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Abstract. We find the Lie automorphisms of generalized Witt type Lie
algebras W{z,e®] and Wz, e*?].

1. Introduction

Simplicity of several generalized Witt type Lie algebras have been considered by
many authors over a field F' of characteristic zero. Kac [3] studied the generalized
Witt algebra on the F'-algebra in the formal power series algebra F[[xy,-- -, z,]].
There exist many generalized Witt type simple Lie algebras using the algebras
stable under the action of derivations ([1], [3], [4], [6]). We consider one-variable
cases based on using the exponential functions. Let 9 = L, Flz*! ] =
Flz, 27 e® e7®], and let Flay, ..., a,] be a subalgebra of F[z*!, e*®] generated by
ai, ..., an. If Flay,...,a,] is 0-stable we put Wlay, ...,a,] = {f0| f € Fla, ..., a,]}.
Then Wiay, ..., a,] is a Lie algebra over F' with the usual product

[f0,90] = fO 0 gd —gdo fO=(f(0g) —(0f)g9)0 (f, g€ Fla,...,an]).

The Lie algebras Wz], W[z*], W[e**], W]z, e*?], and W]a®!, e**] are simple,
while Wiz, e®] and Wix*! e®] are not simple. The automorphisms of Wz] is
considered in [7] (cf. also [2]). The automorphisms of generalized Witt type
Lie algebras of Laurent polynomials are considered in [1], [5]. In this paper we
find the Lie automorphisms of Wz, e®] and Wz, e*?] containing polynomials and
exponential functions. The automorphism group of Wz, e*] is isomorphic to F* x
F, while the automorphism group of W[z, e*®| is isomorphic to Z/2Z x (F* x F).

2. Preliminaries

Let Z be the set of integers, Z, the set of positive integers, Z_ the set of negative
integers, and N the set of non-negative integers. For the field F' we denote by
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F* the set of non-zero elements of F'. Recall that Wiz, e*] = @, W, and
Wz, e**] = @, ., Wn are graded Lie algebras, where W,, = {fe"*d | f € Flz|} is
a homogeneous component of degree n. Let o = o, + a1+ - -+, Where «; €
W; and «,,, a,, # 0. Then we denote by @ the non-zero homogeneous component of
a of highest degree a,,, and by a the non-zero homogeneous component of lowest
degree «,. Hence a =a+---+a. Let W, = @ne% W, and W_ =,.., Wi.
Then Wiz, e**] = W, + Wy + W_, and a = ay + ag + a_ for some a; € W,
ag € Wy, and a_ € W_. For a,..., € W[z, e*] we denote by (a,...,3) the
subalgebra of W{z,e*®] generated by a,...,3. We denote by sp{a,...,3} the
subspace of W{z,e*?] spanned by «,...,3. Hence, (o) = sp{a} = Fa. For
a € F*, be F we define

Oq @ 2™ — a"x"e™ 0,
vy o x"e™0 — (x4 b)"e™0,
T 2" s (—1)" a"e 0. (1)
Then it is easy to see that ¢,, ¥, € Autp W[x,e”], and that ¢,, ¥y, T €
Autp Wz, e*?]. Here we use the same symbols to denote the same type of the

automorphisms in (1). Note that W[z, e®] = (9,2°0, €*0) and Wlx,e**] =
(0,230, €0, e *0).

Note 2.1.  Let ¢ be a Lie automorphism of Wlx,e®| (resp. Wlz,e**]). If
e(x"0) = 20 (n € N) and ¢(e™9) = ™0 (m € N (resp. Z)), then ¢ =
1W[x,ex] (resp. 1W[$’e:tz}). |

Note 2.2.  The Lie algebra Wz, e*®] is self-centralizing, that is, if [o, 5] = 0
and «, 3 are non-zero elements of Wz, e*®], then (o) = (f3). [

Note 2.3.  Let 3 € W[z, e*®]. If [0, 8] = afB for some a € F*, then (3 € (e**0)
where a € 7. [ ]

Note 2.4.  Let I be one of N, NU{—1}, and Z. Let a, € F* (n € I) satisfy
the condition Gy 4m = anay, for any n# m. Then a, = a} for any n € I. [

3. Stabilizers

We determine the elements «, 3 satisfying the condition [, 5] = [ in some
generalized Witt type Lie algebras.

Proposition 3.1.  Let «, [ be non-zero elements of Wlx| such that [, 5] = 3.
Then o — == (z +¢)d, B € ((x 4+ ¢)") for some c € F and n € N\ {1}.

