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Polynomial Identities in Smash Products
Yuri Bahturin* and Victor Petrogradsky'

Communicated by E. Zelmanov

Abstract.  Suppose that a group G acts by automorphisms on a (restricted)
Lie algebra L over a field K of positive characteristic. This gives rise to
smash products U(L)#K[G] and u(L)#K[G]. We find necessary and sufficient
conditions for these smash products to satisfy a nontrivial polynomial identity.

1. Introduction: polynomial identities in group algebras and
enveloping algebras

The first observation on the polynomial identities in enveloping algebras was made
by V. N. Latyshev [9]. He proved that the universal enveloping algebra of a finite
dimensional Lie algebra over a field of characteristic zero satisfies a nontrivial
identical relation if and only if this Lie algebra is abelian. Later Yu. Bahturin has
noticed in [1] that the condition of finite dimensionality is inessential.

D. S. Passman has obtained the complete description of group algebras
satisfying polynomial identities.

Theorem 1.1.  ([11]) The group algebra K|G| of a group G satisfies a nontriv-
1al polynomial identity if and only if the following conditions are satisfied:

1. there exists a normal subgroup A C G of finite index;

2. A is abelian if char K = 0, and the commutator subgroup A’ is a finite
abelian p-group if char K =p > 0.

Yu. Bahturin has settled the problem of the existence of nontrivial identities
for the universal enveloping algebra fields of positive characteristic.

Theorem 1.2.  ([2]) Let L be a Lie algebra over a field K of positive character-
istic. Then the universal enveloping algebra U(L) satisfies a nontrivial polynomial
wdentity if and only if the following conditions are satisfied:
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1. there exists an abelian ideal H C L of finite codimension;
2. all inner derivations adx, x € L are algebraic of bounded degree.

Petrogradsky [15] and Passman [14] have specified restricted Lie algebras
(also called Lie p-algebras) L such that the restricted enveloping algebra wu(L)
satisfies a nontrivial polynomial identity.

Theorem 1.3.  ([14], [15]) Let L be a Lie p-algebra. Then the restricted en-
veloping algebra u(L) satisfies a nontrivial polynomial identity if and only if there
exist restricted ideals () C H C L such that:

1. dimL/H < o0, dim@ < o0;
2. H/Q is abelian;
3. Q 1is abelian with nilpotent p-mapping.

See also further developments for Lie p-superalgebras [16] and color Lie
p-superalgebras [3].

The main body of this paper consists of the proof of our main result which
completely describes smash products u(L)#K[G] that are PI rings (Theorem 3.1).
We start with establishing some identical relations that nicely suit our purposes
(Section 4). As an important ingredient we begin developing a delta-theory for
smash products (Section 5). Next we describe the structure of delta-sets in our
case (Section 6).

But the first results in this paper (Section 2) deal with necessary and suffi-
cient conditions under which the smash product U(L)# K [G] satisfies a nontrivial
identity (Theorem 2.3). Actually, this result, as well as Theorem 2.1 could be de-
rived from a result on general smash products by Handelman - Lawrence - Schelter
(see [7]) and probably by Passman [13]. But we prefer to keep our proofs here since
they are relevant to the techniques of delta-sets used in the next sections for the
proof of the main result (Theorem 3.1).

2. Polynomial identities in smash products U(L)#K|[G]

We denote the ground field by K. Suppose that a group G acts on an associative
algebra A by automorphisms: ¢ : G — Aut(A), ¢(g9) : z+— p(g9)(x), g € G, = €
A. We set g+ = ¢(g)(x). Now one can form the smash product R = A#K|[G].
This is a vector space R = A ® K[G| endowed with multiplication

(a1, g1) - (a2, g2) = (a1(g1 * a2), g192), ar,az € A, g1,92 € G.
By linearity also the group ring K[G] acts on A:
(a1g1 + -+ amgm) xa = a1(g1 * a) + -+ + amgm *a), ¢ € G,a; € K, a € A,

Now suppose that G acts on a Lie algebra L by automorphisms. Then this action
is naturally extended to the action on the universal enveloping algebra U(L) and
we can form the smash product U(L)#K[G]. Such algebras are important because
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each cocommutative Hopf algebra over an algebraically closed field of characteristic
zero can be presented as a smash product U(L)#K[G] (Kostant, Cartier, et al.,
see [10]).

The conditions for the existence of nontrivial identities for the smash prod-
ucts U(L)#K|G] can be derived from [7]. Our next formulation is from [8].

Theorem 2.1.  Let G be a group, L a Lie algebra over a field K of charac-
teristic 0, and G acts on L by automorphisms. Then U(L)#K|G| satisfies a
nontrivial polynomial identity if and only if the following conditions are satisfied:

1. L is abelian;
2. there exists an abelian normal subgroup A C G of finite index;

3. A acts trivially on L.

The proof in [8] as well as the original proof of the theorem about the
identical relations in U(L) [2] (see also [1], [3]) is based on the following classical
result.

Theorem 2.2.  (Posner, [5]) Let R be a prime algebra with unit over a field
satisfying some nontrivial polynomial identity. Let C' be the center of R and @)
the field of quotients of C'. Then the algebra R® = Q ®¢ R of central quotients
of R 1s finite-dimensional central simple over () and coincides with the left and
the right classical rings of quotients of R. Moreover, R and R® satisfy the same
identities.

The goal of this section is to prove a result similar to the one just formulated
in the case of the fields of positive characteristic. Again we mention a possibility
of deriving this result from [7].

Theorem 2.3.  Let G be a group, L a Lie algebra over a field K of charac-
teristic p > 0 and G act on L by automorphisms. Then U(L)#K|G| satisfies a
nontrivial polynomial identity if and only if the following conditions are satisfied:

1. there exists an abelian G -invariant ideal H C L of finite codimension and
all deriwatives adx, x € L are algebraic of bounded degree;

2. there exists a normal subgroup A C G of finite index with the commutator
subgroup A’ being a finite abelian p-group.

3. A acts trivially on L.

Let us comment on this result. We observe that K[G] and U(L) are the
subrings of U(L)#K[G] and thus Theorems 1.1 and 1.2 apply. This gives us the
structure for G and L described in the first two claims except for the fact that H
is G-invariant. So, the most essential here is the third claim.

We start with recalling the notion of delta-sets. They provide us with the
key instrument to the study of identities of enveloping algebras. One defines the
sets of elements of “finite width”

0n(L) = {xe€L|dimlz,L] <n}, neN;
5(L) = T au(L).
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These sets have appeared in [2] as Lie algebra analogues of delta-sets for the groups.
Those delta-sets were crucial in the study identical relations for group rings [11],
[12]. Namely, if G is a group then one can define the sets of elements having
finitely many conjugates as follows

0n(G) = {geGllg°l<n}, neN
5(@) = U 6@
Lemma 2.4.  ([3]) Let L be a Lie algebra. Then the delta-sets have the following
properties.
1. ifx € 6,(L), y € 0;(L) then ax + By € d;4,;,(L), o, € K
2. if x € 6;(L), y € L then [x,y] € d%(L);

3. let x € §;(L) and suppose that L is a restricted Lie algebra. Then zP) €

4. 6;(L) is invariant under the automorphisms of L, i € N;
5. 0(L) is a (restricted) invariant ideal of L.

Recall that a subalgebra is called invariant if it is stable under all automorphisms
and restricted if closed under the p-map.

We use this lemma to prove Theorem 2.3

Proof.  First, let us check that our conditions are sufficient. Let fi,..., fx
form a basis of L modulo H. By the hypothesis, each ad f; annihilates some
nonzero polynomial ¢;(t), i = 1,...,k. Recall that a polynomial of the form

q(t) = > i, at?" is called a p-polynomial [6]. Such polynomials have the following
property. Let x be an element of an associative algebra over the field of charac-
teristic p, viewed as a Lie algebra under the bracket operation [a,b] = ab — ba.
Then

s

ad(g(x)) = ad(z az?) = Z a;(ad z)? = g(ad z). (1)

=0

Any polynomial is a divisor of some nonzero p-polynomial [6]. So, we may assume
that ¢;(t) are some p-polynomials. By (1) z; = ¢;(fi), ¢ = 1,...,k are central
elements in U(L). Let d;, i = 1,...,k, be the degrees of polynomials ¢;. We
denote by B the ring generated by U(H) along with zy,...,2,. Then gU(L) is
a free B-module with a finite basis {f{"--- f*|0 < i; < d;,1 < j < k} [6]. Let
g1,---,9s be the right coset representatives of A in G. Since A acts trivially
on the whole of L we obtain that B = B ® K[A] is a commutative subring of
R =U(L)#K|G]. Also, 3R is a free module with a basis {f{"" --- f;*¢;]0 < oy <
di,1 <j<s} and rank t =d; - - dis.

