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Abstract.  We consider a generalization (%) of the Kontsevich family of star
products (xX) for linear Poisson structures . Such a family is characterized
by a formal function F'. We study some general properties of such families:
invariance and covariance, closeness and relativity, symmetry and reality. Finally,
we characterize the Kontsevich family (xX) among all them.

1. Introduction

The study of star products i.e. associative deformations of usual multiplication of
functions has been introduced by F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz
and D. Sternheimer [8] as a tool for the quantization of a symplectic or Poisson
[15] manifold.

Recently, M. Kontsevich solved the problem of the existence of star products
on any finite dimensional Poisson manifold [13]. He built a star product *£X on
R? equipped with any Poisson bracket a. This star product is defined by using
oriented graphs T.

In this paper, we restrict ourselves to the case of linear Poisson structures
a, 1.e. to the case of dual of Lie algebras.

Many authors studied the Kontsevich construction in this case and its
properties ([13], [1], [4],[11], [17], [2], [3], [10]). In particular, in [4], we defined
a generalization « — %, of the Kontsevich family of star products a — % as:

Uk U= Z Z aw By (a)(u,v) = Z Cy(u,v)
0 n=0

n= I'eGn,2 orientation

(As a matter of fact, we imposed in [4] C,(u,v) = (—=1)"Cy(v,u) and Cy,(1,u) =
0,¥n > 1). Then *, is given by an integral formula:

(uxq 0)(§) = / ﬁ(X)@(Y)mezi”<§’any>dX dy
o2 a
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where X x, Y is the Baker-Campbell-Hausdorff formula, viewed as a formal
mapping from g2 to g, F(X) = J(X)H(X) = J(X)e"X) and

HX)=1+ Z Z asy..s,Tr(ad 2in X)** ... Tr(ad 2in X)*

it J(X) = det(j(ad X)) and j(z) = [ 1/2}1/2.

z/2
In the present paper, we call such a generalization of (xX) a K-family and
we study the properties of these K-families.
We first consider general properties for every K-star product x, in these
K-families, proving that they always satisfy

Co(lu) = Co(u,1) =0 (n>1),

they are graded and characterized by (X, u) — X x, u and (u, X) — u*, X. We
know that they are equivalent to the Kontsevich family of star products (xX), the
intertwining operator being :

T:[d—i—i Z s, .5, T, o...oTsp
il

n=1 51--5p

|s|=n

where
(Tyu) (&) = (2im)° / W(X)Tr(adX)® 2 &XaXx.
g

We prove that T; is a derivation for any x,, then they are all invariant and
covariant.

We study then the symmetry and reality properties for (%), (xX) is sym-
metric and real and a (%,) is real if and only if H(X) = H(—X).

Restricting ourselves to the case of analytic star products i.e. to formal
function H converging near 0, we suppose there exists r > 0 such that:

1+ Zr" Z |as,...s,| < 00.
|=n

n>1 s

In this case, we look for closed and relative K-family. The definition of closed star
product was introduced by A. Connes, M. Flato and D. Sternheimer. These star
products were also studied by G. Felder and B. Shoikhet when they are coming
from cyclic formality [11].

If the Lie algebra g defined by our linear Poisson structure « is not uni-
modular, then a K-star product is never closed on g*. Thus we shall say that a
K-family (%,) is closed if, for any unimodular g, x, is closed on g*. We prove
that any closed (%) is relative in the sense of [2] and if () is strict and relative,
it is closed.

Of course (%

Finally we prove that the only symmetric, strict and closed (x,) is the
Kontsevich family (x%), moreover the weights wr occurring in the computation
of & are all rational numbers.

K

™) is an analytic, strict and closed K-family.
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2. Graded star products

Let M be a smooth manifold, a star product * is a (formal) deformation of the
usual point-wise product on the space of C*°(M) ([8]). Such a deformation is a
formal series:

(u,v) = u*v=uv+ ZCr(u,v) = Cp(u,v) + ZCT(U,U)

r=1 r>1

which is associative in the following sense:

Y CCuuv)w) = > Col(u, Cy(v,w)).

r+s=n r+s=n

We suppose the C, to be bi-differential operators. In fact it is well known [13]
that if x is such a deformation, then the antisymmetric part of C; is a Poisson

bracket on M': )

5 (Cy(u,v) — Cy(v,u)) = {u,v}
i.e an antisymmetric bracket satisfying the Jacobi identity and being a derivation
for each argument. Such a bracket defines uniquely an antisymmetric bi-vector «
on M such that:

{u,v} = (a, du A dv).

This bi-vector « is the Poisson tensor associated to {,}. If M = R? M. Kontse-
vich in [13] gives an explicit construction of a star product for any Poisson tensor
a. We first generalize a little bit this construction.

In order to associate to each graph I' an m-differential operator Cr(«),
Kontsevich considered some oriented admissible graphs T . More precisely, let
A={p1,...,pn} and B ={q,... ,qn} be finite sets . Points of A (resp. B) are
the vertices of type 1 (resp. 2) of the graph I'. The edges are arrows pZ starting
from a vertex p of type 1 and ending at a vertex = in AU B (in fact, Kontsevich
restricts himself to the case where the edge ends at = distinct from p, but here,
we shall allow this sort of edge). From each vertex p in A, there are exactly two
arrows starting. Now we define an orientation of I' by choosing a total ordering <
on A and on the set E(I') of edges of I" which are compatible in the sense that:

pgp’:ﬁgﬁ Vp, p € A, Vo,2' € AUB.
We denote the ordered set of edges by:
ET)={e7 <& <..<é&}.

Let us denote by End(z) the set of arrows ending at the point x and by Opnaa)
the differential operator:

8End(w) == 811“,18 if End(ac) - {6—ll> S . S 6—13} .

Denote the edges starting from the vertex p; by s < eg. Thus, for any
Poisson structure «, the m-differential operator C(«) is by definition:

Cr(a)(u, ... ,up) = Z H al‘lnd(l’i)c'/igé H Opnd(gr) Uk
k=1

1<ly..lon<d  i=1
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Let us choose any total ordering p; < ps < ... < p, on A, for any graph T,
we define the particular orientation lex(I") by putting lexicographic ordering on
ET):

pip; < papy iff i <i ori=4 and j <j
pip; < peqi iff @ <7
Digh < poqe iff i<i ori=1iand k <K

Finally, starting with lexz(I"), we symmetrize I" by the action of the group
S, of all permutations of vertices py,...,p,. Let I'“ the graph obtained from I’
by re-labeling p,-1(; the vertices p;. Then, with the lexicographic ordering, o
induces a permutation ¢ on the edges: we extend first o to the vertices ¢ by
putting ¢,-1x) = g for all k, then each edge e, = p;p; or e, = p;qi of lex(T)
becomes the edge ez = Do—1(1)Po-1(j) OF €5(t) = Dot (G0t (k) Of lex(I'7).

