy(ykifofz 0.
Thus, (yxho) € H.

Ejyrho = ziho,

BytoBlg = —6aBig ™ + (i — b~ D'y,
B (P52 = 2l — )G Y ",
Bytn 5 = g,
E?féwyg—zz = —fxyg—zl(: + fng—ZZ,
and
Byt BIGE = (b= o+ ) 32 + B0




give

E; (yrho)
:.Z'kho
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k

2L +p—4 <_§ %4_5 %)
(l1+l2 +p—3)(2l1 +p—2) zyay o &ck

22l +p—14) ( Ohy Ohy
L —lo+1)&y=— + & El—
+(l1 +lo+p—3)2L +p—2)(2L+p—4) (i =h+1)¢ Y Oy *ia Y
1 dhy aho)
+ &2 BY— + (L — 1o — 1)&,
(h+lk+p—3)2L+p—2) ( st Y (h ? )fzayk
2 Ohyg
— 2(ly — 13)&p2 BY —
(+h+p—3Ch+p-DCh+p-a 0 g,
_ l1+l2+p—4 2§ aho
(h+l+p—3)2L+p—4) " oy
1 8h0 1 ahO
=xho — T - T
Tklto l1+lg+p—3€y3yk 2l1+p—2§28xk
1 Ohy
+ EY
2L +p—2)(LL+la+p—3) "oy
Thus, EJ(yrho) = (zxho).
Lemma 6.4.  For hy € H,,)0, let
or _ 1 <8h0 n 1 B 8h0>
0.k (l1+l2+p—3)(2l1 +p—2) a’L'k li—1ls+1 mayk ’
oy _ 1 Ohg
0.k (l1+lz +p—3)(2l2 +p—4)(l1—l2+1) 8yk’
T 1 Y
0k = m(mkho),
g w = (Ykho) — mEg (zkho)-

Then,

0o 0
hO,alcc € H(llfl,lz),o’ hogc € H(ll,b*l),o’
hor € Hay1.0).00  ho g € Hiyiat1),05
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and
oh
S = (L + 1l +p—3)2L +p—2)hd,
Bxk
— (L +1l+p—3)(2L +p— 4)ELhY,
oh,
gy, = i+l +p=3)Ch+p =)~ b+ DAY,

aiho =(h = b + D + oy (2 +p = (i — b + DAY
& (b + b+ p — AT — (2D +p — B,
Yeho =8+ EYh + Eny (20 +p — h% — (20 +p — ) ELHY )
+ & (— YR + (BYPRSY) + € (ki — b+ 1)(l + b+ p — DAY

Proof.  The latter part is a reformulation of Lemma 6.2 and Lemma 6.3.
hg% € Hy—14),0 and h?fz € H(i, 1,-1),0 are also in Lemma 6.2.
ho k. € Hy+1,),0 follows from E;(xkho)”: 0:

Exaﬁcho = Ik(Emh) = 0

ah 0 oh
Fﬁz = GeBya = ey w%@ o g = g
Yk
8h0 8h 8h0 Ohg
E‘” 2 F Ewa =¢-EY(E :(E — Ey
Ohg
=1 1
=l —la+ )fz 8 e
and
.. Ohg ~Oh
E gwya _gwy( 0) gx _fx y
give
1 1 Ohg
E*ht, = —— | (E* —E
yho’k L —1l+1 (( ymkhO) yfwy <l1+l2 +p—38yk>

1 8h0 1 8h0
— E%E 5 EY
yfw (211+p—2<8xk+l1—l2+1 ‘vayk)

) | Eyah0>
(Lh—=l+1)(L+1l+p—3) "0y

B 1 _ 1 €0 1 (_5 _)
S hi—l+1 l1+l2+p—3w8yk 2l +p—2 * Oy
1 Ohyg

R DTS L A v

1 Ohg
_ 1)£.5—0
(l1 —ls + 1)&, ayk)

+
(Li—l+1)(lLt+l+p—3)
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Finally, hf , € M, 1,41)0 is obtained by Lemma 6.1 with P = Ef(yxho),
my =l and my = lp + 1, using (EZ)?(yrho) = EZ (wxho) = 0. ]