We identify any x € R with an operator of the right multiplication: R — R,
a — ar, a € R. This yields an embedding of R into a matrix ring over the
commutative ring B:

R C Endg R~ M,(B) = M,(K) ®x B.
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By Regev’s Theorem about tensor products of Pl-rings [17] we conclude that
R =U(L)#K|G] is a Pl-ring.

Now suppose that U(L)#K|[G] satisfies a nontrivial polynomial identity.

First, let us prove that there exists a G-invariant abelian ideal H C L of
finite codimension. We need to recall the steps of the proof of Theorem 1.2 in [2]
(see also this construction in [15], [16], and [3]).

1) The existence of a nontrivial identity in U(L) implies that for some
number m we have (L) = §,,(L) and dim L/§(L) < co. We set D = 6(L).

2) We apply P.M.Neumann’s Theorem on bilinear maps (see Theorem 6.7
below) and conclude that the commutator subalgebra D? = [D, D] is finite-
dimensional. We set C' = Cp(D?) = {z € D|[x, D*] = 0}. Then dim D/C < oo,
and C3 = 0.

3) We again use the identity in the enveloping algebra for C' and prove that
dim C/H < oo, where H = Z(C) is the center of C.

One can trace these steps and see by Lemma 2.4 that all these subalgebras
are invariant ideals. Hence, we obtain the G-invariant abelian ideal H C L of
finite codimension.

Next, we apply Theorem 1.1 and obtain a subgroup of finite index B C GG
such that the commutator subgroup B’ is a finite abelian p-group. Now our
task is reduced to the following. We consider the smash product U(L)#K|[B]
and find a subgroup of finite index A C B acting trivially on the whole of L.
Let {U,(L)|n =0,1,2...} be the standard filtration on the universal enveloping
algebra. Then it induces a filtration on the smash product, the associated graded
algebra is also PI and

er{Un(D)#K[Bljn = 0,1,2,...} = (gr{U,(L)|n = 0, 1,2, ... ) #K[B].

But gr{U,(L)|n = 0,1,2,...} = U(L), where L is an abelian Lie algebra with
the same vector space L. So, we may assume that L is abelian so that U(L) is a
polynomial ring.

Let g € B be an element of infinite order. We claim that there exists m > 0
such that ¢™ acts trivially on L. Let (g) be the cyclic subgroup generated by
g. By way of contradiction suppose that (g) acts faithfully on L. One easily
verifies that the ring R = U(L)#(g) has no zero divisors, hence is prime. Let C
be the center of R and consider some central element ¢ = Y. ¢;¢" € C, ¢; € U(L).
Suppose that there exists ¢; # 0, j # 0. Since (g) acts faithfully on L we find
a € L with ¢/ *x a # a. Remark that (¢’ * a — a)c; # 0 because U(L) has no zero
divisors. Then

[c,a] = Zcigia - aZcZgi = z:(gz xa—a)cig' # 0. (2)

)

This is a contradiction with the fact that ¢ is central. Therefore ¢; = 0 for i # 0,
so C C U(L). Let @ be the field of fractions for C'. Then the elements ¢°, i € N
are linearly independent over @) in the ring of fractions for R. This contradicts
Posner’s theorem. Hence for any g € B there exists m such that g™ acts trivially
on L.
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Let us consider an arbitrary finitely generated subgroup W C B. Suppose
that the action of W on L is faithful. Then our argument implies that the
generating elements of W are of finite order. In view of the structure of B we
conclude that W is finite. Now we consider the ring Ry = U(L)#K[W] and apply
one result on the smash products of type A#H , where H is a finite dimensional
Hopf algebra [10, p. 55]. Namely, A# H is a prime ring if and only if A is a faithful
left and right A# H-module and the invariant subring A is prime. Of course,
in our case U(L)X™] is prime. Let us check the conditions of faithful action. If
H = K[W] then the left and right actions are defined by

(a#g)-b = a(g*b), abecA geW,
a-(b#g) = g 'x(ab), abeA geW

Suppose that a nonzero element
argr + -+ GG, 0#a;, €U(L), g€ W, (3)

acts trivially on the left on U(L). Let m be taken minimal among nonzero
elements (3) that act trivially on U(L). Then

ar(gr*x) + -+ ap(gm*xx) =0, xe€U(L). (4)

We replace x by xy and multiply (4) by g1 * y on the right. Here we also use the
commutativity of U(L).

ar(gr*2)(g1*y) + -+ an(gm ¥ 2)(gm *y) =0, 2,y € U(L);
ai(g1* ) (g1 *y) + -+ am(gm * ) (g1 *y) =0, 2,y € U(L);
az((g2 — 1) * y)(g2 x ) + - + am((gm — 91) * Y)(gm ¥ x) = 0, 2,y € U(L).

Since U(L) has no zero divisors and by the choice of m in (3) we conclude that
(92— g1)*xy =0 for all y € U(L), contradicting to the fact that W acts faithfully
on L. We can check that the right action is faithful in the same way.

Now we can apply Posner’s theorem. The same computation (2) shows that
the center C' of R is contained in U(L).

Let @ be the field of fractions for C'. Again all elements g € W are linearly
independent over () in the ring of quotients Ry for R. Let d be the degree of
a nontrivial polynomial identity satisfied by the smash product U(L)#K[G]. By
Posner’s theorem |W| < dimg Rg < [d/2].

Let now W be an arbitrary finitely generated subgroup of B. We set
Stw L ={w € W|wxz =,z € L}. Then by the above arguments |V : Sty L] <
s = [d/2]. Consider Ay = StgL = {b € Blbxx = z,x € L}. We claim that
|B : Ai] < s. By way of contradiction suppose that |B : A;| > s, then we
can take elements ¢i,...,¢9s+1 € B lying in different left classes modulo A;. We
consider the subgroup W generated by g¢i,...,gs11. Then these elements belong
to different cosets of Sty L C Ay, proving |W : Sty L| > s, a contradiction with
the above. Thus we should have |B : A;| < s and by construction A; acts trivially
on L.

To finish the proof it is enough to choose a normal subgroup of finite index
ACA. [ |
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3. Polynomial identities in the smash products u(L)#K|[G]
The main goal of this paper is to prove the following result.

Theorem 3.1.  Suppose that a group G acts by automorphisms on a Lie p-
algebra L. Then u(L)#K|[G] is a Pl-algebra if and only if

1. there exist G -invariant restricted subalgebras QQ C H C L with
(a) dim L/H < oo, dim @ < oo,
(b) [H,H] CQ;
(c) Q is abelian with a nilpotent p-mapping.
2. there exists a subgroup A C G with
(a) |G: Al < ooy

(b) the commutator subgroup A’ is a finite abelian p-group;

3. A acts trivially on H/Q.

We remark that K[G] and u(L) are the subrings of u(L)#K[G] and we
can apply Theorems 1.1 and 1.3. This gives us the structure of G and L described
in the first two claims except for the fact that H, () are GG-invariant. But the most
difficult here is the third claim about the action of G on L.

While studying polynomial identities for u(L), a crucial example is the
infinite-dimensional Heisenberg algebra. By d;; we mean the Kronecker symbol.

Example 3.2.  ([15, 16, 3]) We consider the infinite-dimensional Heisenberg Lie
algebra

L= <$1,£L'2, YL Y2, 72’[xi7yj] = 51‘]‘27 [:U’iaz} = [yjaz] = 072-7.7. € N>K

Then the existence of a nontrivial identity for u(L) depends on the value of the
p-map on the central element z

1. if 2Pl =0, then u(L) satisfies a nontrivial identity (XY — Y X)P = 0;
2. if 2Pl = 2 then u(L) does not satisfy any nontrivial identity.