We put now: .

Cr(a) =) —(8)Ciearey (@).
€Sy

Let V. be the space of admissible graphs. If v = >~ ;I'; is a linear combination
of graphs I'; in V,,,,,, C, will be by definition

C, = Z a;Cr,.

Definition 2.1.  (K-family on R?) Let (7,)n>1 be an element of [],~, V;.2, the
map « +— *, defined by: -

Uy Ko Uy = Ul + Z C.,,, (a)(uy,uz)

n=1
is called a K-famuly if, for any linear Poisson structure o,

Y Cola) (Cr(@)(ur,uz) ug) = Y O (@) (u, O (@) (uz, u3))

r+s=n r+s=n

and

C,, (a)(ur,ug) — Cy (o) (ug, ur) = 2(c, dug A dug).

An element *, of a K-family (%,) is called a K-star product.

From now on, we are looking for ‘universal’ star products on dual of any
Lie algebra, since a linear «;

a=> Chud; N0
?:7j7k

is a Poisson tensor if and only if the C’fj are structure constants of a Lie algebra g.
We consider thus only graphs I'" with # End(p;) <1 for all . Let W,,,, be
the space of linear combination of such graphs.
For instance dim(W; ;) =1, the only graph being I';:

E(I') = {pipi, prai}-
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b1

0
Cr, (@) = Cleary (@) = Z ijaj'
i3

Similarly, dimW,; = 2 the only graphs being:

F1,1 : E(Fm) = {p1p17p1Q17P2P27P2Q1}
Ty:  E(T2) = {pips, 011, P2bi, P2di

q1 q1

More generally a basis of W,,; is given by the I'p, where P is a partition
of {1,...,n} in a family of disjoint finite sequences:

{1,...,n}:A1UA2U...UAg, AZ:<']i,,j;), s; > 1,
and
ANA; =0 if i#j.
For the CT, since, up to a sign, Cr and Cr- coincide, we shall only consider the

-----

Aj:{zsi—f—l,ZSi—f-Q,...,ZSZ'—’—S]‘} (].S]Sf)

1<j 1<J 1<j

For instance the graph I'y 54 is defined by:

E(F1,2,2) = {p1p17p2p37p3p27p4p57p5p4} U {qu{,z =1,... 75}-

P3 D4

41
Let us put Ty = (—1)°Cr,(«), then:

(—1)="T, 0...0T,, =Cr, . ().

Now, in [8], the authors consider only star products vanishing on constants.
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Definition 2.2.  (Star product vanishing on constants) A star product on a
Poisson manifold M is said to be vanishing on constants if, for all u in C*°(M)
and for all » > 0,

Cr(1,u) = Cy(u,1) = 0.

Lemma 2.3.  (K-family vanishes on constants)
If (%) is a K-family , then %, vanishes on the constants.

Proof.  First, looking at the total number of edges in admissible graphs I' in
W2, we see that for each n > 0, there is at most n edges ending on some vertex
p;. Since they are 2n > n edges, some of them end on a vertex g,, thus:

1xg1=1.

Let us set now
Ixqu=Lla)u=u+ Z L,(a)(u).
n=1

By definition, each L, («a) is a differential operator defined by graphs without any
edge ending on ¢, thus the preceding discussion gives:

L,(a) = Z Usy.sp Iy 0... 0T,

1<s1<...<sp
|s|=n

where the numbers ay,. s, do not depend on «. Now, by formal associativity:
Lo (g u) =1%o (L(@)u) = L(a)?u = (1 %4 1) %q u = 1 %4 u = L(a)u.

Thus we obtain L(a)?u = L(a)u. This implies L(a) = id.
Indeed, suppose L(a) # id and let n be the smallest index for which
Ly(a) # 0, write Ly(a) = Y 1<si<<sp Ggp.5, 15, 0 ... 0 T, let po be the largest

[s|=n

p for which one of the ay, ., does not vanish, fix the lexicographic ordering on
the set of po-tuples (si,...,sp,) and let (o1,...,0,,) be the largest po-tuple for
which a,...s, does not vanish. Choose finally d = 2py and the following ag on R?:

po—1

ap = E Top4102k41 N Oy
k=0

The only (02)7* ... (O2p, )70 term in L, (o) is:
azn...Jpo (62)01 tot (82170)01)0 .

Now, in L(ag)?* = (id + L,(ag) + ...)? the term of order n is 2L, (), thus for
that ag we get an unique term:

2aa’1.--0p0 (82)01 s (aQPO)UPO :

This is impossible, L(«) = id for any a. The same proof holds for u x, 1. |
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Corollary 2.4.  (The C; term of a K-family)

Let (xo) be a K-family, then:

Ci(a)(ur,uz) = (o, duy A dug) = {uy, us}.

Proof.  The only graphs I' in W, 5 are:

the A- graph such that  E(A) = {p1qi, p133}

Y4

LN

41 q2
and graphs which does not vanish on constants:

[’y such that E(Ty) = {p1pi,p1qi}; T2 such that E(Ty) = {p1p1, pids}-

D1 D1

qi 2 q q2
Since I'1 and I's do not occur,

Ci(a)(ug, ug) = apnCy(a)(uy, uz) = ap{ur, ug}

and necessarily ap = 1. [ |

Let S(g) be the algebra of all polynomial functions on the dual g* of a Lie
algebra g. The algebra S(g) is naturally graded. If u is an homogeneous element
of S(g), we will note by |u| its degree.

A multi-linear function C'"

C:S(g) xS(g)...x S(g) — S(g)

is said to be homogeneous with degree —n if for uq, ... ,u; homogeneous elements
of S(g), C(uq,...,ux) is homogeneous with degree |ui|+ ...+ |ug| —n.

Definition 2.5.  (Graded star products) Let S(g) be the algebra of polynomial
functions on g* and S? be the space of homogeneous polynomials with degree p.
A star product on S(g) is graded if:

Vr,p,q € N,V(u,v) € S” x S, Cp(u,v) € SPTI.

