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Abstract.  Explicit computations of the homology of some complex free nilpo-
tent Lie algebras of small rank 7, as modules over the general linear group
GL(r,C), are presented. A GL(r,C)-Poincaré duality theorem and a stabiliza-
tion theorem for r — oo are also proved.

The complex free N-step nilpotent Lie algebra of rank r, L(N,r), has a natural
polynomial structure as a G'L(r, C)-module; this structure is induced to its homo-
logy groups. The description of these representations is an interesting problem.

The problem for the case of free 2-step nilpotent Lie algebras has been solved
in [8], even though the same description can be deduced from the classical paper of
Kostant [5] as shown in [4]. The GL(r, C)-structure of the second homology group
of any free nilpotent Lie algebra is also known, since it is isomorphic to H(N +1),
the subspace of (N +1)-brackets of the free Lie algebra and the GL(r, C)-structure
of the free Lie algebra was determined in [9].

We present in this paper some basic results and a list of explicit compu-
tations as a contribution to get a better perspective of the general problem and
hoping they could inspire others to work on this problem. The computations have
been done using Maple V.

In §2 we first prove a GL(r, C)-version of the Poincaré duality for L(N,r),
for all N. Recall that Poincaré duality holds for any finite dimensional nilpotent
Lie algebra.

Next we investigate the relation between the homologies of two free N-step
nilpotent Lie algebras of different rank. If Fj(r) is the family of Young diagrams
describing the i-th homology group of L(N,r) as a GL(r,C)-representation, then
there are inclusions Fj(r) — F;(r + 1) — F;(r +2) — ... and moreover there is
an 1o such that Fj(r) — Fj(r + 1) is a bijection for all r > rq.

Further restrictions on the Young diagrams that can occur in Fj(r) are
deduced from a Gruenberg formula for Lie algebra homology.

In §3 we display all the homology groups computed as lists of Young dia-
grams. We computed the whole homology of the algebras L(I11,2,), L(IV,2,),
L(V,2) and L£(II1,3) and the groups H;(L([II,r)), i=1,...,4, for all r.

At the moment we cannot explain our results, but we are confident that by
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explaining these particular cases one will get a deeper understanding of the general
problem.

1. Preliminaries

Fix a natural number r > 2, let X = {Xy,...,X,} and let V, be the C-vector
space spanned by X . Consider the tensor algebra

TV,)=CoV, eV?e- -0V o

as a Lie algebra via the usual bracket for associative algebras.
The complex free Lie algebra of rank r is the Lie subalgebra L£(r) of T'(V;)
generated by V... L(r) inherits the grading from 7'(V}.), so that

L(r)=Hy(r)® Hy(r)®--- O Hy(r)® - (1)
The complex free N-step nilpotent Lie algebra of rank r is the Lie algebra

L(r)
Zi2N+1 Hi(r) .

By an abuse of notation we write this algebra as

L(N,r)=Hy(r)® Hy(r)®--- & Hy(r)

L(N,r)=

where the bracket of two homogeneous elements of degree ¢ and j is 0 if ¢ +
j > N. The elements of L(r) are sometimes called Lie polynomials. Several
characterizations can be found in [6]. The universal enveloping algebra of L£(r) is
the tensor algebra T'(V}.).

The subspace H;(r) in (1) is the subspace of homogeneous Lie polynomials
of degree i, which is the sum of H;, ,, ;. (r), the subspaces of homogeneous Lie

polynomials of multidegree (il,ig, cooydp), with 4y + oo+ 4. = 0. If M.(i) =
dim H,(r) and M, (iy,ia,...,%,) = dim H;, ;, ;. (r), then

M, (i) = %chz)r“d (2)

Mr(il,ig,...7ir) — _Z/L (_1 é)l(

d|Zk

; ©)

Explicit basis can be constructed for H;(r). One well known basis is the
Hall basis H (i), which is recursively defined (c.f. [7]); H(1) = X, H(2) is a subset
of [H(1),H(1)] and in general H(i) is a subset of U Z[H(]),H(/@)]. We take
H = UY_H(k) as a basis for L(N,r).