Let us illustrate our main result by examples. These examples are similar to
the Heisenberg algebra, we only need to remember that GG acts by automorphisms
on L.

Example 3.3. Let L = (y,xj,x[p] ...,x[pk],...|j =1,2,...;y" = 0)x be an

J J
abelian restricted Lie algebra and the group G' = (Zp)N acts on L as

, R Y Ry R I AT , .
Gixxj =x;+0;5y; Gixx; =x; , k=1 giky=uy;

where ¢g; = (0,...,0,1,0,...), with 1 on i-th place, i € N. We consider the
smash product R = u(L)#K[G]. Then

1. R satisfies the identity (XY — Y X)? = 0;
2. G acts faithfully on L.
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Proof.  We have [g,z;] = gz; —x;9 = (9% x; —xj)9g = \yg, A € K, g € G.
Remark that all other pairs of generating elements for R commute. Therefore,
any commutator [a,b], a,b € R contains as a factor the central element y. Recall
that y? = 0, therefore R satisfies the claimed identity.

Let us check the second claim. For g = (ny,ns,...,n;,...) € G one has
g*x; = xj +n;y, so that G acts faithfully on L. [ |

This example fits into the wording of the theorem by setting A =G, H = L,
Q) = (y)kx. This example shows that the action of A on () may be nontrivial.
Moreover, one can check that we cannot avoid this by taking a somewhat smaller
subgroup A; C A of finite index and a subalgebra H; C H of finite codimension.
Let us change the p-mapping on y in the previous example.

Example 3.4. Let L = <y,a:j,x[p] x[pk], =120,y = y)k be an

G ooy

abelian restricted Lie algebra and the group G = (Zp)N act on L by
k k
gi*x?]zx?“r%y, k>0, gixy=y.
Then R = u(L)#K][G| does not satisfy any nontrivial identity.

Proof. If R is PI then it must satisfy the identity given below in Lemma 4.2
and so we have

Fy(xy, . Tpy g1,y Gn) = Z (g — 1) % Try - (gn — 1) ¥ Ty = Y™ #0,

TESy

because only the summand for the identity permutation is nontrivial. This con-
tradiction proves that R is not PI. [ ]

The same argument applies also for the following example.

Example 3.5. Let L = (y,ej,eo,... |e£-p]

restricted Lie algebra and the group G = (Z,)

=ej,] € N%y[p] = y>K be an abelian

N act on L by

gixej = e+ 0iy, gi*y=1y.
Then R = u(L)#K[G] does not satisfy any identity.

By wK|[G] we denote the augmentation ideal of the group ring wK|[G] =
{3, igi| >, =0;0; € K 9, € G}. If L is a Lie p-algebra then by wu(L) we
denote also the augmentation ideal of the restricted enveloping algebra wu(L) =
u(L)L = Lu(L).

Next we prove the sufficiency in Theorem 3.1.

Proof. Weset R=u(L)#K[G], Ry = u(H)#K[A], Ry =u(Q)#K[A'].

Let I be the subring of Ry generated by @ and {h — 1|h € A’}; this is
an ideal of codimension 1 in Ry. First, let us prove that I is nilpotent. We have
(wu(@))? = 0 for some ¢ since @ is abelian finite dimensional with a nilpotent
p-mapping. Also (wK[A'])" = 0 for some number ¢ because A’ is an abelian finite
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p-group. Thus Q = Qy D Q1 D -+ D Q; = 0, where Q; = (wK[A'])'Q. Now let
us look at the commutators of the nilpotent elements of wu(Q) and wK[A'].

(h—1)z = hzh 'h—z = (h*2)h—2 = (h—1) %2+ 2)h—2z = 2(h—1)+((h—1)*2)h,

where h € A" and z € @);, in this case (h—1) %z € @Q;11. This relation yields that
these two commutative nilpotent subrings generate a nilpotent subring. Indeed,
consider a product consisting of z; € () and (h; — 1) where h; € A’. By the
above relation the number of z’s is bounded by s; = ¢ — 1. Also, the number of
factors (h; — 1) is bounded by s; = (t — 1) + (t — 1)(¢ — 1). Hence, I* = 0 for
S:1+81+52:qt.

Second, we claim that R; is a Pl-algebra. We consider the left ideal
J =Rl = Ri(Q+wK][A’]). The following commutator relations hold for arbitrary
re€H, ze@, g€ A, and he A

zr = zz+ 2,1, [z,2] € Q;
zg = g9 tzg=g(g ' x2), gl xz€Q;
(h—1)g = g(g~'hg—1), g thg e A,

(h—1)x = h(xr—htzh)+z(h—1)
= MA-=-hrHxz)+axh-1), (A-hrhHx*xzeQ,

the latter relation being true because A acts trivially on H/Q. These relations
describe the commutators of all possible products of the form u - v where u,v
are the generating elements of subrings I and R;, respectively. It follows that
IR, C RyI. By symmetry we have a two-sided ideal J = Ry = IR, < R; and
J* = (RyI)®* C RyI° = 0. Next we use the fact that R,/J = u(H/Q)#K[A/A'].
By assumption of the theorem this is a commutative algebra. Therefore, R;
satisfies the identity (XY — Y X)* = 0.

Let fi,..., fr form a basis of L modulo H. Let ¢1,..., gk, be the right
coset representatives of A in G. Now g, R is a free R;-module with the finite
basis {f{* -+ fi*g;|0 < oy < p,1 < j < ko}, the rank being r = p*ky. Indeed,
suppose that we have a relation

N rapfit e fitg; =0, ras € Ru. (5)
aj

Let A = {a)|\ € A}, then

> (Zuaij> St fetgi =0, uaga € u(H);
A

aj

Z (Zuaj)\(a)\ * f1) - (ax * fk)o"°>axgj =0;

JA o

D tajalar s f1) - (anx o) = 0. (6)
Since H is G-invariant the elements {ay* fi, ..., ax* fx} form a basis of L modulo

H. We apply PBW-Theorem to (6) and obtain that u,;y = 0. Hence, (5) is trivial.
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If we identify any € R with the right multiplication by x we obtain an
embedding of R into a matrix ring over the Pl-ring R;:

R C End(g,R) 2 M,(R;) = M,(K) ®x R;.

By Regev’s Theorem on the tensor product of Pl-rings [17] we conclude that
R =U(L)#K]|G] is a Pl-ring. ]

4. Useful identities
We start with constructing a special identity. It is similar to the identities used in

the study of identical relations of restricted enveloping algebras [3].

Lemma 4.1.  Suppose that R is a Pl-algebra over an arbitrary field. Then it
satisfies a nontrivial identity of the form

F(Xy,.. . Xo, Y1, Y) = ) anViXogy - YaXapy =0, ap €K, ap = 1.

TES,

Proof. Let A = A(Xy,...,Xm,...,Y1,..., Y, ...,) be the free associative
algebra. For any permutation 7 € .S,, we define a monomial

fr =YV X0 Y Xom € A (7)
We denote by F,.(Z1,...,Zn) the subspace of all multilinear polynomials in m
variables Zi,...,Z,, in the free associative algebra A = A(Z,...,Z,,...) in
a countable set of variables Zi,...,Z,,,.... By P! (Z,...,Z,) we denote the

subspace of elements in P,,(Zy,...,Z,) that are the left hand sides of identities
for R. Let R satisfy a nontrivial identity of degree d. The following estimate is
well-known [1]

dim P, (Zy, ..., Zw)/P.(Zy, ..., Zp) < d®™, meN. (8)

Let us apply this estimate to A. We consider the subspace Py, (X,...,X,, Y1, ..,
Y,) C A of multilinear polynomials of degree 2n depending on the variables
Xi,...,X,, Y1,...,Y,. This subspace contains n! monomials of the form (7)
which are linearly independent. We apply (8)

dim Py, (X1, ..., X0, Y1, ..., Y, /Py (X1, . X, Y0, .. Y,) < d™, neN.