Let us show that a graded star product is totally defined by X xu and uxX
where u belongs to S(g) and X belongs to g.
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Lemma 2.6.  (Construction of graded star products)
Let C,, and C, be two sequences of bilinear maps:

Cn: gxS(g)— S(g) and C: S(g) xg— S(g)

such that:
1- Co(X,u) = Xu, Cj(u, X) =u.X, C1(X,u) ={X,u}, C}(u, X) = {u, X}.
2- If u is homogeneous then C,(X,u) and C!(u,X) are homogeneous and their
degree is |u| +1—mn.
3- We set: - .
Xou:ZCn(X,u) and UOX:ZCTIL(U,X)
n=0 n=0

and we suppose that:

a) Co(X,Y) =CHX,Y), (X, Y €g).

b) Xo(uoVY)=(Xou)oY ,VX, Y €g, Yue S(g).

¢) XoYou)—Yo(Xou)=[X,Y]ou, (X,Yeg, ueS(g))

d) (uoX)oY —(uoY)oX =uo[X,Y], (X,Yeg, ue S(g)).

Then there exists one and only one star product x such that:
Xxu=Xou and uxX=uoX, VX eg VueS(g).

This star product is graded.

Proof. Let v bein S(g), for any u in S(g), we define u v by induction on
the degree of u starting with:

lxv=v, X*v=Xov, vxl=v and v+xX =volX.

If u is an homogeneous polynomial function of the form u = Xu’ then there
exists a polynomial function u” such that:

Xu' =Xou +4" and |u"| <|u|—1.

We suppose now uj x v defined for any u; such that |u;| < |u|, we suppose also
that:
upx (vrxw) = (upxv)*xw if |ug| + |v| < ul.

Then we set:
(Xu')xv=Xo (u*v)+u" *xv.

This formula defines without ambiguity v« v. In fact if u has the form:

u= X1 Xow= X0 (Xy0ow)+uf
:XQO(XIO’LU)“FU//QI

Then:
X20<X10w>+'U//2/:X10(X20w)+'u//2/+ [XQ,Xl]OU).

Thus:
uf = uy + [Xo, Xq]ow
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and:

Xio((Xgow)*v) +uf xv=X;o0
=X;0
= Xso0
=X50

Xy 0 (wxv)) + uy *xv + ([Xo, X1] ow) v
Xso (wxv))+ [Xo, Xi1] o (wHv) +uy xv
Xio(wxv))+uy*xv
(X1 0ow) *v) +uy*xv

(
(
(
(

The homogeneous term of maximum degree in uxv is Cy(u,v) = w.v then we set:
Cn(u,v) = the homogeneous term of degree |u| + |v| — n.

A simple computation shows that x is a star product. In fact, let us first show
that:
Ol(uv U) = {U,U}.
It is clear that the term of degree |u| + |v] — 1 in v” xv is {—X,u'}v (coming
from u"v) and, in X o (u' xv), it is X{v',v} + {X,« v} thus the term of degree
|u| + |v| = 1 in w* v is the sum of these terms:
X{u v} +{X, v} — {X,u'}v = XA, v} + ' {X, v}
= {Xu', v} = {u,v}.

Using the same construction, we can then define similarly ux'v by induction
‘on the right side’ on the degree of v. In fact, thanks to a), x and * coincide
if |u| = |v|] < 1. Now suppose that they coincide for « and o' such that
|| + |v'| < |u| + |v|, then:
(Xou)x(voY)=Xo(u* (v oY))
=Xo(u+ (WoY))=Xo((u+1)oY)
=(Xo@W+ V)oY =(Xou)* )oY
=(Xou)+ (v oY)

By induction on the degree of w and w, we can moreover show that x is
assoclative.
By definition u x (v *w) = (uxv) xw if |[u| <1 and |w| < 1. Then, by
induction on |u|, the same holds if |w| < 1 since:
(Xou' xv)xw=(Xo(u*v))xw=Xo((u*xv)xw)=Xo(ux*(vrxw))

= (X ou)x (vxw)
and similarly for any w since:
ux(vk(woY))=ux((vxw)oY)

=((uxv)*w)oY = (uxv)x (w' o).

Finally  is a graded star product by construction. [ |
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Corollary 2.7.  (Characterization of graded star product) (see also [14]) If =
18 a graded star product, then x is entirely determined by the mappings:

C: gx5(@) — S
(X, u) — X xu

and

C": S(g) x g — S(g)
(u, X) — ux*X.

In particular all K-star products are graded star products, each of them being totally
determined by the giving of X xu and ux X .

3. Universal derivation

In [4] we showed that every K-star product is given by an integral formula of the
form:

(%0 0)(§) = /g 2 a(X)@(Y)—gg )f ;5;)) Hm&XeY) gxXdy

for all u, v in S(g).

These star products are all equivalent to the fundamental star product
built by Kontsevich.

From results of Kontsevich and Shoikhet, we can deduce that xX can be
written as:

(ux 0)(€) = /g X)) et ((j(()i?) HmEXXT) IX gy

for all u, v in S(g), (or u, v smooth functions such that & and v are compactly
supported with a sufficiently small support) where:

hoadX ) ?
J(X):det<s “X2>

adg

(see [3] for instance). An equivalence operator T between X and x,:
U v =T HTuxX Tv)

is given by:

(Tu)e) = [ GX)H(X) 70 dx
if:
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The operator T is a formal series of differential operators, each of them being
a linear combination of products of operators T as defined in the first section.
Indeed for each positive integer s,

(Tyu)(€) = (20m)°® / W(X)Tr(ad X)* &%) dX.

Thus T has the following expression:
_ J2 J3 Js Jj1 9
- Z Z Clljlczzjz' Czs 1Js— 1Cz‘sjsau-..zsu7
01.ls J1---Js

with that expression, we see that T is the operator associated to the graph T',
called a “wheel” by Kontsevich ([13]). Now we can write:

T=1d+ i > g5 o.. 0T,

if
=1+ Z Z Qsy..s, T (2im ad X)* ... Tr(2im ad X)*

n=1 |s|=n

Proposition 3.1.  (Annulation of a Cf)
Let P be the operator Cr(«) associated to the graph I' in Wy with edges:

E(F) = {plpl » P1P2, P241, P2QQ}-

Then P is null.

j41

q1 q2
P = CF(O{) =0

Proof.  The operator P associated to I' can be written:

==Y ) Ci,Clowuow.

kl ij

Let (E;)1<i<a be the basis of g dual to the canonical basis of R?, then one has:

d [Ey, Ey] = ZCM ad E;



340 BEN AMAR

Thus:
Tr(ad [Eg, E)) = Ci/Tr(ad E) = Cy,CY,

But:
Tr(ad [Ey, E]) = Tr(ad Ey 0 ad E; — ad Ey o ad Ej,) = 0.