Remark 1.1.  All generators {X3,..., X} appear the same number of times,
if counted with multiplicity, in all the different Lie polynomials in H (7). In fact,
the number of times that Xj appears in H(7) is

i—1

Tu(i) =) > M(it,. ik, Joiens - ir).

Jj=1 iat+-+ig—1tigt1++ir=i—j
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It is straightforward to check, using (3), that 731(i) = --- = T,(¢). Since each
element in H(i) is an i-bracket, it is clear that this common number is 7'(i) =
M, (i)i

We include here some background for the representation theory of GL(r,C),
we fix some notation and make some conventions. We assume all representations
to be of finite dimension. Proofs, as well as the general theory, can be found in
any standard book, e.g. [1].

From now on, we fix a basis B = {vy,...,v.} of V, and we denote by
{E;; : 1,7 =1,...,r} the canonical basis of End(V}). Let gl(V) be the Lie algebra
of GL(r,C) and fix the triangular decomposition gl(V;) =n~ @ hPSnt, where n~,
h and nt are the subalgebras consisting of endomorphisms whose matrices in
the basis B are respectively strictly lower-triangular, diagonal and strictly upper-
triangular. Now {FEiy,..., E..} is a basis of the Cartan subalgebra . We will
denote the corresponding dual basis by {ei,...,¢.}. In particular {e; —¢; : 7 < j}
is the set of positive roots corresponding to the triangular decomposition chosen
above.

A linear functional A on b is called a weight if it takes integer values on
the vectors E; — E;; for all ¢ < j. A weight is said to be a dominant weight if
M E;; — Ej;) > 0. A partition of length r is an r-tuple of non-negative integers
A= (A,...,A) such that Ay > --- > X\.. Any partition of length r defines a
dominant weight, which we will denote again by A, given by > A¢;.

By a polynomial representation we mean a finite dimensional representa-
tion of GL(r,C) such that the matrix entries are given by polynomial functions.
It is well known that every polynomial representation of GL(r,C) can be decom-
posed as a sum of irreducible polynomial subrepresentations. In each irreducible
polynomial representation W there is a unique (up to scalars) non-zero vector v
such that nt.v = 0 and H.v = A(H)v where A is a dominant weight. Such a
vector is called a highest weight vector of weight A, and W is called an irreducible
representation of highest weight A. In addition, W = U(n~).v, where U(n™) is
the enveloping algebra of n™.

The isomorphism classes of irreducible polynomial representations of GL(V)
are in one-to-one correspondence with the partitions of length r. Given A, W,
will denote an irreducible representation of highest weight .

A partition A = (Ay,...,\;) is often represented by its Young diagram
Y()\), a graphical arrangement of \; boxes in the i-th row starting in the first
column. So, any polynomial representation of GL(r,C) can be described (up
to isomorphism) as a direct sum of Young diagrams with at most r rows. For
example, to the partition A = (4,2,1,0) it corresponds the Young diagram

L]

2. General results

The group GL(r,C) acts naturally on V, and thus acts on T'(V}), acting in each
coordinate. This action is polynomial. Since

gyl =gz @y —y®r) =g9r® gy — gy ® g = [gz, gy,
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for any x,y € T(V,) and g € GL(r,C), it follows that GL(r,C) acts on L(r)
preserving each one of the components in (1).

More generally, if W is a GL(r, C)-representation, then the exterior powers
of W, APW , are also polynomial GL(r,C)-representations with GL(r,C) acting
in each coordinate. In this case the induced action of the Lie algebra gl(r,C) on
the exterior powers of W is given by

p
Alwi A Awy) =D wi A AN Aw AL A wy,
=1

for A € gl(r,C) and w; € W.
Recall that the homology of a Lie algebra g, with trivial coefficients, is the
homology of the complex

Op
APg T prlg e N2 2 C =0 (4)
where
Op(ri Ao Awy) =Y (D) g a) Aay AL B Ey . Ay (5)
1<j

The exterior algebra complex, that computes the homology of L(N,r), is
a GL(r,C)-module and it is easy to verify that the differential is a GL(r,C)-
morphism. Therefore, the homology groups H,(g) = kerd,/Im 0,1 inherit that
G L(r, C)-module structure.