If n! > d* then f,, ™ € S, are linearly dependent modulo P (Xi,..., X,,Y1,...,
Y,), thus yielding the desired identity. Since n! > (n/e)” > (n/3)™, the number
n = 3d* is sufficiently large, and the result follows. ]

Next we construct some special weak identities for the smash products. A
relation is called a weak identity of an algebra R if it vanishes whenever the selected
indeterminates are replaced by the elements from the selected subsets of R. Let A
be the free associative algebra generated by the set of symbols {z; * X;|i,j € N}.
We consider weak identities as the elements from A. We say that a weak identity
is nontrivial if it is a nonzero element of A.
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Lemma 4.2. Let R = u(L)#K[G] be a Pl-algebra. Then it satisfies the
following weak identities

L. Fl(Xl,---,Xn,Zl,---,Zn)
= Z Oéﬂ<21 * Xw(l)) cee (Zn * Xw(n))
7T€Sn

0; X1,..., X, €u(l); z1,...,2, € K[G].

2. FQ(Xb...,Xn,gl,...,gn)
= Y a1 # Xty — X))+ (90 Xty — X)
7T€Sn

= 0; Xq,.... X, €u(l); g1,...,90 € G.

where o € K, and a, = 1.

Proof.  We take the identity of the previous lemma, set Y, = ¢, Yo =
gitg2, ..y Yo = g 00, gi € G, and multiply on the right by ¢g-!. The for
all Xy,...,X, €u(L) and ¢1,...,9, € G we get

Fl(Xl, c. ,Xn,gl, e ;gn> = Z Oéﬂ<g1 * Xﬂ(l)) cee (gn * Xﬂ(n)) =0. |
TESK
By linearity we can substitute elements of the group ring for ¢y, ..., g,. Thus we

derive the first identity.

We decompose Fo(X1,..., Xn,G15---39n), G1,---,9, € G, into 2" sum-
mands, each being the result of substitution of the identity element e € G into
Fi(X1,...,Xn,91,--.,9,) on some places 1 < iy <ip < -+ <ig <m:

FZ(Xla'-'vXn7g17"'7gn> -

S Y CURG K

giy=-=giy=e = 0
s=0 1<i1<ig < <is<n
We remark that the following decomposition holds
Fl(Xl, e ,Xn,Zl, ce 7Zn)
= Z(Zl * XI)H7J<X1, ce ,Xi7 . ,Xn, 29y ,Zn), (9)

=1
Hi( X1, .., X5 X, 200, 20)
= Z ax(22 % Xrg) -+ (2n * Xam)),

w(1)=1

where H; are the polynomials of the same type as F;. Moreover, if F; is non-
trivial then some H; is also nontrivial. Similar decompositions also hold true for
polynomials of type F' and F3.

Suppose that L is a restricted Lie algebra. Fix some basis in L. Then we
have the standard PBW-basis for the restricted enveloping algebra w(L) [6]. Let
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u, (L) denote the span of all basis monomials for u(L) of length not greater than
n. Now we have the standard filtration ug(L) C ui(L) C -+ C u,(L) C -+ . It
induces the filtration for R = u(L)#K|[G]

RyCRyC---CR,C---; R, =u,(L)K|G], n=0,1,2,...
grR: ’%ORZ" Ri:Ri/Ri—h 220,1,

Observe that gr R = gr{u,(L)|n =0,1,2... }4#£K[G] where the action of G’ on the
vector space L = uj(L)/ug(L) is the same as the action of G on L. Recall also
that gr{u,(L)|n =0,1,2...} is isomorphic to the ring of truncated polynomials.

Lemma 4.3.  Let R = u(L)#K|[G] be a Pl-algebra. Then gr R satisfies a weak
wdentity

F3(Xq,..., X021,y 2n) = Z O (Zry * Xp) - (Zr (1) * X1) = 0;

WESn

Xl,...,XnEU(L)7 Zl,,ZnEK[G],

where o, € K, and a, = 1.

Proof.  We rewrite Fi(Xy,...,X,,21,...,2,) using the commutativity of
gru(L). ]

The nontrivial elements of the form F3 can be also decomposed as

Fg(Xl, . ,Xn,Zl, .. '7Zn)

= Z(ZZ * Xn)Hi(XI, Ce ,Xn_l,Zl, e ?31‘7 ey Zn)7 (10)
=1
H’L(Xh Ce 7Xn71721; .. .éi, c. 7211)

- Z aw(zﬂ(n—l) * Xn—l) Tt (ZTF(].) * Xl)y

w(n)=i

where H; are the polynomials of the same type as F3 and some H; is also
nontrivial.

5. Delta-theory for smash products

Recall that there are some delta-sets inside G and L that have been effectively
used in the study of the inner structure of G and L; the notation §, A was used
for these sets in [3], [11], [14]. A definition of delta-sets for Hopf algebras in terms
of their inner actions can be found in [4].

Suppose that a group G acts on a Lie algebra L by automorphisms. In this
section we introduce four more families of delta-sets defined with respect to this
action. We specially reserve the symbol D for the pairing between K[G| and L.

First, we define a series of delta-sets inside L:

Dmc(L) = {rxeL|dmK[G]*xx<m}, meN;
Dg(L) = mOLlem’G(L> C L.



BAHTURIN AND PETROGRADSKY 381

Another series of delta-sets lives inside G':

Dmir(G) = {g€G|dim(g—1)*L<m}, m=0,1,2...;
Di(G) = U Dpu(G)CG.

Finally, we define families of delta-sets inside the group ring K[G] and the re-
stricted enveloping algebra w(L):

Dmi(K[G]) = {a€ K[G]|dim(a* L) <m}, m=0,1,2,...;
DLK[G) = U Dni(K[G]) C K[G].

Dmc(u(l)) = {veu(l)|dmK[G]*v<m}, meN;
Da(u(L)) = U Duo(u(L)) C u(L).

In our study of identities in smash products we shall use essentially three
families except those inside u(L). For convenience we often omit subscripts L, G
and simply write, for example, D(L) instead of Dg(L).

One can easily check the following properties of these sets.

Lemma 5.1.  The sets D;(L) satisfy
1. if t € Di(L), y € Dj(L) then ax + By € Diy;(L), a,f € K;
2. if v € Di(L), y € Dj(L) then [x,y] € Dij(L); and 2P} € Dw(L);
3. Di(L) are G-invariant;

4. D(L) is a restricted G -invariant subalgebra in L.

Proof.  For example, let us prove the second claim. In this case K[G]*[z,y] =
(g [z,9llg € Gy = ([g*z,9xyllg € G)ix C[K[G]+z, K[G] xy], so dim K[G]
[z,y] < dim([K[G] * z) - dim([K[G] * y) < ij. |

Lemma 5.2.  The sets D;(G) satisfy
1. if g € Di(G), h € Dj(G) then gh € Dit;(G);
2. if g € Di(G), then g~ € Di(G);
3. if g€ DIG), h € G then h-'gh € Di(G):

4. 1€ Di(G) forall i >0;

5. D(G) is a normal subgroup in G.
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Proof. In order to prove claims 1), 2), and 3) we observe that for arbitrary
g,h € G one has

(gh—1)«xL=((g—1h+h—1)*xLC(g—1)«L+(h—1)x*L;
(' =D xL=g"*((1-g)*L)
(h'gh—1)xL=(h""(g—1h)xLCh ' *((g—1)*L).

Other claims are obvious. ]

Lemma 5.3.  The sets D;(K|[G]) satisfy

1. if a € Di(K[G]), b e Dj(K[G]) then aa+ b € Diy;(K[G]), o, € K ;

2. K|G]- Di(K[G]) - K[G] C Di(K[G]);

3. D(KI[G]) is a two-sided ideal in K[G].
Proof.  Let us check the second claim. Suppose that a € D;(K[G]), so dim(a *
L) < i. Then for arbitrary z,y € K[G] we have (zay) * L C x * (a * L) and
dim((zay) * L) <i. Hence, zay € D;(K[G]). n
Lemma 5.4.  The sets D;(u(L)) satisfy

1. if v € Di(u(L)), w € D;(u(L

(
(

) then av+ fw € Diy;(u(l)), o, f € K ;
2. ifv e 'DZ(U(L)), w e Dj(u L )

)

)) then vw € Djiyj(u(L));

3. D(u(L)) is a subalgebra in u(L).

Proof. is similar to that of Lemma 5.1. [

Let us establish the relationship between D(G) and D(K[G]).