Finally, for all v and v:
P(u,v) ZT’/‘ (ad [Ex, E,)) Opudew =0
K,
and P = 0. ]

Theorem 3.2.  (An universal derivation) The ‘wheel” operator Ty associated to
the wheel graph T'y having one vertex py and one vertex q; and the edges of T’y
are {Popo, Poqi } s an ‘universal’ derivation for K-star products. We have:

T (uHo v) = TiU o U+ u ko Tiv,

for all w, v and for all linear «, all K-star products % .

Do

q1

Proof. By definition, 7} is a vector field. Now, for any admissible graph I",
we say that a vertex p; of I' is ‘free’ if End(p;) = @. Then, for the corresponding
Kontsevich operator Cr(«), if L, is the Lie derivative, one has:

L1, Cr(a)(uy, ... ,um) =T1(Cr(a)(ug, ..., uy)) — Cr(a)(Tiug, ... yuy) + ...
o= Cr(a)(uy, ..., Tiugy,)
=C () (ug, ... ,upy)

where v is the sum of all the graphs Z I'y Up, I'. The vertices of I'; Uy, I' are

free p;
{po,p1,--- ,Pus @1, - , G} and its edges are {popo, pop; f UE(I'). For each Ty U, T,
there is a subgraph P:

E(P) = {popo,popmpil"l,pi@}

if the edges starting from p; are p;z; and p;Ts.
Then:

CFlupiF(a)(Uh ey U) Z (Z Cl]c] egzﬂemg) HaEnd(ps

1.4, s;ﬁz

525+1€25+2 H Opna (qr) Uk
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; J vk —
since E CrjClosirtasn = 0- n

Jk

We will frequently use the following corollary.

Corollary 3.3. (Normalized equivalence) Fach K-star product is equivalent to
the Kontsevich star product x5 through an operator T associated to a formal
function F (or H ) such that:

F(X)=1+4) > ay.sTr(adX)" ... Tr(adX)™.

7‘L22 ‘s‘:n

Proof. Indeed, T} being a derivation of our star products, et is an auto-
morphism and:

Urg V=T (TuxE Tv) = (T oe ) N T oe Ty + T oemmTiy)

and T o e~ 11 is a formal series without any order 1 term. ]

4. Invariance and Covariance

We recall that all K-star products are equivalent to the Gutt star product +&
[12] associated to the complete symmetrization mapping between the space of
polynomial functions S(g) and the universal enveloping algebra U(g) of g.

[0}

(u S v)(€) = / W(X)0(Y)e2m&XxeY) g X Y.

92
This equivalence being through an intertwining operator 1" of the form:
(Tu)(€) = / U(X)F(X)e¥ &% X,

9

This operator is also composed of ‘wheel” operators as in the previous section.

Gutt proved in [12] that «¢ is invariant under the coadjoint action. The
same is true for the Kontsevich star product « (see [13]). Let us first recall the
definition of the invariance under the coadjoint action Ad*.

Definition 4.1.  (Invariant star product) A star product % is said to be invari-
ant under the coadjoint action if, for all X in g:

X (uxv)=(X"u)*v+u* (X v)

where:

(X~u)(€) = Slegu(Ad* (exp X)E).

Now using the equivalence operator 7', we show that all K-star products
are invariant under the coadjoint action.
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Theorem 4.2.  (Invariance of K-star products) All the K-star products are
mvariant under the coadjoint action.

Proof. S. Gutt showed in [12] that:
1
§(X*§u —uxd X)={X,u} = X"u

for each element X of g and every polynomial function w. This implies invariance
for x&. Now since TX = X + T1(X) and Ty(X) is a constant, we obtain:

1
{X,Tu} ={TX, Tu} = S(TX xS Tu — Tu xS TX)

1
= ET(X*au—u*a X).

Thus to show the invariance of %, it is sufficient to prove X "Tu =TX u
or, for all ‘wheel’ operators T,

X (Thu) = T,,(X " u).

But a direct computation gives:

X-u(g) = / (Lx0)(Z) — Tr(ad X)i(2))eA™6?) dz

where
(Exo)(¥) = T, Ad(e¥) ().
Then:

(To(X ™)) (&) = / (Lx@(Z)Tr(ad Z)* — Tr(ad X)Tr(ad Z)"a(Z))e*™42) dZ.

g

Now let us compute X~ (T,u):

X (Twu)(§) = / (Lx(@(Z)Tr(ad Z)") — Tr(ad X)Tr(ad Z)"i(Z)) ™69 dZ.

g

But we have:
(Lx [aTr(ad)"]) (Z) = (Lxu)(Z)Tr(ad Z)" +w(Z)(LxTr(ad.)")(Z)

and

G|, Tr(ad(ad (@) = nTr((ad 2y~ ad(Z. X))

=nTr(ad Z"ad X —ad Z" 'ad Xad Z)
= 0.
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Then
/ W(Z) (LxTr(ad)™) (Z) dZ = 0.
And finally:
X (T,u)(¢) = / (Lx0)(Z)Tr(ad Z)" — Tr(ad X)Tr(ad Z)"u(Z)) ¥ &2 dZ

To(X " u)(8)-

Now let us recall the definition of a covariant star product.

Definition 4.3.  (Covariant star product) A star product on S(g) is called
covariant if, for all X and Y in g,

%(X*Y—Y*X) (XY} = [X,Y].

In the following theorem we shall show that each K-star product is covariant
by considering all the possible graphs.

Theorem 4.4.  (Covariance of K-star products) Each K-star product %, is
covariant and so is strongly invariant in the sense of [6].

Proof. Since a K-star product x, is graded, in order to show its covariance, it
is sufficient to prove that for all a,

Co(a)(X,Y) = Co(a) (Y, X) for all X and Y in g.