2.1. Poincaré duality.
All complex finite dimensional nilpotent Lie algebras g enjoy Poincaré duality,
that is dim H;(g) = dim Hgim g—i(9)-

We prove here that for £(NV,r) a stronger version of this duality holds. It
is not true that H;(L(N,r)) and H,_;(L(N,r)) (n=dim L(N,r)) are GL(r,C)-
isomorphic, but there is a simple formula relating these G'L(r, C)-modules.

Theorem 2.1.  Let L(N,r) be the complex free N -step nilpotent Lie algebra
of rank r and let n be its dimension. Let M,(i) be the dimension of the i-th
homogeneous component of L(N,r) and set T = sz\il MTT(Z)Z Then

H,_i(L(N,7)) ~ H{(L(N,r))" @ det”

as GL(r,C)-modules.

To prove this theorem we need some propositions.

From now on we set n = L(N,r), n = dim L(N,r) and we fix a Hall basis
for n, {e1,...,en}.

Consider the bilinear form B on An defined on homogeneous elements
v € APn and w € An by

B(v,w) 0, ifp+q#n;
vV, W) = X
A ifp+g=mn;
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here in the second case A is such that v Aw = Ale;z A ... Ae,). Let us take
Wiy, = €y Ao Ny, iy <o <y, p=1...n}U{vg = 1} as a basis of An. The
Hodge map * : An — An is defined by *v;, ;, = cvg¢ (¢ ==+1), where 7y ...1,
is the ordered complement of {iy,...,4,} in {1,...,n} and Vi iy = CUln-
Since v Axv =e; A...ANe,, B(v,xv) =1 and B is non-degenerate.

Lemma 2.2. If v,w € An, then B(gv,gw) = (det g9)T B(v,w) for any g €
GL(r,C).

Proof.  We can assume that v € APn and w € A with p+ ¢ =n. Let z be
a generator of A"n and let ¢ = SU be the (multiplicative) Jordan decomposition
of g; there exist h € GL(r,C) such that P = hUh™! is upper-triangular with all
diagonal entries equal to 1. Since Pz = z, then also Uz = z. On the other hand,
because of Remark 1.1

A1
Sz = 2= .. Az
Ar

Therefore gz = (detg)’z and B(gv,gw) = gv A gw = glv Aw) = g(A\z) =
A(det g)Tz = (det g)T (v A w) = (det g)T B(v, w). ]

Proposition 2.3. A" n~ (An)" ®det” as GL(r,C)-modules.

Proof.  Foreach v € A" 'nlet a, € (A'n)” be defined by a,(w) = B(v,w). Let
U A"'n — (A'n)" ® C be defined by ¥(v) = a, ® 1, where C is the GL(r, C)-
module det” . Since B is non-degenerate, U is a C-isomorphism. Moreover, ¥ is
a GL(r,C)-isomorphism. In fact,

U (gv)(w) = (agy ® 1)(w) = B(gv, w) = B(gv, g9~ w)
= (det 9)" B(v, g w)

and
g¥(v)(w) = g(a, ® 1)(w) = (gaw ® (det g)")(w)
= (det ¢)" B(v, g 'w).
Lemma 2.4. The square

(A"n)" @ €~ Aty g C

‘LT T\I’i-kl

Aln poe Atin

18 commutative if i is even and anti-commutative if 1 is odd.
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Proof.  Take v € A"'n and w € A" 'n; we may assume that v = a;, A...Aaj,,,
and w = b, A... ANby,_, with a; b, € {e1,...,en}. To make formulas easier to
read we will use the following notations

a(Jp,Jg) = iy Ao NG N NG NN G,
b(ly 1) = by, Ao ADL A ADL AL A

By the definition of 0 and ¥ we have

oitly — Z(—l)pﬂ“[ajpa ajq] A a(Jp, Jq);

p<q
T (0 w)w =Y (=P ay,, a5,] A alipjg) Abi A Ay, (6)

p<g

On the other hand

—(0" N (U v)w = —(V410)(0" " w) = —v A" w
— Z(—l)’”*%h Ao oNag, A, b ) AL L), (7)

r<s

We can identify v and w with the sets {a;,,...,a;, ,} and {b;,..., b, _,} respec-
tively. Thus, since #v =i+ 1 and #w = n — i it follows that #(v Nw) > 1.