Ye(EY)™ = (E2)™ Yk,

o (BY)™ = (EN)™xx — m(EY)™ "y,

(Eg)mgxy = fzy(Eg)m + mé&ye (Eg)m_la

(EZ)"Ey2 = &2 (E)™,

(Eg)mgmz = 59:2 (Eg)m + 2m§xy(Eg)mil + m(m - 1)6@/2 (Ei’)m*Q,

0 0
_ Ei‘/ m _ E‘y m_-
5 (EL" = (BY)" 5 -
0 0 0
_Egm: E:Zc/ m_+m_ E;Zc/ m—l’
5y (B0 = (B 5 mey (1)
E2(EY)™ = (BY)™E? + (EY)™ 'm(E2 — EY — m +1).

Proof. The case m =1 being easy, this is proved by induction on m. ]

Proposition 6.6.  For hg € H, )0, put h = (EY)"ho € Hq, 1)m- (Recall
that any element of H, 1,),m s of this form.) Then,

oh
— =(li+ 1l +p—3)(2hL +p — 2)(EY)"he5,
axk ’
— (b +1+p—3)(2+p— 4)(BY)™ " hgY,
oh
@ =m(li+ 1l +p—3)2L +p— 2)(Eg)milhoaﬁc
k

+(+l—m+1)(l+ 1 +p—3)(2l +p—4)(EY)™h,
oph =(l — lo — m + 1)(EY)™h§ j, — m(EN)™ 'hi
+&y (m(203 + 2m + p — 4)(EY)™ A5,
+ (l — b — m+1)(2ls + 2m + p — 4)(EY)™h%,)
6 (1 + b+t p — 3)(BY)™hY5 — (2 +m + p— )(BN)™ Al )
yrh =(E3)™ A ) + (B)™hg
oy (20— 2m + p — ) (BY)™E% — (20 — 2m + p — ) (EY)™ Y
& (— (B A, + (B2 )
+&2 (m(2l; — m +p — 3)(EY)™hd5,
+(lh—lb—m+1)(h+l—m+p—4)(E)™"he%).

N TN

Proof. This follows from Lemma 6.4 and Lemma 6.5. ]

Now the proof of Prop. 5.1.
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Proof. For Pe P,

J(€aP) = j(&:P) = §(P), §(EwP) =0

by the definition of j. Since
_ i 1 _
€ lé-my = (§§w2 + 56@12) € 1(P)a

1 1
6—1&52 = <Z§$y + §§w2 — §§y2> e—l(P),

1 1
€_1€y2 = (ngy — 561.2 -+ 561}2) 6_1(P),

we have
O(E2P) = ®(£pP) =0, @(&yP) = ®(iP). (%)

Recall Lemma 5.3 for h = (E¥)™hy € H, 1o)m:

1 0 i 0 1
X ,;o6h) = (———+ —— 4+ —(c—

1

V2

2
~ o=l —m)ye +

1
Y T
\/§ .IkEz ykEy)h> .

V2

By Prop. 6.6,

Xl,kfb(h) = (b( ll + lg +p— 3)(2[1 +p— 2)(Eg)mhgﬁc

1
sl
— (h+ 1 +p = 3)2h +p — (BN
+— (m(h +lo+p—3)(2h +p —2)(BY)™ hk,

\/5
(Ll —m+ 1)+ b+ p = 3)2h +p — 4)(E)" )
+ %(c b m) (o~ m o (B — m(E)
+ &y (m(2ly + 2m + p — 4)(EY)™ ' BEY,
+ (b=l = m—+1)(2 + 2m + p — 4)(EY)™hg4,)

ren ()
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/L' m T m
= 5o =t = m) (B g+ (B8

+ &y (20 — 2m + p — 4)(EY)™ {5,
— (2l — 2m + p — 4)(EY)™ ' hgY,)
e () e ()
+ 75 (=t = m) (B g — o+ 1B,