But the coefficients Cy(a)(u,v) for any w, v in S(g) are given by graphs having
two vertices of first kind p;, p, and two vertices of second kind ¢;, ¢2. We
remark that there are, up to the ordering of the vertices p;, only eight graphs
of the above type non vanishing on constants. These graphs are respectively:

y4! D2 P P2

q1 q2 q1 qz

E(I't) = {p1qi, 1G5, D2pi, P235 E(Ty) = {p1p3, 1@, P20, D235 }

b1 D2 P1 D2

q1 q2 q1 q2

E(P:z) = {p1p17P1Q1;p2Q1aP2Q2}; E(F4) = {p1Q1,p1Q2,p2p27P2Q2},
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q1 q2 q1 q2

E(P5) = {p1Q1,p1qQ,p2th2qQ}, E(FG) = {]91}72,]91%,1?2]917192(]2},

D1
D1 D2 Py

q1 q2 q1 q2

E(F7) = {plpl,p1Q17p2P2>P2CI2}a E(Fs) = {p1p1,p1p2,p2ql,p2qQ}-

Among these graphs, only the last three are possibly non vanishing in the
computation of Cy(ar)(X,Y) and Ca(a)(Y, X) since X and Y are linear functions.
The last graph corresponds to the operator P of proposition 2-1 which is null. The
two other graphs give symmetric Cr(«) and thus Cy(a)(X,Y) = Co(a)(Y, X). =

5. Symmetry and reality

The star products defined by F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz
and D. Sternheimer [8] had symmetry properties. Thus we put:

Definition 5.1.  (Symmetric star products) A star product on a Poisson man-
ifold M is said to be symmetric if C, is symmetric (resp skew symmetric) if r is
even (resp odd) that is:

Cr(u,v) = (=1)"Cp(v,u) for all u, v € C°(M).

For instance, the Gutt star product «¢ is symmetric for any o and the
star product built by Kontsevich X is also symmetric for any «. In fact this
is a consequence of the action of the symmetry z — —Z on the graphs and
the orientation of the configuration space. But in the linear case, it is also a
consequence of the parity of the function J since we have:

Proposition 5.2.  (Symmetric K-star products) Let (xo) be a K-family given
by a function F then each %, is symmetric if and only if:
F(X) _ einalTr(ad X)G(X)

where G is an even function, or:

P(X) =@ 00 143" N " by, o, Tr(2im ad X)* .. Tr(2ir ad X)*

n:l 314.<Sp
|s|=2n

Moreover, . s thus associated to the even function G itself.
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Proof.  First the Gutt star product «¢ is symmetric, since, for the Campbell-

Hausdorff formula,
(—X) Xo (=Y) = —=(Y x4 X).

Thus, if CH,(X,Y) is the degree r term in this formula:

X xoY =) CH/(X,)Y) with CH.(Y,X)=(-1)"'CH,(X,Y).

The symmetry of x& is a consequence of this ([7]). Now let (x,) be a K-family
characterized by:

=1+ Z 2@71' Z Qg .. sp ad X) r(ad X)Sp

51 Sp

_ o2im aiTr(ad X) | | 4 Z(Qm- Z bsy .5, r(ad X)** ... Tr(ad X)*r

n=2 $1---Sp
|s|=n

— €2i7ra1Tr(ad X)G(X)

Let us set:

Uk U= ZCr(u,v) and u+S v = ZCTG(U,U).
= r=0

*o is equivalent to & through the equivalence operator:

T — ealTl o | Id+ i Z b81~~~SpTS1 0...0 Tsp

n=2 ‘S|:n

— ealTl OT/.

Since Ty is a derivation for any x,, e®”! is an automorphism and x, is equivalent
to x¢ through the equivalence operator T".

Let us put:
T =1d+> T,
m>2
Now if G is not even and %, is symmetric for each « , let ng be the first odd
n such that there exists by, s, 7# 0 with |s| = ng. We select the largest element
(s1,S2,...,8p,) for the lexicographic ordering in the set:

{(51, ... ,5p), such that |s| = ng and by, ,, # O} )
Then we choose g as in the proof of lemma 2-3, then 77~ contains an unique term
81 -8pg <a2)51 s (821)0)5190'

We compute now the ng order term in 7"(uxo v) = (T'u) xS (T"v):

Y TC(@)wv)= Y Cn(a)(T,uT,,0)

r+s=ng mi+ma+m3z=ng
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or

+ ) D)) = (Tuetu(To+ Y CL(@)(T,u, ).
r+s=ng m1+mat+mz=ng
r<ng mo<ng,m3z<ng

In these expression s and m; are necessarily odd, thus we can separate the
symmetric and the skew symmetric part and get:

T, (uww) — (T, u)v —u(T, v) = 0

and this is impossible since 7}, contains an unique term by, , (92)* ... (Oap,)"
of order ny which is not a vector field. Then G is necessarily an even formal
function.

Conversely if G is an even formal function, we have:

F(X) — 6aT'r(ad X)G(X)
Thus a = (2im)a; and
X) =1+ (2im)™ Y b, Tr(ad X)* ... Tr(ad X)*
= |s|=2n
Then *, is equivalent to & through 7"

T — Id+i > by To 0. 0T,

n=1 |s|=2n

=Id+ ) T

m>1

By induction, we suppose now:
Cs(a)(u,v) = (—1)°Cs(a)(v,u) forany s<n

and compute
T (u g v) = (T'u) %S (T'v).

We get:
. TC(a) ()= > CF ()(Th,u, T, v)
r+s=n mi1+mao+ma=n
= C,( + Y TIC ).
T+z n
Thus:
Co@(vu)y= Y CE ()T, Thu) — . TCy(a)(v,u)
mi+mz+ma=n rHs=n

s<n

_ Z (_1)m10G (v )(T’ u’Tr’m v) — Z (—1)ST7{CS(()¢)(U,U)

mi+ma+maz=n r+s=n
s<n
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but the parities of m; and s coincide with the parity of n, then:

Co(@) (v, u) = (=1)" Y. Cm(@(Tu T, = Y TC(a)(u,v)

mi+mz+ma=n rts=n

= (1) Co(a) (1, 0). -

And *, is symmetric. [ ]

The symmetry is a property related in some way to the reality of star
products, this notion was considered by A. Lichnerowicz.