Lemma 5.5. 1. 1+ (D(K[G])N (G —1)) = D(G);

2. K|G] - wK[D(G)] =wK[D(G)] - K|G] C D(K|G]).
Proof.  The first claim follows directly from definitions. Let us prove the second
one. We consider v = ay91 + - - + agm € wK[D(G)], o € K, g; € D(G). Then

a;+--+a,=0and v=a;(¢1 — 1)+ + @n(gm — 1). There exists a number
s such that {g1,...,9m} C Ds(G). Let w,u € K[G] then

(wou)« LCwx*((g1—1)* L+ -+ (gn — 1) % L),

and wou € Dy,s(K[G]). ]

But we lack any bounds in this lemma. We only suggest the following
conjecture that would make Theorem 6.5 below unnecessary.

Conjecture Let G = Ds(G) then wK|[G| = Di(K|[G]) for some number t = f(s).

On the other hand, the next example shows that the inclusion in Lemma 5.5
is strict: K[G]-wK[D(G)] # D(K[G]).
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Example 5.6. Let L = <x1,x2,...,y1,y2,...|q:2[.p] = yz[p] = 0,7 € N)g be

an abelian restricted Lie algebra. We consider the group G = (Zp)N and set
g = (0,...,0,1,0,...), with 1 on i-th place, i € N. Suppose that G acts on L
by

gi*xT; =3+ &Y, Gi*yY; =Y, ,JEN,
where {¢; € K|i € N} are the scalars linearly independent over Z,. We consider
the smash product R = u(L)#K[G]. Then

L D(G) = {e};
DL(K[G]) = Do, (K[G]) and dim K[G]/ D(K[G]) = 2;
R is not PI;

- W N

R satisfies some weak identities of the type
F(Xq, ..., X0, hey ooy hy)
- Z aﬂ'(hl * Xﬂ'(l) - Xﬂ'(l)) te (hn * er(n) - Xﬂ(n))

TESy

= O;Xl,...,XnEL, h17...,hneG.

Proof. Let e # g = (n1,ne,...) € G, then (¢ — 1) x z; = My;, where
A= > ,n& # 0 by assumption. Now the first claim follows by the definition
of the delta-sets D; 1(G).

To prove the second claim we take z = ). o,;g; € K[G] and consider

2k xj = (Zai>xj + <Zai§i>yj, 7 €N

Then z € D, 1 (K[G]) for some m > 0 if and only if Y . oy =0 and ). & = 0.
Hence, DL(K[G]) = Do (K[G]) and dim K[G]/ DL(K[G]) = 2.

Suppose that R is PI. We apply the first identity of Lemma 4.2 and
substitute the values a; = w1, ax = Tax3, ..., A4y = T—1)n/241° " Tn(n+1)/2,
and ¢;,,...,9, € G:

Fi(a, a9, ... a0, Giys -5 Gi,) = Z ax(Giy * ar1)) - (Gin * An(n))
TI'ESn

= ( Z aﬂg;(l)fg@) .. 'fii(n))yl Yn(ninye + terms with z-s.
TeSh
Therefore, 0 # f(X1,.. ., Xn) = Y reg axXTOXTP 0 XT € K[Xy,..., X,,] is
annihilated by any substitution from the countable set of scalars X; € {{;]j € N},
¢t =1,...,n. This contradiction proves that R is not PI.
By linearity, the last claim can be checked for the action on z-s only. We

remark that any element h € GG acts as the generators g;, namely hxz; = ;4 pupy;,
un € K, i € N. Then

FZ(xla <oy I, hb BRI hn) - Z aw(hl * Tr(1) — xTr(l)) toe (hn * Lr(n) — xw(n))

ﬂ'ESn

= ( Z aw)#lﬂz o UnY1Y2 - Yn

TESR
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If Y g ax =0, then we obtain a weak identity.? |

Also, this example shows that it is not enough to study the action of G on
L, but we also need to take into account the action of G on u(L) as well (see the
proof of Theorem 6.2 below).

Let us also establish the relationship between D(L) and D(u(L)).

Lemma 5.7. 1. D(u(L)NL=D(L);
2. wu(D(L)) C D(u(L)).

Proof.  The first claim follows from definitions. The subalgebra wu(D(L))
is generated by the elements from PD(L). These elements have finite width by
Lemma 5.4. n

We suggest to study whether there exists some bounds similar to Conjecture above.
Another interesting question is to investigate if the inclusion in Lemma 5.7 is strict.

6. Structure of delta-sets

In this section we establish crucial facts about the structure of three families of
delta-sets, provided that the smash product R = u(L)# K[G] satisfies a nontrivial
polynomial identity. ;From now on we assume that the number n is fixed in
Lemma 4.2 (remark that all lemmas of Section 4 fix the same number n).

Let us consider the associated graded algebra gr R = (gru(L))#K|[G]. It
satisfies the same weak identities of Lemmas 4.2, 4.3. We observe that the action
of G on the space ui(L)/ug(L) = L inside gru(L) remains the same. Therefore,
we may assume that L is abelian with the trivial p-mapping, while studying the
action of G on L in this section.

Let L be a restricted Lie algebra and some basis L = {e;li € I} be
fixed. Suppose that the decomposition of v € u(L) via the standard basis for
the restricted enveloping algebra depends on the elements e;,,...,e;,. Then we
denote the support of v by suppv = {e;,,..., e }.

Let G be a group and T a subset of G. We say that T has finite index in
G if there exist g1, ¢2,...,9m € G with

We then define the index |G : T| to be the minimum possible integer m with the
above property[11], [12]. If T is a subgroup of GG, then this agrees with the usual
definition of index.

Lemma 6.1.  ([11]) Let T be a subset of G with |G : T| < m. We set
T*=TU{1}UT*. Then

(T*)4m :T*'T*""T*
N——

4™ times

18 a subgroup of G.

3This example was produced in collaboration with M. Kotchetov



BAHTURIN AND PETROGRADSKY 385

Theorem 6.2.  Let R = u(L)#K[G] be a Pl-algebra. Then there exists a
subgroup Gy C G with |G : Go| <n and Gy C Dyssn 1.(G).

Proof. Let n be the number fixed in Lemma 4.3. Let us prove that |G :
Dn3(G)| < n. We fix arbitrary gq,...,¢9, € G. It suffices to prove that there exist
i # j such that g;'g; € Dy,s(G). We apply the weak identity of Lemma 4.3

F5(X1,..., X0, 01,y 0n) = Z Ar(Gr(n) * Xn) - - () * X1) = 0;

TI'ESn

X1,..., X, € u(L).

In the identical relations that follow we denote by X’s, and Y”’s the variables that
range over some sets of elements inside u(L).

Let us prove by induction on m the following. Suppose that ¢g;,...,9m, € G
are fixed and satisfy

Fg(Xl,...,Xm7g1,...,gm)EO; XzEUZ(L)7 izl,...,m,

where Fj is nontrivial. Then we claim that there exist i # j such that g;*' g; €
D3 (G).

We consider m = 1, we have g * X1 =0, X; € L. Then L = 0 and the
assertion is trivial.

Suppose that the statement is valid for m — 1, m > 1. We apply (10):

5

(X17"'7Xm7gl7"'7gm)

(gz*X )Hz‘(X1,~--,Xm—1,91,~~-§i7---,gm)

[
Ms

1

.
I

Without loss of generality we may assume that H,, is a non-trivial polyno-
mial. Now we consider two cases. First, suppose that

Hm(le---aXm—lygly---agm—l) EO, Xz GUZ‘(L), 1= 1,...,m—1.

Then by the inductive assumption there exist 7 # j, 1 < 1,7 < m — 1 such that
gi_lgj € D(m_1)3(G) C D (G).