+ &y (M + 1) (2l + 2m + p — 2)(EY) ™A%,

+ (L — by — m)(2ly + 2m + p — 2)(EY)™ A2

+& (o)
- J5mlt — b= m+ ) (B he + (B2 H

+ &y (20 — 2m +p — 2)(EY)™ 'A%,

— (2l — 2m +p — 2)(EY)™hE%)

Fea )+ (---)))-

Here we used
EZ(EY)™ho = (EY)"Ezho + (EY)™ 'm(E} — EY —m + 1)hg
= m(l1 — lg —-—m+ 1)(Eg)m71h0
By (),

’ V2

— (b + b +p—3)(2h +p— (B4

1
X1 x®(h) =® (— ((z1 + 1y +p—3)(2h +p — 2)(BY)™ Y

+ (il + 1 +p = 3)(2h +p — 2) (B A

V2
+(h+la—m+1)(h+l+p—3)2h+p- 4)(E2)mh§;’2)
1
+ sle— b m)((h =l —m o+ DE"H, — m(B)"™ R

+i(m(2l> + 2m + p — 4)(EY)™ " hi%,
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%(C —ty —m) ((BY)™ 3+ (BL)" By,
+ z'((2l1 —-2m—+p— 4)(Eg)mhg,wk
— (20 — 2m + p — 4)(BY)"™ A3
== mt )+ b —m+p— )(E)™ )

(1= o = m) () g — (m 4 1) (B2

Es

+i((m + 1) (2l + 2m + p — 2) (BY)™h&%
+ (=l —m) (2 +2m+p— 2)(Efé)m“hgffc)>
_ %m(l1 —lp—m+1) ((Ey)mhfgk (3™ ho
+4((20 — 2m +p — 2)(BY)™ " hgj,

— (2L —2m+p— 2)(Ei’)mhoai)))

(=)l = lp —m+1)(EY)™h,
(c—L)(EY)™ " hg,

(c—lo+1)m(EY)™ "hi,

(c =l + 1)(EY)™hiy,
(c+li+p—2)m@2m+2l+p— 4)(E§g)m4h§j§€
(c+ b +p—2)(2h —2m+p—4)(EY)™hd%,

(c+l+p=3)(L —lo—m+1)(2m+ 2l + p — 4)(EY)™ho

(c+1s+p—3)(2 — 2m+p— 4>(Ey)m+1h6y>
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Define

T(l,O,O) (Xl,k ® h)

(l1,l2),m (ll - 12 —m+ 1)(Ey)mhgk:7

%\

7(1.0.1) (X14®h) =

(l1 l2) m (Ez:g)m+1hg,k’

T(Ol )(X1k®h)

(l1 lz) m (Eg)m_lhg,k’

7(0,1,0) (X1x ®h) =

(l1,l2),m (Ey)mhg k>

T(_1705_1) (Xl,]c ® h)

(l1,l2),m m(2m + 21y + p — 4)(EY)™ 1h0 :

E‘Kmm

T((zf,};(ifi(Xl,k ®h) = (2l —2m+p— 4)(Ey)mh§”;,

T(O 10)(X1,k ® h)

(11 ) (51 — Iy —m+1)(2m + 2l + p — 4)(EY) "o,

8- 8l

T(Oﬁlyl)(Xl’k ® h) —

(la,l2),m (211 —2m+p— 4) (Eg)m+1hggc-

S5l

Xo ) is similar. [

7. Reducibility

Since the decomposition of S¢(X™) into irreducible K -modules is multiplicity free,
Prop. 5.1 is a criterion to see whether or not we can pass from a Kj-type (which
is of the form H;, 1,)m) to another. That is, starting from a Kj-type, we can go
to an adjacent Kjy-type with an action of p if and only if the coefficients in Prop.
5.1 for that direction is not zero.

The first observation is:

Lemma 7.1.  If an irreducible constituent of S¢(XT) contains H, 1y)me for
some ly, ly and myg, then it contains all of H, 1) = @i,ll;% Hy15),m -

Proof. If [; =0, then Iy = mg = 0, H(o,0)0 = H(0,0) and we have nothing to
prove.