Definition 5.3.  (Real star products) Let (%) be a K-family. Then (x,) is said
to be real if for any « and for any smooth functions ¢; and ¢, with sufficiently
small supported Fourier transform ¢, @s:

D1 *a P2 = Py *a P

Each element %, of a real K-family (%) is said to be a real K-star product.

Now accordingly to this definition we can show the following proposition.

Proposition 5.4.  (Symmetric and real K-star products) Let (x,) be a sym-
metric K-family associated to a function F. As the term e™T"(@X) does not play
any role, we suppose F even. Then (x,) is real if and only if F is a real function.

Proof.  Let us compute:

F ) 2im(€, X XaY
F(X—an)e (€ ) dXdY
F(=X)F(-Y)
((=X) xa (=Y))

p2im(6(=X)xa(=Y)) gx Yy

_ . FX)F(Y)
- X))o, (Y m(&=(YxaX)) X qy
/92@( A e
_ . FX)F(Y) siem=axy
_ X Y ZTF(E,(YXQX» dXdY
92902( )o1( )7F(Y . X)°

and

Fr) = [ SA) F
Thus (P, %0 71)(€) = P1 % 92(€) if and only if F' = F, if and only if
FX)F(Y)
F(Y x4 X)
is real. If Y = —X, this becomes F(X)? real but then each coefficient in the

formal series defining F'(X) should be real. Conversely, if F' is real, (x,) is also
real. [

e2im(E,(Y %o X)) dX Y

However this condition is no more true if (x,) is not symmetric.
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Proposition 5.5.  (Characterization of real K-family)
Let (xo) be a K-family (perhaps not symmetric) defined by a function F :

F(X)=1+ Z Z as,..5,TT(2im ad X)* ... Tr(2im ad X)*,
n=1 S1---Sp
|s|=n
then the following are equivalent:
i) (%) 1s Teal.
ii) F(X)=F(-X).

i) ag, .., 95 Teal for all sy, ..., s,.

Proof. It is not difficult to show that (i) = (iii). In fact, (x,) is real if and
only if for any g and for all ¢, ws smooth such that ¢, and ¢, are sufficiently
small supported:

[ Az B et axay -

— A X A Y -~ 7 ~ 7 2i7r<£1(YXaX)> dXdY
/92 %02( )%01( )F(Y X X>6

but this equality happens if and only if

F(X)FY) F(=X)F(=Y)

F(Y X0 X)  F(=Y xq —X)

Taking Y = — X, we get F(X)2 = F(—X)?. This implies that the first perhaps
not real coefficient ay, ., satisfies 2ay, 5 = 2ay,. ., , thus it is in fact real.
Now, (iii) implies (ii) and (ii) implies (i) are obvious since F' = F, + F,
where: .
Fo=1+ Z Z sy..s, 17207 ad X)* ... Tr(2im ad X)*

n=1 |s|=2n

and -
F(X) =Y Y ay..,TrQir ad X)* ... Tr(2ir ad X)*.
n=0 |s|=2n+1
Then F(X) = F.(X)+ F,(X) and F(-X) = F.(X) - F,(X). Thus a,,..,
is real for all sy, ..., s, implies that F(X) = F(—X) and (%) is real. [

6. Closed and relative star products

Definition 6.1.  (Analytic star products) A K-family defined by a function
F(X) = J(X)e"™ is said to be analytic if the series

h(z) = Z sy, T (2imadX)* ... Tr(2imadX)*

51...5p
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has a strictly positive convergence radius: there exists r» > 0 such that:

Z |as, .5, [P < o0

81...5p

An element x, of an analytic K-family (x,) is said to be an analytic K-star
product.

Accordingly to this definition we have the following lemma.

Lemma 6.2.  (F is holomorphic) Let %, be an analytic K-star product then F
18 holomorphic on a neighborhood of zero for any Lie algebra g.

Proof.  Let us fix a norm ||.|| on g. As the function trace Tr from the space
L(g) (of linear mapping from g to g) to C is linear,then there exists a constant
K such that:

ITr(A)| < K||A| for all A € L(g).

Then
Tr(ad X)%

< K|(ad X)*

< K|lad X

51 VSi € N.

Thus we obtain:

> asy..s, Tr(2im ad X)" Tr(2im ad X)* ... Tr(2ir ad X)*|

51...5p

< Z |a31...sp| KP ||6Ld XHS1+...+sp(2ﬂ_>sl+,,,+sp.

51...5p

If K <1, then:

Z ‘aslmspTr(Qm ad X)* ... Tr(2ir ad X)S"|

51...8p

< Z |a“81--.sp| ||6Ld X||81+“'+5P(27-{-)81-&---.—&-57)‘

81..-8p

Now there exists p > 0 such that
r .
lad X[ < o~ it |X] <p,
™

thus F' is holomorphic on the ball B(0, p).
If K>1,then K? < K%*-"5 _ But one has

r ) p
i 1Y <

dX
JadX|| < .

and F' is holomorphic on the ball B(0, ). ]
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Proposition 6.3.  (An integral relation) Let %, be an analytic K-star product
associated to a function F and let o1, s be two smooth functions on g* such
that ¢1 and @9 have sufficiently small support then:

/*(901 *a 2)(§) d§ = / G1(X)po( = X)VH(X)H(—X)e™V/2TredX g x
= / &1(X)po(—X)H(X)H(—X)(A(X))? dX,

where H(X) = F(X)J (X) and A(X) is the modular function for g.
In particular if g is unimodular we get:

/*(901 *a 2)(§) d§ = /951(X)<,52(—X)H(X)H(—X) dX.

Proof. We can write:

(1 *a p2)( / @1 ( Fg(()f(l;; 2m(&XxaY) X dY
) /g T Z)F(X)F(]g(—z)g) % Z)
X w((=X) xo Z)w(2)e*™ &%) X dz
where
W(X) = det(d exp X) — det (1;27_;)() |
Then:
Jersa (€ de = [ 20X FOF( X)) ax

‘§>
£
‘§>
D
=
=
E
=
|
s
b
<
>

A. Connes, M. Flato and D. Sternheimer studied closed star products in
[9]. Let us recall their definition.

Definition 6.4.  (Closed star products) A star product on g* is said to be closed
if, for all smooth compactly supported @1, @s, one has:

[ orwen©) de = [ ouerento) de.

Proposition 6.5. (g has to be unimodular) Let g be a not unimodular Lie
algebra and let *, be an analytic K-star product on g* then %, is not closed.
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Proof.  Suppose that x, is closed. We can write:

H(X)=e"Y) where h(X)= ) a,.,,Tr(2ir ad X)" ... Tr(2ir ad X)™.