Second, there exist a1 € ui(L), as € ua(L), ..., am—1 € Up_1(L) such
that h,, = Hp(a1, ..., a4m-1,91,---,9m-1) # 0. Let {e;]i € I} be an ordered basis
for L. Since H,, is linear in X's, we can consider ay,...,a,,—1 to be monomials

in {eq,,... €0}, where t <1+24---4+m—1<m(m—1). We set
Vo=(gixeq|l <i<m—1,1<j<t)g
Then dimVy < t(m — 1) < m(m — 1)?. Now we substitute ai,...,a,_; for
Xi,..., Xpmo1 in (11), set X = X,,,, and obtain the relation
S (g X =0, X € un(L): (12)

=1
Ny # 0,  supph,, C Vj. (13)
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By substituting XY for X we get

m

S (g% X) (g * Y)hi =0, X €upr(L), Y € L. (14)

i=1
Multiplying (12) by g1 * Y and subtracting from (14) we obtain

m

> g+ X)(gi*Y =g Y)h; =0, X €upa(L), Y €L (15)

1=2

Here we have two possibilities. First, (¢, — g1) xy € V; for all y € L. Then
(97 gm — 1) * L C g;' * Vy, therefore g;'g, € Dy(G), where b = dimV, <
m(m — 1)* < m?®. Second, there exists yo € L such that (g, — g1) * yo = v1 & Vj.
We set Vi = Vi + (v1)k and change the basis of L outside Vj so that vy coincides
with some basis element. We fix Y = y, in (15), and by the construction of v,
and (13) we obtain

> (gix XY =0, X € upa(L); (16)
=2

h(-l):(-* — hi, =2 ;

i gi * Yo 91*3/0) 9 ? yoeey 1M

A = by, # 0, supp Al C V4.

We continue this process further by deleting in (16) the term for i = 2.

> i+ X)(gi#Y — g2 x V)WY =0, X €ups(L), Y € L.
=3
Similarly, either (g, — ¢g2) * L C V; and we are done (see below), or there exists
y1 € L such that (g, — g2) *y1 = vo ¢ V4. In the latter case we change the
basis of L outside V] so that vs is one of the basis elements, set Vo = Vi + (v2) i,
h§2) = (g; *y1 — ga * yl)hl(»l), 1t =3,...,m and obtain the relation
> g+ X)W =0, X € upa(L);
=3
) =vhl) #0,  supph{Y) C Va.

This process terminates with the relation

(gm * X)A D =0, X € uy(L); (17)
hy ™Y # 0;
supp A" C Vi = Vo 4 (o1, .+, U 1)k

If we substitute X =1 in (17) then we obtain a contradiction. This contradiction
proves that this process had to stop even before, and the desired relation holds:
9, gm € De(G), where ¢ =dimV;_; < dimV,,_; <m(m —1)2 +m —1 <m>.

If we set T' = D,3(G), then we have proved that |G : T| < n. Remark
that, by Lemma 5.2, 1 € T and T = T7'. We set Gy = T*" and conclude that
Gy is a subgroup by Lemma 6.1. Of course, |G : Go| < n and Gy C D,34n(G) by
Lemma 5.2. ]
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Suppose that W is a subset in a vector space V. We say that W has finite
codimension in V' if there exist vy, ..., v, € V with V. =W+ (v1,...,0) k. I m
is the minimum possible integer with such property then we set dim V/W = m.
We also introduce the notation m - W = {w; + -+ + wp,|w; € W}, m € N.

Lemma 6.3.  Let L be a vector space. Suppose that a subset T C L is stable
under multiplication by scalars and such that dim L/T < m. Then (T')x =4™-T.

Proof.  We prove this statement by induction on m. If m = 0 then the assertion
is trivial. Suppose that dim L /T = m. Then there exist hq, ..., h,, such that

L=T+ (hy, .., )k (18)

If 2.7 =T then T is a subspace. Otherwise there exist t1,to € T with ¢;+t, ¢ T'.
By (18) t1 +to = t3 + athy + -+ + Qph, ts € T, a; € K, where one of scalars
is nonzero. Let «,, # 0, then h,, € 3-T + (h1,...,hpm_1)k. We substitute
in (18) and obtain L = 4 -T + (hy,...,hpm_1)k. By the inductive assumption
(4-T)x =4™"1-(4-T) C4™-T. Lemma is proved. n

Theorem 6.4.  Let R = u(L)#K|[G] be a Pl-algebra. Then there ezists a G -
invariant restricted subalgebra Ly C L with dim L/Ly < n and Ly C Dyngnys (L)

Proof. Let n be the number fixed above. While studying the action of G' on
L, we temporarily assumethat L is abelian with the trivial p-mapping. First, let
us prove that dim L/ D,2(L) < n.

We fix arbitrary aq,...,a, € L. By Lemma 4.2 we have

Fi(a,...,an,91,-..,gn) = Z ax(g1 % any) - (Gn ¥ Ory) =05 G15--. .00 €G.
WESTL

In this theorem g;’s, g are the variables that range over G. Let us prove by
induction on m the following. Suppose that aq,...,a, € L are fixed and satisfy
the condition

Fi(al, . Qmy g1y -y Gm) = Z (g1 * ar)) -+ (Gm * Gr(m)) = 0, (19)
TESm
91, 9m € G;
where F1 (X1, ..., Xm,91,---,9m) 1S some nontrivial polynomial. Then ay, ..., a,

are linearly dependent modulo D,,2(L).

In the case m = 1 we have ¢g; xa; = 0, gy € G. Since G acts by
automorphisms we have a; =0 € D;(L).

Suppose that the statement is valid for m—1, m > 1. We apply (9) to (19)

Fl(ab---’am?gl;---’gm)

= Z(gl s a;)Hi(ay, ..., 05 Qmy G2y -y Gm)
i=1

= 0;91,...,9m €G. (20)
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Without loss of generality we assume that Hi(Xs, ..., X;n, g2, .., gm) is a nontriv-
ial polynomial. Now two cases are possible. In the first case Hy(ag, ..., am, 92, - -,
gm) = 0 for all go,...,9m € G. Then by the inductive hypothesis as,...,an,
are linearly dependent modulo D(,,—1)2(L) and we are done. In the second case
there exist hg,...,h, € G such that f; = Hy(ag,...,am,h2,...,hy) # 0. We
substitute these values into (20) and set f; = H;(a1,...,a; .. am, hay ... hy),
1=1,...,m:

m

Y (gixa)fi=0, g eG

=1

We discard the summands with f; = 0, set ¢ = ¢, and rewrite our relation as
follows

T

Sgxa)fi=0, geG; fi#0,i=1,...,r (21)

=1

We set V = (g;xa;]2 <i<m,1<j<m)g, then dimV < m? and fi,..., [,
belong to the subalgebra of u(L) generated by V. Next we prove by induction on
r that (21) implies linear dependence of ay, ..., a, modulo D,,2(L).

If r=1 then

(9xa1)f1 =0, geG. (22)

Let us prove that G xa; C V', s0 a1 € Dp2(L). By way of contradiction suppose
that there exists d € G with d xa; = ¢y ¢ V. Choose an ordered basis for L
whose first elements is eg, followed by a basis of V' = (vy,...,v;) k. Now f; is the
sum of products, each product consists of m — 1 factors of the type ¢, xa; € V.
Using the standard basis of the restricted enveloping algebra we have

fl = Zajvjl U, g, O € K. (23)
J

Multiplying fi by ey we obtain a nonzero element. Thus, seting ¢ = d we arrive
at a contradiction with (22).

We consider r > 1. Suppose that G *a, C V in (21). Then a, € D,,2(L)
and the result follows. So, we assume that ey = d *a, ¢ V for some d € G.
By analogy with the preceding argument we choose an ordered basis for L. We
set d*a; = ajeg+wj, j=1,....,7 =1, o;j € K and each w; being a linear
combination of the basis elements of L except ey. By setting g = d in (21) we
obtain

elanfi+--+a_afia+ fi) Fwurfi+--+w_1fro1 =0. (24)

Weset f=a1fi+ -+ a._1fr—1+ fr. Suppose that f # 0. By analogy with the
preceding argument, f is of the form (23), which means that the first summand
in (24) has degree m and may be written as

Gof = ZO&jeo’Ujl s vjm—l? Oéj € K. (25)
J
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Other nonzero summands in (24), being written in the form (25), do not
contain e as their factor. This is a contradiction. So, f = a1 fi 4+ -+, _1fr_1+
fr =0. We express f,. from this relation and substitute into (21):

r—1

> (g (ai—an)f; =0, geG;

i=1
fl#O, izl,...,T—l.

By the inductive assumption a; — aya,.,...,a,_1 — a,_ja, are linearly dependent

modulo D,,2(L), therefore ay,...,a, are also linearly dependent modulo this set.