If #(vNw) > 3 then the sums in (6) and in (7) are both equal to 0.

If #(vNw) =2 we may assume that a;, = b
Hence,

=x and a;, =b, =y.

To

U (0o )w = (=P [yl A allpy, go) Abiy Ao Aby,

= (—1)potaotrotaot 2=y ] Al A by A a(pes Jao) A 0y, Lsy)
— (O"Y(Wipv)w = (=1)F0a, AL Aaj, Az, y] Ab(Ly, Ls,)
(_1)r0+80+p0+qo+i72[377 Yyl A g N Qg N a(Jpos Jao) A\ Ollrgs lgo)

If #(vNw) =1 we may assume that a;, = b, = z. It turns out that

those summands in (6) with p # py and g # po are zero. Suppose p = pg in (6),
then

U, (0" v)yw = Z(—l)?°+q+1£ajpo,ajq] A (o, Jg) N1y Ao Ay

Po<q V

n—i

But ¢, # 0 if and only if the coefficient of a;, in the expansion of [a;, ,a; |, as an
element in n, is # 0. Since the homogeneous degree of [a;, ,a;,] is greater than
that of a;, we conclude that ¢, = 0 for all ¢ and then the sum in (6) is equal to
0. The case when g = py follows similarly.

In an analogous way we conclude that the sum in (7) is equal to 0. ]

Proof.  [Proof of Theorem 2.1] The homology of n is the homology of the
complex
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) git1 ) 9t )
.. H.Az—&-lnHAanAz—ln*). ..
and its cohomology is the homology of the complex

_(ai+1)t _(81')16

- (Ai“n)*

(A'n)’

(Aiiln)* -~ ...
Consider the following diagram of G L(r, C)-modules and GL(r, C)-morphisms
with commutative or anti-commutative squares.

— (0"t ®id —(0")t®id

o (A) @ C An) @ C An) " @C---
(
: : :
LAY o o A" or 0 A =Dg .

Since the upper complex computes the cohomology of n it follows that ¥ induces
a GL(r,C)-isomorphism

H,_;(n) ~ H'(n) @ det”.

On the other hand the linear isomorphism « : H(n) — H;(n)* defined by
a([f]) = f« for any [f] € H'(n), where f.([z]) = [f(2)] (recall that A'n* ~ (A'n)*),
is a GL(r,C)-morphism. So we arrive to the desired G L(r, C)-isomorphism

Hn_i(n) ~ Hl(l’l)* (%9 detT

Remark 2.5. It follows that as GL(r, C)-modules H, ~ det”, for every r > 2.

Remark 2.6.  The previous isomorphism can be interpreted in terms of Young
diagrams as follows.

For each diagram Y) that fits in the r x T" rectangle let Y\ be the diagram
obtained by rotating 180 degrees the complementary arrangement of Y, in the
r x T rectangle.

For example, if » = 4 we have T' = 6, the diagram of the representation

det” is the 4x 6 rectangle and for Y, = H the corresponding diagram

vy = [P,

Now, Yy € H,,_; if and only if Yy € H;. This follows from the fact that A
is a highest weight of a representation W of GL(r,C) if and only if (7,...,7) — A
is a highest weight of W* @ det” .

2.2. Homology stabilization.
The inclusion {z1, ...,z } — {x1,...,2,, 2,41} induces a C-monomorphism 7'(V,.) —
T(V,11), a Lie monomorphism L£(N,r) — L(N,r 4+ 1) and a C-monomorphism
APL(N,r) — APL(N,r + 1) for each 0 < p < n. Moreover, by considering
GL(r,C) as the subgroup of GL(r + 1,C) consisting of matrices (4 ¢), with
A e GL(r,C), all these maps are GL(r,C)-morphisms.