Proof. Let a= f0, 3 =g¢0 and let f =a, 2™+ -+ ag, g =byz" 4+ -+ by,
where m,n > 0 and a,, b, # 0. If m # n, then from [a, ] = § we have m = 1

and
1

n —

f=

for some ¢ € F'. If m = n, then it follows by taking h = f—ag, where a = B #0,
that f = a,(z+¢)" + (x4 ¢), g =by(z + )™ ]

1(m—|—c), g="bp(x+c)"
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Proposition 3.2.  Let a, 3 be non-zero elements of Wix,e*] and |o, 3] = (.
Then B, =0 or By = 0 and one of the following statements holds: (1) a— ﬁ(:ﬁt
)0, B € ((x+c)"9) for some c € F and n € N\ {1}, or (2) a— 29, B € (e"0)
for some n € Z .

Proof. Let a = (fmemx T+t f0)87 /6 = (gnenx +e +g0)a7 where fm7 ) f07
Gny 90 € Flz], fn,gn # 0, and m,n € N. If m # n, then by some computation
we deduce from [a, 3] = # that m =0, n > 0 and that

1

a=-0, [=0b,e"0 (b, #0).
n

Let m =n. If n =0, then we can apply Proposition 3.1. If n > 0, then we have

fudh— flgn =0, (5_:)/ =0, and g, = cf,, for some constant ¢ # 0, where we write

simply f” instead of 0f. From [oz—%ﬁ, B] = [ we have a = aem’a—i-%a, b = be™0

for some a,b € F'. [ |

We continue to characterize the elements «, 3 satisfying the condition
[, 8] = B in Wiz, e*].

Lemma 3.3.  Let a, 3 be non-zero elements of Wz, e**] and |a, 3] = 3. Then
1) For @ and 3 we have either

i) a—kB—(z+0)0, Be((x+c)"0) for some k,c € F, n e N\ {1}, or

i) o — kB =210 and 3 € (€"*0) for some k € F, ne€ Z\{0}.

2) For a and (3 we have either

i) a =18 - 25(x+d)d, B € ((x+d)™md) for some l,de F, meN\({l}, or

m

i) =13 =210 and § € (™) for some l € F, m e Z\ {0}.

(
(
(
(
(
(

Proof. = We show Case (1), since Case (2) will be proved similarly. Since
[ — kB,B] = 8 for any k € F, if necessary we can replace a with a — k3.
Hence we may assume (@) # (). Then by Note 2.2 we have [@, 3] # 0. Therefore
[@ 3] = 3 and @ € Wy = Wlx] since W[z, e**] is Z-graded. We determine @
and (3. Apply the automorphism 7 if necessary. Then by Proposition 3.2 we have
a— - (z40)0, B € ((x+c)"9) forsome c € F, n € N\{1}, or @a—19, § € (e"*0)
for some n € Z\ {0}. In the later case @ = 10 + be"*d for some b € F, and
a = %8 since & is homogeneous. |

Lemma 3.4.  Let a, 3 be non-zero elements of Wz, e*®] and [o, ] = 3. Then
we have the following statments:

(1) If ay # 0, then By # 0, (@) = (3) C W, for some n € Z,, and also
b= %our—l—%(ozo—%a) + (- for some k € F*.

(2) If am # 0, then - # 0, (@) = () € Wy, for some m € Z_, and
5:ﬁ++%(a0— %8) +%oz_ for some | € F*.

(3) If ay,a_ #0, then § € sp{lay, a_, oy, 0}.
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Proof. (1) Let ay # 0. Then @ € W, for some n € Z,. Assume that
[@, 3] #0. Then [@, 3] = 3. If 3 € W,,, then 3 = [@, ] € Wy, a contradiction.
Hence [@, 3] = 0, and by Note 2.2 we have (@) = (3) and 3, # 0. Hence
B € W,, and we have a — kf = %8 for some non-zero k € F by Lemma 3.3.
Then a — k=20 +a_ —kf_ and 8 = fa; + ¢ (g — 20) + .

(2) Let a— # 0. Then (a) € W, for some m € Z_, and we have
ﬁ:5++%(a0— %8) +%a_ for some [ € F™*.

(3) Let ay,a— # 0. Then from (1) and (2) we have

1 1 1 1 1 1
ﬁ:—a++— Oé()——a +ﬁ_:ﬁ++— Oé()——a + —a_
k k n l m [
for some k,l € F*, n€Z,, m€Z_. Thus § € sp{ay, a_, ay, J}. [
Lemma 3.5.  Let a be a non-zero element of Wz, e**], and let {3; | i € I}

be an infinite and linearly independent subset of Wlx,e**]. If |a, 3] = a;3; and
a; #0 forany i € I, then ag # 0 and either ay. =0 or a_ = 0.

Proof.  Assume that o # 0 and a_ # 0. Since [+, 8] = §;, by Lemma
3.4(3) the set {B | i € I} is contained in the finite dimensional subspace
sp{ay, a_, ap, 0}, a contradiction. Hence oy =0 or a_ = 0. If both a, =0
and a_ = 0, then clearly oy # 0. Let 8 = ;. If a_ # 0, then we apply the
automorphism 7. Hence we may assume that @ = a; + ap. By Lemma 3.4 we

have ) e .
ﬁ: a++—<—a0——8)+6_
a; n

kai k i
for some k € F* and n € Z, such that 8 € W,,. Hence 3, # 0. If f_ =0, then
by Proposition 3.2 we have ai,-O‘O — 19 =kBy =0 and ag # 0. If 3_ # 0, then

n

L0, 8] = 3 since (a) # (B). Hence ag = a #0. .