51...5p

Since the function eMX)Hh(=X)=1/2TradX s holomorphic and equal to 1 on some

neighborhood of zero then it is identically equal to 1 that is:
1
X))+ h(—X) — §deX =0.

But one has:

h(X)+h(—X)=2 Z sy..s, T7(2im ad X)* ... Tr(2ir ad X)*

§1---Sp

|s|=2n
is an even function. Thus we cannot obtain A(X) + h(—X) — 1/2Tr(ad X) =0,
since Tr(ad X) is a non-everywhere vanishing odd function. ]

Accordingly to the above proposition, from now on, we shall define a closed
K-star product as follows:

Definition 6.6.  (Closed K-family) An analytic K-family (%,) will be called
closed if and only if %, is closed for all unimodular Lie algebra g.

Now let us recall the definitions of relative star products and strict Kont-
sevich star products.

Definition 6.7.  (Relative K-star-products) A K-family () is said to be rel-
ative (to the algebra of invariant polynomial functions) if:

U *q Ug = UT. U2

for every a and every invariant polynomial functions wu;, uy (u; € S(g)%).
An element x, of a relative K-family (%,) is said to be a relative K-star
product.

Definition 6.8.  (Strict Kontsevich star products) ([3]) A K-family associated
to a function F' is said to be strict if there exists a function f holomorphic on a
neighborhood of 0 such that:

f(0)=1 and F(X)=det(f(ad X)).

An element *, of a strict K- family (%,) is said to be a strict K-star product.
An easy corollary of the result of [3] is:

Corollary 6.9.  (Strict relative K-star products) A K-star product %, is a strict
relative star product if and only if:

F(X) = J(X)eXezooarnTrlad 2ir X2

Proposition 6.10.  (The unimodular case) Let %, be an analytic K-star prod-
uct then:

1) If %4 is closed then %, is relative.

2) If %, is strict and relative then %, is closed.
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Proof. Let g be unimodular, thus Tr(ad X) = 0 and for any ¢, ¢y with
sufficiently small supported Fourier transform we have:

[ (errae© de = [ 61003 X)HEOHX) ax.

g g

Since %, is an analytic K-star product then we choose H(X) = ") where h is

an holomorphic function on a neighborhood of zero.

Suppose that %, is closed then e*®)+=%X) i5 an holomorphic function equal

to 1 on the neighborhood of zero and so is identically equal to 1. This means that:
h(—X) = —h(X).

Thus %, is a relative star product.
Now suppose that %, is strict and relative then we choose

2s+1

H(X) — 622‘;0 azs+1Tr(ad 2im X)

and so H(X)H(—X) = 1. Then we obtain, if X is the usual convolution of
functions,

[ erma(© de = [ r(X)3a(-) dx

g g

This concludes the proof of the proposition. [ |

Let us remark that the reality of a K-family (%,) implies that:

(pron) = [ (Frra ea)(©) de

is a scalar product. This useful property is a consequence of the closeness of x,
if g is unimodular, but it is still holding for a general g. In our opinion, it is the
good generalization of closeness for any g.

7. Characterization of

Proposition 7.1.  (Properties of xX) The star product X built by Kontsevich
18 analytic strict relative, closed symmetric and real.

Proof.  First ¥ is clearly an analytic star product since h(X) = 0. We showed
in [3] that x5 is strict and relative. Since

sh ad(X/2) 1/2
100 =0 (i)

is an even real function then x5 is symmetric and real. Now by proposition 6-10

we conclude that xX is closed. n

Our goal is now to characterize (xX) among all K-families.
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Proposition 7.2.  (Characterization of (xX)) If (x,) is a symmetric strict and
closed K-family then (x,) = (xX). Or, equivalently, the only K-family strict
relative and symmetric is (xX).

Proof.  Let (x,) be a strict relative symmetric K-family defined by a function
F' then there exists a function f holomorphic on a neighborhood of 0 such that
f(0) =1 and

F(X) =det(f(ad X)).

Accordingly to the corollary 6-9, we can write:
F(X)=J(X) det M2im ad X) - where h(z) = Za2n+1x2"+1
n=0
is holomorphic near 0.

Now, remark we can replace h(z) by h(z) — ajx since T} is a derivation.
Thus we can suppose that:

o0

h(z) = E Agn "
n=1
Let us suppose a3 = a5 = ... = as,—1 = 0. Thus, for each «, *, is equivalent to

*E through an intertwining operator T given by:
T =1d+ by Tonsr + Y b
£>2n+2

We have:
T(uxqv) =TuxX To.

Now let us set:

u*aU:ZC’g(u,v) and U*fU:ZCZK<u,U).

>0 >0
Since %, and *X are symmetric, one has:
Co(u,v) = (=1)Cy(v,u) and CFK(u,v) = (—=1)°CK(v,u).
Thus we have:

Cons1(t,v) + bapi1Topg1 (uv) = bapi1 (Tong 1)V + bop1t(Ton1v) + C§z+1<u> v).

Using the antisymmetry of Cy,,; and CL& 41, We obtain:

2b2n+1(T2n+1(UU) - (T2n+1U)U - U(T2n+1v)) = _2b2n+1<5T2n+1>(u7 U) =0,

where § is the Hochschild cobundary operator.But 675,71 # 0 for all n > 1 (just
consider, as usual, R? with a = 2,9,, A 0y,) thus we can conclude

bont1 =0 then a9,y =0 VYn>1 and (x,) = (*K).