We may assume [; > 1. To go from H, 1,),me 10 H(iy 15),me+1, COnsider two
different paths:

H(h,lz),mo — 7-[(l1—|—1,l2),7n0—|—1 — %(l1,l2),m0—|—1’
H(l1,l2),mo — H(ll—l,lz),mo - H(ll,lz),mo—i—l-

The first path is available iff the coefficients of T((l1 (l) D and of T((llilo lg)),m 41 are
both non-zero, namely,

c—U0#0, c+li+p—1#0.
The second path is available iff

c+li+p—2#0, c—Il1+1#0.
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Since these do not occur at the same time, we conclude that we can always go
from H, 15),me t0 M1y 15),me+1- Conversely, we can also prove that we can always
go from H, 1,),me t0 Hiy 12),me—1, Proving the assertion of the lemma. [ ]

This lemma says that each H, 1,y is a sort of “building block” for irreducible
constituents, and in consequence that we can forget the parameter m. The next
thing to do is to determine which of these blocks are tied together.

The formula in Prop. 5.1 is rewritten as:

X(®(h) =A"(ly, L) ®(h%") + A™°(ly, 1) ®(h")
+ A (13, 1) D (RS + A% (1, 1) @(h%)

with
A+0(ll,l2) :C—ll, Aio(ll,ZQ) :C+ll +p—2,
A (1, ) =c =1y +1, A" (L) =c+1lo+p—3,
hj(o € H(l1+1,l2)7 h)_(o € H(l1*1,l2)7
hy € Haytat1)s hx € Haypa-1)-

To understand better what is going on, we translate the ingredients into
diagrams.

The block H, 1,y is identified with the point (I1,l;) € R?. The blocks
occuring in H are {(l1,ls) € Z?|l; > I, > 0}, with multiplicity one.

I

The four lines A*°(ly,ly) = 0 and A%%(ly,l) = 0 are “potential barriers”

which are obstructions to the transitions.
12 12

c ll ll
A0 =0 A =0 A =0 A =0
In general, starting from a point (l;,l3) corresponding to a block, we can go
to four directions ((l; +1,13), (I1,lo£1)). If a barrier meets a block, the transition
crossing the barrier is not permitted, and this yields a submodule and a quotient
module.
All that remains is to determine the positions of the barriers according to

the value of c.
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Theorem 7.2. The decomposition of the Harish-Chandra module of S¢(XT) is
(0) ¢ ¢ Z: The barriers never cross the K -types, so it is irreducible.
From now on, assume c € 7.
(1) ¢ < —p+1: 1 finite-dimensional quotient, 1 subquotient, 1 submodule.

A

la

j L]

:> e, 0 -
—c Bt fr%s“b

—p+3 A
.= :subquot.
‘quot], s
—c—p+2 h
(2) c=—p+2: 1 quotient, l1 submodule.
2 A

(3) —p+ 3 < ¢ < —2: irreducible.

(4) ¢ = —1: 1 submodule, 1 lquotient.
2

* quot.

0O TTI T [y sub.

(5) ¢>0: 1 ﬁnite—dimensior@al submodule, 1 subquotient, 1 quotient.
2

c+1 quot.

* : subquot.

=
<: e e
T IZ SR TN
'<=
—

-

8. Unitarizability

We determine which of the irreducible constituents are unitarizable, that is, admit
a G-invariant positive definite Hermitian form.
We define an inner product (-, )@, 1),m o0 M, 1),m by

oty o) sty = / B () (k) (o) (R dk
O(p)xSO(2)

(h1, ha € Hy 1p)m)

where dk is the normalized Haar measure on K;. Then, this is a K;-invariant
hermitian inner product, called “standard inner product”.

Lemma 8.1. On each Ki-type H, 1,),m, Ki-invariant hermitian inner prod-
ucts are unique up to scalar multiple.