4. Automorphisms

We determine the automorphisms of Wz, e®] and Wz, e*?] in this section.

Lemma 4.1.  Let ¢ be an injective homomorphism of Wz|. Then ¢(z"0) =
a" N x+0)"9 (neN) for someac F* beF.

Proof.  Let ¢ be an injective homomorphism of Wz]. Since
[p(2™0), p(a"0)] = (n — m)p(a™""19), (2)

we have [—1=p(20), p(2"0)] = ¢(2™d) (n # 1). Since ¢(2"d) (n € N) are linearly
independent it follows easily from Proposition 3.1 that

o(x"0) = ap_1(x +0)"0 (n €N)

for some a, ; € F*, b € F. Then from (2) we have a,,_10,-1 = Gmin_o =
m-14n—1 (n,m € N, n # m), that is, ana, = apym (n,m € NU{=1}, n #m).
By Note 2.4, a, = a} and ¢(2"0) = a" '(z + b)"9, where a = a; € F*. ]
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Let p, : "0 —— a"'2"0. Then it is easy to see that p, (a € F*) is an
automorphism of W[z]. By Lemma 4.1 we note that the automorphism group of
Wz] is isomorphic to F* x F', where F™* is the multiplicative group and F' is the
additive group (cf. [2],[7]).

Proposition 4.2.  Let ¢ be an automorphism of Wz, e*] or Wz, e*®]. Then
p(Wlz]) € Wla].

Proof. It holds that [p(x0), p(z"0)] = (n—1)p(2"0) (n € N). Let oo = p(x0).
Then by Lemma 3.5 we have ag # 0, and oy = 0 or a— = 0. Let § = (9).
Then similary from [p(0), ¢(€™*9)] = me(e™*d) (m € N) we have [, # 0, and
By =0 or f_ =0. Assume that ay # 0. Then from [—«, ] = f and Lemma
3.4(1) we have B, # 0 and a, 3 € Wz, e*]. Hence 5y # 0 and (B, # 0, but this
contradicts to Proposition 3.2. Assume that a_ # 0. Then applying 7 we have
a contradiction similar to the above. Therefore @ = ag € W/[z]. Then the case
By # 0 and the case B # 0 cause similar contradictions. Thus 5 = Gy € Wx].
From [3, p(2"9)] = (n—1)¢(2"'d) we have p(z"0) € W[z| (n € N) by induction.

]

Theorem 4.3.  Let ¢ be an automorphism of Wlx,e*]. Then ¢ is a product
of va and vy, for some a € F*, be F.

Proof.  Let ¢ be an automorphism of W{z,e”]. Then by Proposition 4.2 and
Lemma 4.1 we have ¢(9) = a™'0 and p(2"9) = a™*(z+b)" for some a € F*, b €
F'. Since [¢(0), p(e™*0)] = mp(e™*0), we have [0, p(e™0)] = amp(e™*0). Then
by Note 2.3 we have (emxﬁ) (e¥™*@) and am € N. Since ¢ is surjective, it
follows that a = 1, ¢(2"0) = (z+b)"0 (n € N), and ¢(™*0) = ¢,,e™*0 (m € N).
Then from [p(e™®9), p(ek20)] = (k —m)p(e™729) (m, k € N) and Note 2.4, we
have ¢, = ¢™ for some ¢ € F*. Thus ¢(e™*9) = ¢™e™ 9. Hence (p.0y) Loy =
Lwiz,.ex) by Note 2.1, and therefore ¢ = . o 9. [ ]

Corollary 4.4.  The automorphism group of Wz, e*| is isomorphic to F* x F'.

Proof.  This is clear from ¢, o ¢, = ¢ 0 ¢, for any a € F*, b € F'. [ ]

Theorem 4.5.  An automorphism of W|x,e*®] is a product of ., 1y, and T
for some a € F*, be F.

Proof. Let ¢ be an automorphism of W{z,e**]. Then as in the proof of
Theorem 4.3 ¢(2"0) = a" ' (x +b)"d (n € N) and ¢(e"*d) = ¢,,e"™*0 (m € Z).

Since ¢ is surjective, we have a = +£1, and applying 7 if necessary we may
assume a = 1. Then it follows that ¢(e”*0) = ¢™e™*0 for some ¢ € F* and that
(e 0 tn) ™! 00 = Lypfg,ets). =

Corollary 4.6.  The automorphism group of Wz, e*] is isomorphic to Z/27x
(F* X F).

Proof.  Thisis clear from ¢,0t, = ¥,00,, Tow,0T = Y,—1, and ToY,oT = 1h_y.
n
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