Thus we have proved that dim L/ D,2(L) < n. Now we return to the
original structure of a Lie p-algebra on L. By Lemmas 6.3, 5.1 we construct
a subspace Wy = (Dp2(L))x = 4™ - Dyp2(L) C Danp2(L). We consider the chain
Wi = W1+ [W;_1,W1], i = 2,3.... Due to the finiteness of codimension we have
stabilization U2, W; = W, and by Lemma 5.1 W,, C Dynpa(L). By construction,
W, is a G-invariant subalgebra. To obtain a restricted subalgebra we consider its
p-hull Ly = (W,,), = (wP’ljw € W,, s > 0). Again by the codimension argument,
we can assume here that s < n. By Lemma 5.1 we get Ly C Dyngnys(L), also
dim L/Ly < n. The theorem follows. ]

Theorem 6.5.  Let R =u(L)#K|G| be a Pl-algebra. Then there exists a two-
sided ideal J C K|G] with dim K[G]/J <n and J C Dannz (K[G]).

Proof.  Similar to that for the previous theorem. Let n be the number fixed
above. We may assume that L is abelian with the trivial p-mapping. First, let us
prove that dim K[G|/ D,:(K|[G]) < n.

We fix arbitrary zi,..., 2, € K[G]. By Lemma 4.3 we have

Fs(ay, ..., an, 21, .., 20) = Z Or(Zrm) * An) -+ (2ry ¥ 1) =0; aq,...,a, € L.
7T€Sn

In this theorem a;’s, a denote the variables that range over L. We prove by

induction on m the following. Let zi,...,z, € K[G] be fixed and satisfy the

condition

Fs(at, ... am, 21, 2m) = Z Or(Zr(m) * ) -+ (2r1) ¥ 1) = 0, (26)
WESm
A1y Gy € L
where F3(Xy,...,Xm,21,...,2mn) is some nontrivial polynomial. Then z,..., 2z,

are linearly dependent modulo D,,2(K[G]).

In the case m =1 we have z; xa; =0, a1 € L. Then z; € Dy(K[G]) and
the result follows.

Suppose that the statement is valid for m — 1, m > 1. We apply decom-
position (10) to the relation (26)

Fs(ay, ... am, 21,y 2m)
m

= Z(Zz k Q) Hi (@1, oo Q1 21, ooy 2y e oy Zim)
i=1

= 0; a,...,a, € L. (27)
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Without loss of generality we may assume that Hy(Xy,..., X 1,22,...,2,) is
a nontrivial polynomial. We have two cases. 1) Hi(ay,...,am-1,22,---,2m) =0
for all ay,...,a,,—1 € L. Then by the inductive hypothesis z,,..., z,, are linearly
dependent modulo D(,,—1)2(K[G]) and we are done. 2) There exist by, ..., by,_1 €
L such that Hy(by,...,bym_1,29,...,2m) # 0. We substitute these values into (27)
and set f; = Hi(b1, ..., 01,21, -, 2is. -y 2m), 1 =1,...,m:
Z(z, * am)fi =0, am € L.
i=1
We omit the summands with f; = 0, denote a = a,,, and obtain
Z(zi*a)fiEO, acel; fi#0,i=1,...,r. (28)
i=1
Weset V = (z;%b;]1 <i<m,1<j<m-—1)g, then dimV <m? and fi,..., [,
belong to the subalgebra of u(L) generated by V. Next we prove by induction on
r that (28) implies linear dependence of zi, ..., 2, modulo D, (K[G]).
If =1 then

(2’1 * CL)fl = O, a€ L. (29)

Let us prove that z;xL C V', so z; € D,,2(K[G]). By way of contradiction suppose
that there exists y € L with z; xy = ey ¢ V. We choose an ordered basis for L
whose first element is eq, followed by a basis of V' = (vy,...,v) k. In the standard
basis of the restricted enveloping algebra we have

fr= Zajvjl“'vjm_l 70, o; e K.
j

Multiplying f; by ey we obtain a nonzero element. Thus, if we set a = y then (29)
leads to contradiction.

We consider r > 1. Suppose that z.%L C V in (28). Then z, € D,2(KI[G])
and the result follows. So, we assume that ey = 2z, xy ¢ V for some y € L. By
analogy with the preceding argument we choose an ordered basis for L. We set
Zi*xy = ojep+w;, g =1,...,7r—1, aj € K and each w; being a linear combination
of the basis elements of L except ey. By setting a =y in (28) we obtain

eolanfi+-+a1fer+ fr) Fwrfi+- -+ w1 fro1 =0. (30)

Let usset f =ayfi + -+ a._1f-—1 + f-. Suppose that f # 0. By analogy with
the preceding theorem the first summand in (30) has degree m and is written in
the standard basis as

60f = E Qaj;€oVj, * V1 % € K.
J

Other nonzero summands in (30), being written in the standard basis, have no eq as
their factor. This is a contradiction. Therefore, f = ayf1+- -+ a1 fr 1+ fr = 0.
We express f, from this relation and substitute into (28):

r—1

Z((Z’L - aiZT) * Cl)fz = 07 a € I/7

=1
fi£0,i=1,...,r—1.
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By the inductive assumption z; — @12, ...,2,_1 — a,_12, are linearly dependent
modulo D,,2(K[G]), therefore z,...,z. are also linearly dependent modulo this
set.

Thus we have proved that dim K[G|/ D,2(K[G]) < n. By Lemma 6.3, we
form a subspace by J = (D,2(K[G]))x = 4" - D,2(K|[G]). Due to Lemma 5.3 J is
an ideal and J C Dyny2(K[G]). Of course, also dim K[G]/J < n. The theorem is
proved. [ |

We can also describe the properties of the delta-sets as follows, but in this
case it is not possible to evaluate the numbers ny, ny, n3 below.

Corollary 6.6.  Let R = u(L)#K|[G] be a Pl-algebra and n be the number fized
above. Then there exist numbers ny,no,ng such that

Dr(G) = Dy, L(G), |G DL(G)| < m;
Dc(L) = Dny.a(L), dim L/ Dg(L) < n;
Di(K[G]) = Dy . (K[G]),  dim K[G]/ DL(K[G]) < n.

Proof.  Let us check the first equality. For T'= D,3(G), we have |G : T| < n
(Theorem 6.2). We consider T; = (D;(G))*", i > n®. By Lemma 6.1, we obtain
the chain of subgroups and 7; C Dyn;(G) by Lemma 5.2. Since |G : T;| < n,
this chain must stabilize. In other two cases similar chains also stabilize by the
codimension argument. [ |

Next we are going to use the next result on bilinear maps.

Theorem 6.7.  (P. M. Neumann, [1]) Let ¢ : U x V. — W be a bilinear map,
where U, V,W are vector spaces over a field K. Suppose that dim p(u,V) < m
for each w € U and dim p(U,v) <1 for all v e V. Then dim{p(U,V))x < ml.

The goal of three previous theorems has been to establish the following
result.

Theorem 6.8.  Let R = u(L)#K|G| be a Pl-algebra. Then there exist a G -
invariant restricted subalgebra of finite codimension Ly C L and a subgroup of
finite index Gy C G such that dim(wK[Go| * Lg) < c0.

Proof.  We apply Theorems 6.2, 6.4, and 6.5. These theorems yield us the
subgroup of finite index Gy C G, the G-invariant restricted subalgebra L, with
dim L/Ly < n, and the ideal J<K[G] with dim K[G]/J < n. Also, their elements
have finite width with respect to the action of G on L. Namely,

dim((g —1)* L) <4™n?, g € Gy;
dim(K[G] * z) < p"4"n®,  x € Ly; (31)
dim(z * L) < 4"n?, z e J

We have dimwK [Go|/(J NwK[Gy]) < n. Hence, there exist g1,..., g, € Gy such
that
wK[Go]l = {((g1 —1),...,(gn — 1))k + J NwK[G].