Proof.  Suppose we have (-,-) and (-,-)’.
The map A defined by (hi,hs) = (A(h1), ho)' intertwines the Kj-action, and
hence is a scalar operator by Schur’s Lemma. [ ]
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If an irreducible constituent of S¢(X*) admits a K;-invariant hermitian
inner product (-,-), its restriction to ®(H, 4,),») must be a constant multiple of
the standard one:

<©(h’1)a cb(h’Z)) = C(l1,l2),m<h1, h2>(l1,l2),m h’la h’? S H(ll,lz),m'

Then, cq, 1,),m € R. Furthermore, if (-,-) is positive definite, cq, 1,),m > 0.

For example, since we shifted the parameter of the parabolic induction to
preserve unitarity, the whole S¢(X™) is unitarizable for ¢ € iR. We call this the
“unitary axis”. It corresponds to ¢, i,),m = 1 for all the Kj-types.

Conversely, since the K;-types are mutually orthogonal (this follows from
the fact that the decomposition into Kj-types is multiplicity free), the constants
{¢c@ 12),m} completely determine the inner product.

The condition for the positive definite K;-invariant inner product (-,-) to
be G -invariant is rephrased as

(Xfi, f2) + (f1, X foa) =0 VX €p,Vfi, f € S4XT). (1)

Lemma 8.2.  (#) is equivalent to:

(c—=h)e-10)m + €+ 11 +p—1)cuy 12)m = 0,
(c—=l)ca+1)ymer + €+ 1+ p = 1)cg, 1)m = 0,
(c=ly+ 1)eg po—1ym—1 + €+ 2+ — 2)c@, 1n)m = 0,
(e =1l +1V)eyipr1ym + C+lo +p = 2)cuy 1y)m = 0,

whenever c(.). is well-defined on the irreducible constituent of S¢(X*).

e

PI‘OOf. ertlng f1 = (I)(h,l) (h,l € %(ll,l,ll,Q),ml) and f2 = (I)(h,z) (h2 €
H(1s1,12.5),m» ), We use Prop. 5.1 for X®(hy) and X ®(hy).

(X(®(h1)), @(h2)) + (®(h1), X (®(h2)))

(l1,1,0,2),m1 (I1,1,1,2

:<(c — 1) (@(TGID,) 0 (X @ ) + ST ) (X @ h)))

He—bp+1) (@) L (X @ m) + o)) (X @h)))

(I1,1,5l1,2),m (I1,1501,2),m1

e+l +p=2) (TG ) (X @ h) + (T 00 (X @ h)))

(l1,1,01,2),m1 (l1,1,01,2),m1

(l1,1501,2),m1 (l1,1,l1,2),m1

+He+hp+p—3) (2T M®m»+wﬂ““)(X®m»yﬂm»
(l2,1 ,l2,2),7’I’L2 (l2,1,l2,2),m2

+<mmM04MWﬂﬂm“ (X @ ha) + BT, (X @ 1))

(I2,1,l2,2),m2 (I2,1502,2),m2

e —ba+1) (ST L, (X @) + ST | (X @ hy)))
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—1,0,—1 —1,0,0
+(C + l2’1 TP 2) ((I)(T((l2,1,lz,2),)7n2 (X ® h2)) + CI)(T((ZZ,1,l2,2)),m2 (X ® hQ)))

(I2,1,l2,2),m2 (12,1,02,2),

et bz +p=3) (AL, (X @) + (T ) (X @ ha)) >

By the orthogonality property of the K;-types,
(X(@(h1)), @(h2)) + (2(h1), X (@(h2)))
= 10200t Orms s (€ = L) (TGN (X @ b)), @(ha))
010 141,12,1 001 2,02, Oy +1,ms (€ — l1,1)<(1>(T((lll (1),l11)2),m1 (X ® hy)), @(h2)>

+5l1,1,12,1511,2+1,12,25m1—1,m2 (C - l1,2 + 1)<(I)(T(0,1’_1) (X ® hl)): q)(h2)>

(11,1,01,2),m1

+5l1,1,l2,16l1,2+1,l2,25m1,m2 (C - l1,2 + 1)<®(T((l?i,,?1),2),m1 (X b hl))ﬂ (I)(h2)>