[0}

Now since (¥%) is graded and symmetric, it is entirely determined by the

values of X x, u for X in g and u in S(g).
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Theorem 7.3.  (Explicit formula for the Duflo-Kontsevich star product) Let
(E;) be a basis of the Lie algebra g and ij the structure constants for g. For any
u in S(g) (or u with & smooth and compactly supported),

1 B
K _ k 1 2

k>0
[k/2] B B
. 2 : k—2¢ 20 ~jor 1 Joo—1 ~J2e+1 rd2et2 Jk )
Q(k _ 26)! (2@) C]k]lc’LZ]Q : ClzzhzCl2e+11012z+2jzé+1 : Clk]k 18’2'~~’ku>'
/=1

here By is the k™" Bernouilli number;
Or with a ‘deformation parameter’ h like in [1] and [12]:

E; xn u(g) - Z 2khk< k! 0511101]22]1 : OZJ:M 1§Jkai1~..iku

k>0
[k/2] B B
. Z k—2¢ 20 ~jae 1 J2e—1 vJ20+1 vJ20+2 Jk .
(k? — 2@‘ (2@ Cjkjlowjz : 0124322 O’Lze+1lOZ2e+2J2£+l ’ C'Lk]k 1812'“%“
=1 ’

Proof. Let ¢ be a smooth function such that $ is smooth with sufficiently small
support near 0, we compute F; x5 u as the Fourier transform of a distribution
with {0} support. If X =5 x;E;,

(Eixq u,¢) = <U(Y)J(Y)>(Ei(X)J(X),<5(X o ¥V)JHX xa Y)))

— (a(y), - (és(X <, V)T

2 ox;

The functions (X,Y) — X x,Y and X — J(X) being holomorphic near 0, this
expression holds if the support of ¢ is sufficiently small. Moreover let us recall
that : 3

8:16,-

(X o Y)|x=0 =Y _ —(ad Y)*E;

(see [7] for instance) and that:

B
sh .Z'/2 _ 621“21 nglz)!ljk
x/2
(see [16]). Thus:
2k J2k—1
H e4k(2k)' Tr(ad X)? H €4k(2k)' Z21 digp, Tin - Tigg Zh -J2k 11]101232 ’ Cizkhk.

Then ;2-J(X)|x=0 = 0 and
oo [k/2]

0 Bir_2¢ DBy
—J(X Xa Y X=0 = oY
oz, ) ZZ k— 20)12(20)! Yi
k=2 (=1 i
J2e J1 J20—1 vJ20+1 vI2042 Ik
z : Cjkjlcmn' CZ2£J2£Clzz+11012£+zjzz+1 Clkjk 1’

J1---Jk
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Or
oo [k/2]
0 J(X)J(Y) :_ZZ Bi_2e By
0x; \J(X xaY) /) |x_0o pr (k—20)!2(20) '12 =
J J J j
Z ijzﬁl Cljzlh : 0122;]22 Clzzjilllcl;;i;hul to Ci]:jkff
J1--Jk
Thus we get:
JORL _Z; Z Bkcjlcjz No/lD _Ej .
= i1
X By By
J J J
o Z (k _ 2[ ! 2 2g Z C]jljgl 0321]2 : 0122;]22Cljjrflcljee:;]z/-&-l : Clj:]k 1812“'iku) :
:1 12 Zk
J1---Jk
This is a special case of the formula with deformation parameter h, if we
put A = E =

Remark 7.4. 1) For each k, the only graphs occurring in the last expression
are one graph I'y without any wheel and graphs 'y 9., with 1 < ¢ < [k/2] with
exactly one wheel of size 2/.

[';, has k vertices of first kind p1, ..., pi, 2 vertices of second kind ¢, ¢
and its edges are:

{p1Q1;p1Q2,P2p1;p2Q2; e ;pkpk—hpkfb} .

'k 2¢ has the same vertices of I'y and its edges are:

{P1Pk, P1D2, D2D3; P23 - - - 5 P2uP1, D202, D2t111, D2t 1143, Doty 2D20115 Pati2Ga; - - -
PrDk—1, D3 }-
2) For each k, there is k!2* graphs having the same weight. These graphs

are obtained from I'y or I'y 9, (1 < ¢ < [k/2]) by using permutations of the vertices
of first kind or the edges coming from these vertices.

Corollary 7.5.  (Weights of graphs)
a) The weight of the graph Ty is wy = (5’52 (see also [1] and [14]).
b) The weight of the graph Ty is:

S L Bro By 1 Bi_a By
B2 TR (K — 20)12(20)! (£) (k=202 2((20)1)2
1 w Way
= T Wk—20—-
(20) 2

Especially, for the wheel graph Ty 90, we get:
Bay 1
w = - = ——wy.
20,20 220012 5 Wt

c) The weight of any graph T’ having at least a ‘parachute’ i.e a wheel linked only
with the point qo vanishes.
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Remark 7.6. 1) Since the edges of T'gpo, are {p1qi, Pip3, Dabs, Dals, --- »
D20—1D2t, D20c—1G3, D2ePi, PGz}, then passing from I'yp9p to I'yp consists only to
move the edge pips to pigs. Thus probably the formula

1

Waop 20 = _§w2€7

could be deduced directly from this operation.
2) It is easy to prove directly (see [4],[14]) that the only graphs I" which
can occur in E; X v are those of our corollary.

Moreover we see directly that the weight of a graph I' having at least a
parachute vanishes. Indeed, let W be a parachute inside I" with vertices py, ...,
pe, we set the parameters of the configuration space Cj o defined by Kontsevich

([13]) by putting go =0, |p1| = 1:
Cr2={(p1,p2:-- ,prsqn) Im(pi) >0, pi#p; if i#j |pl=1, @ <0}
Then C} 2 is a dense subset in the product U x V', where:

U:{(p17p277pf)a pz?épj lfl%j}CTng_l

if H is the standard upper half-plane {z, Jm(z) > 0} and T the one dimensional
torus. And

V= {(pf—‘rl? s 7kaQI)} C Hk*Z X R™.

Thus the form wr associated by Kontsevich to the graph I'" can be written as:

wr = ww A wr\w,

wy depending only of the points p1, ..., ps and so wy can be viewed as a form

on U. Now:
wp:/ wp:/ww/wp\wz()
Ci,2 U 1%

since the dimension of U is 2/ — 1 and wy is an 2/-form.

Corollary 7.7.  (Rationality of weights) Let u and v be two polynomial func-
tions on g*, then all the weights of graphs occurring in the expression of u x, v
are rational numbers.

Proof.  We first remark that if X is in g and w is in S(g) then an easy
consequence of corollary 7.4 is that weights of all graphs which occur in the
expression of X x, u are rational numbers.

Now we can show the corollary by induction on the degree of u. If u is
an homogeneous polynomial function of the form u = Xwu' then there exists a
polynomial function u” such that:

Xu' = X x, v +u” with degree of u” < degree of u — 1.

Then:

Ukg U = (Xu) o v =X %o (U %o V) + " x4 v.
But the weights of graphs in X x, (¢ %, v) and in u” %, v are all rational numbers.
Thus, we conclude the proof of the corollary. [ |
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