Let us denote n’ = L(N,r + 1) and consider the homology groups H,(n)
and Hy(n'), for 0 < p <n, as GL(r,C) and GL(r + 1, C)-modules respectively.
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Lemma 2.7. If 0 # [v] € Hy(n) is a highest weight vector, then 0 # [v] €

H,(n') is also a highest weight vector.

Proof. Let A = (A1,...,A.) be the weight of v € kerd,. It is clear that
v € kerd, and since E,yi,11v = 0, then X = (A1,...,A,0) is the weight of
v € ker 9. In addition Ejjv =0 for 1 <i < j =r+1 and therefore v is a highest
weight vector in ker J,.

Suppose now that v = @, (w) for some w € AP*'n’. We may assume that
w is a weight vector since w = weight vector + cycle. Moreover the weight of
w is X, because 0, is a GL(r 4+ 1,C)-morphism, and thus w € A?*'n. Being
Op+1 = Oy 1 |artin, it follows that v = 0,11 (w) or 0= [v] € Hy(n). m

Corollary 2.8.  Fach Young diagram, counted with multiplicity, in the decom-
position of H,(n) is in the decomposition of H,(n').

Proof.  Let Y, be a Young diagram in the decomposition of H,(n) and take v a
highest weight vector of weight A in H,(n). By the previous Lemma v is a highest
weight vector in Hy,(n’) of weight X + (A1,..., A, 0), so that the corresponding
Young diagram is Y. |

Theorem 2.9. If r > pN, then the Young diagram decompositions of the
homology groups H,(L(N,r)) and H,(L(N,r + 1)) are identical.

Proof. Let Yy be a Young diagram in the decomposition of H,(L(N,r + 1))
and take v a corresponding highest weight vector with weight A" = (A1,..., A\ry1).
Since v € APL(N,r+), then Ay + --- 4+ Ay1 < pN and therefore \,,; = 0; this
means that v € APL(N,r) and finally Yy = Y), with A = (A1,..., ;) and Y) is
in the Young decomposition of H,(L(N,r)). |

Remark 2.10.  The Young diagram decomposition of H,(L(N,s)), if s <,
can be read directly from that of H,(L(N,r)). In fact, H,(L(N,s)) decomposes
as the sum of all those Young diagrams in H,(L(N,r)) with at most s rows.

Remark 2.11.  Theorem 2.9 says that in order to compute H,(L(N,r)) for all
r’s it is enough to do it for » = p/N. It turns out, in the cases treated here, that
a smaller r is enough as well.

2.3. Minimal weights.

Let 0 = h — L — g — 0 be a free presentation of g, an arbitrary Lie algebra
over C. Let F be the augmentation ideal of U(L) (universal enveloping algebra
of £) and R be the ideal of U(L) generated by i(h), where i : L — U(L) is the
canonical map. We have then a Gruenberg like formula for the homology of g.

Theorem 2.12.  Let g, F and R be as above. Then

FR" A R"F
Honil9) = oz et
RO FRUF
H2n<g) -

ROF + FR'
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These formulas for Lie algebra homology are the analogous of those for
group homology given by Gruenberg in [2] and [3]. Since U(L) is a tensor algebra
the ideals F and R are free as left ideals. The proof is then almost identical as
Gruenberg’s proof.

Definition 2.13. Given a Young diagram Y, we define its total weight as
Vil = A+ A i A= (A, A,

Theorem 2.14.  Let n be a complex free N -step nilpotent Lie algebra of any
rank. If Yy is a Young diagram in the decomposition of H;(n), then

nN+n+1)< |V, ifi=2n+1
nN+n < |Yy|, ifi=2n

Proof. In all cases U(L) is a tensor algebra, F is the ideal of polynomials
without constant term and R is the ideal generated by the Lie polynomials of
degree > N + 1. [ |

3. Explicit computations

To compute explicitly the homology of L(N,r) we can proceed directly with
the complex (4). The first step is the decomposition of the exterior powers of
L(N,r) as a sum of irreducible GL(r, C)-representations. Then we compute the
differential 0 (see 5) on the highest weight vectors corresponding to the previous
decomposition to finally determine the homology groups.