+6l1,1—1,l2,16l1,2,12,25m1—1,m2 (C + ll,l +p - 2)<<I)(T(_1’0’_1) (X ® hl))a (D(h2)>

(1,1501,2),mu

+5l1,1*17l2,16l1,2,l2,25m17m2 (C + ll,l +p— 2)<(I)(T(71’0’0) (X ® hl))’ (b(h2)>

(l1,1,01,2),m1

+5l1,1,l2,1(5l1,271,l2,2(5m1,m2 (C + l1,2 +p— 3) <(I)(T(O’_1’O)),m1 (X ® hl))’ (I)(h2)>

(I1,1,01,2

+5l1,1,l2,1511,2—1,l2,25m1+1,m2 (C + l1,2 +p - 3)<(I)(T(O,_1,1) (X ® hl))’ @(h2)>

(I1,1,01,2),m1

+5l1,1,l2,1+16l1,2,12,25m1,m2 (C - l2,1) <(I)(h1)’ (T(l o) ),ma (X & h’2))>

(I2,1,l2,2

+5l1,17l2,1+16l1,2,l2,25m17m2+1(C - lQ,l) <(I)(h1), (I)(T(l 01 (X ® h’2))>

(I2,1,l2,2),m2

+5l1,1,12,1511,2712,2+15m1,m2*1(c - l2 2 + 1)<(I)(h1)’ (P(T(Oylj_l) (X ® h’2))>

(I2,1,l2,2),m2

+5l1,1,l2,1511,2,l2,2+15m1,m2( l22 + 1)< (hl)’ ( 0,1,0) (X & h2))>

(I2,1,l2,2),m2

+5111l21 16l121225m1,m2 1(C+l21+p 2 <I) ( 0~ (X®h2 )>

(l2 1,02,2),m2

+5l1,1,l2,1*15l1,2,l2,25m1,m2 (C + l2,1 + b— 2)<(I)(h1)ﬂ (I)(T( L0.0) (X ® h’2))

(I2,1,l2,2),m2

)
+5l1,1,12,1611,2,12,2*15m1,m2 (C + l2,2 +p— 3) <(I)(h'1): q)(T(O,_l’O) (X &® h2))>
)

(I2,1,l2,2),m2

+5l1,1,l2,1511,2,l2,2—15m1,m2+1(c + l2,2 +p— 3)< (hl) ( (O b (X ® h2 )>

(I2,1,2,2)m2

Here, 6; ; is 1 if 4 = j, and 0 otherwise.
Because of these §’s, most terms vanish. There are some remaining terms only
when (l;1,012),my and (l21,l22), mo are “adjacent”. (#) becomes:
1,0,0
(¢ = h)ew-vimm{ Ty i (X ® M), B2 @ -10)m

1,0,0
(C +h+p-— l)c(ll,lz),m<h’1a T(l1+1 l2)) (X ® h2)>(l1,l2),m =0
(Vhl € H(ll,lz),ma VhQ € H l1+1,l2 ,m)a

1,0,1
(c— ll)c(l1+1,l2),m+1<T((ll 12)) (X ® ha), h2) 1 +1,12) m+1

_ 1,0,—1
+@+ b+ p = Deumm b, Ty 1 (X ® h2) )t taym = 0
(Vhl S H(ll,lz ,m; Vh/Q S H(ll-l—l,lz),m—l—l)’
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0,1,—1
(¢ = lp + 1)y tp+1),m- 1<T((l1 ), (X @ he), ho) g o1y mmt

(0,—1,1
+(@+ b+ p — 2)0@uanm (WL, T ey (X ® h2)) s ta)m = 0
(Vhl € H l1,l2 ,1mMy VhZ € H l1,l2—|—1 ,m—l)a

(c—1ly+ 1)c(l1,lz+1),m<T((l?’j;()),)m(X ® h1), ha)(us 1o+1),m
+@+ b+ D — 2)0( oy m (b1, T 53 (X @ h2)) gy iym = 0
(Vhl € H(l1,l2),ma vh’2 € H(l1,l2+1),m)‘
By the case of unitary axis, the above relations hold for V¢/ = —2c—p+1 €
iR with ¢, 1,),m = 1 for all pairs (1,12, m). Substituting, we get