Then
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We use the conditions of finite width (31) and apply Theorem 6.7 to the bilinear
mapping ¢ : J X Ly — Lo, ¢(z,2) =z*x, 2 € J, © € Ly. Finally, we have

dim(wK[Go] * L) dim(gy — 1) * Lo + - - - + dim(g, — 1) * Lo + dim(J * Ly)

<
n, 3 n,. 2 nn, 5
< n-4"n>+4"n" - p"4"n’ < oo. [ |

7. Proof of the main result

If H is a subalgebra in a restricted Lie algebra L then by H, we denote the p-hull.
h e

This is a minimal restricted subalgebra containing H, and in fact H, = <h[Pi]
H,i=0,1,2,... ).

Suppose that Z is a finite-dimensional abelian p-algebra. Then its structure
is determined by the p-mapping, which satisfies the relation

()\11’1 + /\QZEQ)[p] = )\IIJZL‘[IP] + /\glfgp], T1,T9 c Z7 )\1,)\2 c K.

For shortness we often write 2? instead of zPl. By MN(Z) we denote the set
of p-nilpotent elements of Z. Over an algebraically closed field there exists the
following decomposition

Z = (e1,...,e)el =e)xk ®N(2). (32)

Suppose that a group GG acts on a space V and W is a G-invariant subspace.
We set

V¢ = {veV|gxv=u,gecqG}
V9 mod W) = {veV]gxv=uv(modW), g€ G}.

Proposition 7.1.  Let R = u(L)#K|G] be a Pl-algebra, L has a finite -
dimensional central restricted ideal Z with [L,L] C N(Z), and wK[G]* L C Z.
Then there exists a subgroup of finite index B C G such that

dim L/(L?(mod N (Z))) < .

Proof. = We suppose that the ground field K is algebraically closed. Let us
factor out N (Z) and for simplicity keep the same notations. By (32) we have

Z = {e1,...,e4ef = e;)k. (33)

Recall that x is called a p-element if P = x. An easy check shows that there are
only finitely many p-elements in (33), namely {nje;+---+nge,n; € {0,1,...,p—
1}}. Then Aut(Z) C Spe. Hence, there exists a subgroup of finite index B C G
acting trivially on Z.

Let us prove by induction on ¢ = dim Z that dim L/L? < co. Let ¢ = 1,
then Z = (eg)x where ef = ey. We have

gxx=1x+pB(g9,7)eo, B(g9,7) €K, g€ B,x € L.

We observe that f : B x L — (K,+) is the mapping into the additive group
of the field, which is K-linear by the second argument. We set Ly = L. If
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B(B, Ly) # 0 then there exist ¢ € B, =17 € Ly such that G(g;,z1) = 1. We
consider Ly = {x € L;|8(g1,z) = 0}, then dim L, /L, = 1. If again 5(B, Ly) # 0
then there exist go € B, xy € Ly such that ((ge,z2) = 1. Then we define
Ly = {x € Ly|3(ga,x) = 0} and dim Ly/L3 = 1, etc. Suppose that we can make
n steps. Then we have the elements ¢y,...,9, € B; v1 € Ly, ..., x, € L, such
that

(gi—1)*xz;=e€, i=1,....n; (¢—1)xx; =0, 1<i<j<n. (34)

We apply identity of Lemma 4.2

FQ(xla-”?xn7glv"'7gn) - Z aﬂ(gl - 1) *xw(l)(gn_ 1) * Tr(n) :68 =0,
TESy

(35)

because by (34) the only nontrivial term is given by the identity permutation.

Of course, (35) is a contradiction. This contradiction proves that we cannot
make n steps. Therefore, for some ¢ € {1,...,n} we have 3(B,L;) = 0. We
remark that L, = L? and dim L/L? < n. Since B acts trivially on Z, we have
Z C L%, also we observe that L% is a restricted subalgebra.

Now suppose that dimZ = ¢ > 1. Set D = (es,...,eq) k. We consider
L=1L/D, Z=2/D. We set L, = LB(mod D), by the inductive assumption for
g =1, we have dim L/L; < oco. Hence, wK[B|* L; C D. We apply inductive
assumption for D C Ly, where dim D = ¢ — 1, and obtain that dim L,/L? < co.
It remains to remark that L? = LZ. Now we have proved that if K is algebraically
closed then there exist the subgroup of finite index B C G and the number [ such
that dim L/(L?(mod N (2))) < I.

Now we consider the case of an arbitrary field K. Note that we can extend
K by adjoining finitely many roots of p-polynomials and obtain the decomposi-
tion (32) (see [6]). Let K D K be such an extension and dimxg K = m. Given a
K-space V we set V = K ®k V. Then dimg L/(LP(mod N (Z))) < t = Im.
Pick arbitrary zi,...,2; € L. Then there exist ai,...,a; € K such that
azy + -+ oy, € LP(mod N(Z)). This means that for any g € B we have

(g—1)* (uzy + -+ o) EN(Z)NL C N(2).

This relation reads also as dimg L/(L?(mod N'(Z))) < t. This concludes the
proof. [ |

Now we come back to the proof Theorem 3.1.

Proof.  The sufficiency was proved above. Now suppose that u(L)#K[G] sat-
isfies a nontrivial polynomial identity.

First, let us prove that there exist GG-invariant restricted subalgebras @), C
H, C L satisfying conditions 1) of Theorem. We recall the steps of the proof of
Theorem 1.3 in [15] (see also this construction in [16] and [3]).

1) The existence of a nontrivial identity in w(L) implies that for some
number m we have §(L) = §,,(L) and dim L/§(L) < co. We set D = §(L).

2) We apply Theorem 6.7 on bilinear maps and conclude that the commu-
tator subalgebra D? = [D, D] is finite dimensional. We set
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C = Cp(D?) = {x € D|[z, D*] = 0}.
Then dim D/C < oo, and C® = 0.

3) We have dim C? < oo and (C?), is a finitely generated abelian p-algebra.
By the structure of such algebras Q. = N ((C?),) is finite dimensional. Then the
proof shows that H, = C(C,Q.) = {z € C|[z,C] C Q.} has finite codimension in
C.

We trace these steps and see by Lemma 2.4 that D, C', Q,, and H,
are restricted invariant subalgebras. Hence, we obtain the required G-invariant
restricted subalgebras @), C H, C L, where H, is nilpotent of step 2.

Second, we apply results of Section 6.. By Theorem 6.8 there exist the G-
invariant restricted subalgebra of finite codimension Ly C L and the subgroup of
finite index Gy C G such that dim(wK|[Gy| * Ly) < co. Without loss of generality
we may assume that Gy to be normal in G. We set Qg = Q. N Ly, Hy= H,N Lyg.

Next we consider Q)1 = Qo + wK|[Go| * Hy C Hp, by this construction
dim @, < oo. We observe that @); is a subalgebra, since [Hy, Hy] C QQo. Let us
check that @ is restricted. By the axioms of the p-map [6]

p—1
(x + y)[p] =P ¢ y[p} + si(z,y), x,y € Hy, (36)
i=1

where each s;(z,y) is the linear span of commutators in z,y of length p. Since
Hy is nilpotent of step 2, all s;(x,y) are equal to zero in the case p > 2 or belong
to Qo for p =2. We compute

(g—1) *x)[p] = (gxx— x)[p] = (g * x)[p] — P
g * (x[”]) — gl = (g—1)=% (x[p}), g€ Gy, x€ H,y,

where in the case p = 2 we have some additional summands from (). For arbitrary
r € Q1 we treat xP again by (36) and conclude that (), is restricted. We also
easily observe that )y is G-invariant because Hy, )y are G-invariant and Gy is
a normal subgroup of G in which case G - wK[Gy] = wK[Go] - G.

We set Hy = Cp,(Q1) = {z € Hyl[x,Q1] = 0}. Then H; is G-invariant,
dim Hy/H; < 00, @y is central in Hy, [Hy, Hi] C Qo C N (Q1), and wK|[Gg|xH; C
(1. Now we can apply Proposition 7.1 to the smash product K[Go|#H; where
Z = (1. We obtain the subgroup of finite index G C Gy and the subalgebras

Q=N(Q1), H=H{"(modQ), (37)

where dim H;/H < oo. The proof of Proposition 7.1 allows us to assume that G,
is normal in G'. The construction (37) shows that @, H are G-invariant and that
G acts trivially on H/Q.

Finally, we use Theorem 1.1 and find the subgroup A C G; such that the
conditions 2) of Theorem are satisfied. [
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