On the other hand we can use a Laplacian A, as in [5]. Recall that two
linear operators 0 and d on An such that 9 = d? = 0 are disjoint if

1. do(z) =0 = 0(z) =0;
2. 0d(x) =0=d(z) =0.

In this case there is a canonical isomorphism from the kernel of the Laplacian
A = d0+ dd to the derived space of homology of An, %. If 0 = d*, the adjoint
of d with respect to an inner product defined on An, then d and 0 are disjoint.

Proposition 3.1.  There is a GL(r,C)-morphism d in An which is disjoint to
0.

Proof.  Consider the unitary group U(r) € GL(r,C) and u(r) its Lie algebra.
There is on n a U(r)-invariant inner product. (It is unique, up to scalars, in each
irreducible component of n.) We extend this inner product to the exterior powers
of n, via the determinant, remaining U (r)-invariant. Let d = 9* be the adjoint of
0. d is U(r)-equivariant and therefore also u(r)-equivariant. Since d is C-linear
and gl(r, C) is the complexification of u(r) it turns out to be a gl(r, C)-morphism
and then a GL(r, C)-morphism. ]
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Let d, = d|srn and let {fi1,..., fn} be an orthonormal basis of n. Then

p

dp(ri Ao Axy) =D (D) di(z) Aoy AT Ny,

i=1

where dy(fx) = Zz<] Ufl A f; and [fi, fi] = Zcfjfk. It is straightforward to
verify the equation (0,41v, w) = (v, d,w) on the induced orthonormal basis of An

(recall the definition of 9, in (4)).

We used both methods in the cases of rank 2 algebras and £(/I1,3) and
the direct computations in the case of L(I11,7).

We may notice that some of the spaces involved are very big. For example,
the algebra L(II1,7) is of dimension 140, hence its fourth exterior power has
dimension 15329615 and its fifth exterior power has dimension 416965528. These
spaces are involved in the computation of Hy(L(I11,7)).

3.1. Presentation of data.
In all cases the homology groups are displayed as lists of Young diagrams, that
is as sums of irreducible GL(r, C)-representations. The dimension of each group
and the total dimension are also given. We notice that in all cases Hy = C, so we
omit it. For large algebras we give the corresponding number 7" and therefore, by
virtue of Theorem 2.1 and Remark 2.6, we only show half of the homology groups.
We do not present the highest weight cycles corresponding to each Young diagram
because of the length of all this data. However, we can make them available to
the interested reader.

For the cases were a Laplacian has been used we include more information.
We write down Hall basis for these algebras and we give the U(r)-invariant inner
products and the corresponding d; operators.

3.2. Rank 2 algebras.

Hall basis for the first 5 homogeneous components of the free Lie algebra £(2) are
listed below.

[zyllylzylll)

wy, W2, W3, Wq, Ws, w6>

Hi = (z,y)
= (r1,72)
Hy = ([zy])
= (t1)
Hy = ([z[zy]], [ylzy]])
= (u1,u2)
Hy = ([z[zlzy]]], [ylzlzy]l], lylylzy]]])
= <Ul,’02,7}3>
Hs = ([z[z[z[zy]]l], lylz[zlzy]l]], lylzlzy]))], Wlylylzy]])], [zy][z[zy]],
[
(

All the basis vectors are weight vectors. Since weight vectors of different
weights are orthogonal, we only compute the norms and the non-zero products.
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] =1, |[r2f| = 1;
[ta]l = 1;
ud]| = 1, [|ua|| = 1;
1
o]l =1, el = 5 llvsl| = 15
7 4
||wi ]| =1, ||w2||=§, ||w3||=§, lwal| = 1, JJws|[ =1, [Jws| =1,
1
< >=—-, < >= —.
Wz, W5 3’ w3, We 3