(T, (X ® 1), ha) iy = (ot T 1 (X ® B2)) 1 m

(Vh’l € H(h,lz),ma Vh’Q S 7-t(l1—|—1,l2 ,m)a

1,0,1 —1,0,—1
(T((h,lz))m(X ® h1), ha) 1y 41,15)m+1) = (ha, T zl+1 ), Zn+1(X ® h2)) (i1,12).m
(Vhl € H(ll,lg),ma Vh? S H(ll—l—l,lg),m-l—l)a

(T(l? }2;1 (X ® h1), h2) (11 o +1),m-1) = (A1, T(l? lzill)m (X ® h2))(t,12),m
(Vhl S H(l1,l2),m: VhQ S H(ll,l2—|—1),mfl)a

0,1,0 (0,—1,0
<T((ll lz))m(X ® hl)’ h2>(l1,l2+1),m) <h1’ (h 12_1_1)) (X ® h2)>(l1,l2),m
(Vhl € %(ll,lQ),m’ VhQ € 7-L(ll,lQ—I—l),’m,)'
Thus, we get the assertions. [ ]

From this Lemma, we get cq, 1,),m = €(11,15),mt1- S0, We can again ignore
the parameter m, and this settles the difference between G* and G. From now
on, we write c(, ;,) instead of ¢, ,),m -

The recursive relations become

A+0(ll, l2)c(l1+1,l2) + A_O(ll —+ 1, ZQ)C(ll,lz) = 0,
A7+(l1, lQ)C(ll,lz_H) + At- (ll, ly + 1)C(l1,12) = (.

The condition c(, 1,y € R is equivalent to ¢’ € R or ¢’ € iR. The latter case
is the unitary axis, the module is irreducible and unitarizable.
In case ¢ € R, we get
A_O(ll + 1, 12)
c )= ——————C ,
(Li+1,l2) A*O(ll, l2) (l1,d2)

A+_(l1, Iy + 1)
Catet) = o g

Once we fix a ¢, ,) in an irreducible constituent, the other c..’s are
automatically determined.
To make all the c(..)’s positive, we have to look at the signature of A"(l1,ls).
A careful examination of these formulae and Thm.7.2 yields the following. The
numbers correspond to those of Thm.7.2, except that we have to single out the
case of trivial representation in case (1) and (5).
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Theorem 8.3.  The Harish-Chandra module of S¢(X*) is irreducible and uni-
tary if and only if ¢ = —2c—p+1 € iR (unitary azis) or (0),(3) —p+2<c< —1.

Im 4

/
—O—T0—
Y | Re ¢

When it is reducible (i.e.c € 7 ),

(1) ¢ < —p : 1 non-unitary finite-dimensional quotient, 1 non-unitary
subquotient, 1 unitary submodule.

s 1
i/unit.sub.
R K%
-p+3 ZAEN
—c—p+2 g ll
(Ibis) ¢ = —p + 1 : 1 unitary 1-dimensional quotient, 1 non-unitary sub-
quotient, 1 unitary submodule.
5 4
9 FA T 01" unit.sub.
e e e
= > [ unit.quot.

(2) ¢c=—p+2: 1 unitary quotient, 1 unitary submodule.

A

lo

* *unit.sub.
LU L Y

la

0 ll unit.sub.

L

(5)c > 1: 1 non-unitary finite-dimensional submodule, 1 non-unitary sub-

quotient, 1 unitary quotient.
s
/ unit.quot.

R TR T

N\ €
(LI

-1

(5bis) ¢ = 0 : 1 unitary 1-dimensional submodule, 1 non-unitary subquo-
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tient, 1 unitary quotient.

1]
2]
3]

[4]
[5]

[6]
[7]
8]
[9]

[10]
[11]
[12]

[13]

[14]

[15]

Iy 4

o o unit.quot.

=
“=
“=
“=
<T
~=

unit.sub.Q
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