This inner product allows us to compute d; (and hence d). We have,

di(r1) =0, di = (r2) = 0;
di(t1) =r1 Arg;
dy(uy) =ry Aty, dy(uz) =19 Aty
di(v1) =71 A, di(va) =271 Aug + %7‘2 Auy, di(vs) =19 A us;
di(wy) =1y Avy, di(wa) = 2711 Ava+ Sra Avp — 21 A,
di(ws) = 571 Avg+ 3o Avg — 311 Aug, di(wg) =72 A vs;
dl(wg,):%rl/\vg—l—tl/\ul—gm/\vl,

dl(’LUG):§T1AU3+t1/\U2—%T2/\U2.

3.3. The homology of L(II1,2).

Group | Young decomposition | Dimension
H,; o 2
Hy HLD 3
Hs SR 3
H, Eaas 2
H, e I

Total homology: 12
3.4. The homology of L(IV,?2).

Group Young decomposition Dimension
H, 0 2
H, o 0P 6
H3 P [ [ {13 3 13
[—[4 AR [0 0 i 16
I | I o [ g 13
Hy T 6
H; e 2
H e 1

Total homology: 60
3.5. The homology of L(V,2).

319
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Young decomposition

O

£ B°

i B e g B

(rrrrm ey (rrrrrry rrrrrrn
LITTT LLTTT LI LT

FEFEFo0 (D FEEED R D

[(ITTTIrrrroy (PP rrrsy PP rrry (I TTITTT7T7T]
LT CLTT J

H;

IIIIIIIIII IIIIIIIII] IIIIIII]III III]IIIIIII
CETTT LTI

T DT [T O

A rrrrrrry (PP rrrrroy (PP rrT) PITTTITTTTT]
LTI LT

IIIIIIIIIIII IIIIIIIIIIH IIIIIIIIIIII HIIIIIIIIIII
CITTT CETTTTT [TTTTTT [

8 e I 1

145

A B B EH

[T [T T [T [1T1T1 [ 1111
llll[IIIIIIIIIIIIIIII IIllll[III [IIIIIIIII

P rrrrrrrr ) PP PP PP rrrrTy) PP ITTTITTITTTTd
[EEEEEE] |EEEEEEE [EEEEEEEE]

A rrrrrrrroy ey (A rrrrrTrm
[EEEEEEEE] LTI [EEEEEEEE

e rrrry ety (I rIrrrT]
[EEEEEEEEN] CETTTTTT T [EEEEE ]

[TTTTTTITTTIrrrry (I T TITTIITTITITy (PTTTTITTTITTITTITT]
[EEEEEEE] CITTTTT] [EEEEEEEE]

(AT rrrrrrry (PP I TP TPTITPrrrrrey PP TTTTITTTITITITT )
[EEEEEEEE] |EEEEEEEEE] [EEEEEEE]
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el

[Ty (I IrTT) [ [TTTT) [ [TTT]
IIlll[II [IIIIIIIIII IIlll[IIIIII IIIIIIIlIl[I
rTrrrrrrrrreey (PP rrrrrrrrey (PP TPTTTPrrr ey [PTITTITTTTITTITT]
[TTTTTTTT CITTTTTITTTd CITTTTITTTITTTT CITTTTTITTTTT
rrrrrrererr ey (PP rrrrrrrrey (PP P rrrrey PTTTPITTTTITTTT
TTTTTTTTTT CITTTTTTITTITTT CITTTTTTTTTTT CITTTTTTT T T

I A e A e A I I A I M
EEEEEEEEEE CITTTTTTT S LTI

(TP rrrrrerey (PP TP Iy PTTTTITTTITTITTT]
LTI TTd CITTTTTTTTTT CITTTTTTITTTT
(rrrrrrrrrrerey (PP PP rrrrre) PP TTITTITTTITT
LI T CITTTTTTTTTTT CITTTTTTTTTTT
Ty ey (P IrrrrTrTy
CITTTTTITTITTd CLTTTTTTT

(T rrrrroy (et (I rrrTn)
ENEEEEEEN CETTTTTT T CITTTTTTTTT

[TTTTTTITTTIIrrrey (P TTITTITTTIIrery) (PP ITTTTITTITTIITT]
LITTTTITTTT CITTTTTTTITT LITTTTTTTITT

[T TPy (PP TP I Trrer) (PP TTTTITTTITTIITT]
CITTTTTTTTTT CITTTTTTTTTT

I A A HIIIIIIIIIIIIII] IIIIIIHHIIIIIII
[EEEEEEEEEEE!

e e B

TPy (PP T Ty [(PITTITTITTITITTIITT]
CITTTTTTTITT LITTTTITT] LITTTTTTTTT
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det” = FFFFFFFFRARAAS (T = 26) . Total homology: 1232
3.6. The homology of L(II1,3).
A Hall basis for £(II1,3) is given by
Hl = (:c,y, Z>
= (ri,r2,73)
Hy = ([zy], [2z], [y2])
= (t1,t2,13)
Hy = ([z[zyl], [z[z2]], lylzy]], lz=]], lyly=]], [2lzy]], [2]ez]) [2[yz])
= <U1,U2, N ,u8>

As in the case of rank 2 algebras all basis vectors are weight vectors and therefore
we only compute the norms and the non-zero products (vectors of different weights
are orthogonal).

Il = 1, flrall = 1, [Irsl = 1
6]l = 1, [l = 1, [[ts]] = 1
all = 1, flusl| = 1, [fusll = 1, [Jusl| = 1, Jfurl] = 1, [fus]| = 1,
aall = 2, Jlugl) = 2
ugl| = =, |ugl| = =
4 37 6 37
1
<U4,U6>:§.

This inner product allow us to compute d; (and hence d). We have,

di(r1) =0, dy = (r) =0, dy(r3);
di(t1) =r1 Arg, di(te) =r1 Ars, di(t3) = re Ars;
(ur) = ry Aty, dy(ug) =1 Atg, di(us) =19 Aty
(us) = 1o Ats, di(uz) =13 Ate, di(usg) =rs Ats;
di(ug) = 31 Atz + 2 Ao+ S 13 Ay,
di(ug) = =511 ANts+35ra Nta+ 313 Aty

d
dr

prouﬁ Young decomposition ‘Dim‘
EN . | 3]
H, 50 18
Hi e e e == == = 70
H4 LLLU“:HHH—Uli:H-’lH:i—UHJH'H—UHHHHIH:iHH 171
Hy HIIIIIHIIIIIH\IIIIHIIIIIIIIIIIIi:i:i—’llli:i:i—’lll 327
I O O Y H_LUH'
Hs HHY T B B B 102
D D R T
U_UIH' U_UIlH MIH O O
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H; T R B B [ (7 504
LT LT LT | EEEEN| |EEEEN|

[HEE RN [HEE [HEE |EEEN CLTTT
det” = FHHHHE (T = 11) . Total homology: 2608
3.7. The first homology groups of L(II1,7).

proud Young decomposition ‘Dim’
L | 0 pi(r)
Hy go p2(r)
Hy FEHFBFEEFFP pa(r)
H4 LLLU] H:ill [ H:i_’l H:;_UIIIIIIIIIIIIIIIIIIIIIIIIII p4(7’)

=
11
\_HZ’I
IlIL:IH
I\thl ‘
L]
DZEEEE o
I o

The polynomials p;(r) are:

4 (T) =T,
(r) = 1+ D= 1)~ !
p2(r) = 47“ T T 47" ,

1 1

ps(r) = m(1070‘l + 147 + 31r° — 56r — TA)r(r+1)(r — 1) ~ E’j :
Pa(r) = 309500 (1001r™ + 3975r° 4 18371r° — 4635r* — 544361
1001
—100500r* 4 111744r + 120960 (r—1) ~ 0

T rt Jrr = D=1 ~ 1550600
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