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Abstract. In this paper we utilize the notion of infinite dimensional
diffeological Lie groups and diffeological Lie algebras to construct a Lie group
structure on the space of smooth paths into a completion of a generalized
Kac-Moody Lie algebra associated to a symmetrized generalized Cartan
matrix.

We then identify a large normal subgroup of this group of paths such that
the quotient group has the sought-after properties of a candidate for a Lie
group corresponding to the completion of the initial Kac Moody Lie algebra.

Introduction

In the case of Banach-Lie algebras, it is well known that there exists Lie algebras
which are not realizable as the Lie algebras of any Lie group. Since the advent of
Kac-Moody Lie algebras it has been natural to ask if there are groups associated to
these Lie algebras in such a way that the representation theory of the Lie algebras
are related to the representation theory of the associated groups as in the theory
of finite dimensional Lie groups. Moody and Teo [16] have associated groups
to Kac-Moody Lie algebras, these groups have been studied by several authors
(see e.g. [5], [10], [14], [16] and [23]); however, those groups do not have some
important properties which one encounters in the finite dimensional case, such as
the existence of an exponential function. Goodman and Wallach [6] succeeded in
associating Banach-Lie groups to affine Kac-Moody Lie algebras and used them
to study the representation theory of affine Kac-Moody Lie algebras. Here, we
shall give a new procedure to construct a Lie group structure on C*(I,G(A)),
where G(A) is an appropriate completion of a generalized Kac-Moody Lie algebra
associated to a symmetrized generalized Cartan matrix A, where C*(I,G(A)) is
the space of C°° functions from the unit interval I into G(A).

Further, we exhibit an exact sequence 0 — Q — C*(I,G(A)) — G(A) — 0
of smooth Lie algebra homomorphisms, where Q = {f € C=(I,G(A)) : [fdt = 0};
in the case of the above exact sequence, C°(I,G(A)) also designates by abuse
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of notation the Lie algebra of the above mentioned Lie group C*°(I,G(A)) (the
underlying topological structures are the same (see [13] for details)). There is a
normal subgroup, w, of C*°(I,G(A)) having Q as its Lie algebra. We shall show
that C°°(I,G(A))/w = A(A) has many of the requisite properties for a Lie group
corresponding to G(A). Finally, we lay the groundwork to show that the highest
weight representations of G(A) are differentials of smooth representations of A(A).

In section 1 we redefine diffeological spaces and reformulate some of the
results on them of which we subsequently make use. Most of the verifications
follow easily from the work done by Souriau, Dazord, Donato, Iglesias (e.g. see
3], [4], [7],[21]). In those cases where we state formerly unpublished results on
diffeological spaces or diffeological groups we give proofs or indications of proofs
when it seems appropriate. The diffeological spaces that we deal with are different
from the differential spaces considered by the Polish school of Sikorski et al (see e.g.
[20]); there, the generalization of manifolds studied is in terms of the commutative
ring of smooth functions defined on a manifold. Here, we are looking instead at a
generalization of the structure given by the smooth functions defined with domain
an open subset of an arbitrary Hausdorff, complete, locally convex topological
vector space and with range a fixed manifold.

In section 2, we give details on our construction of a diffeological Lie
group A(A), corresponding to a generalized symmetrized Cartan matrix A with
a possibly countably infinite number of rows and columns such that the rows and
columns are uniformly ¢, bounded. Our definition of generalized Kac-Moody Lie
algebra is more general than the one discussed by Kac in his most recent edition
of Infinite Dimensional Lie Algebras, but less general than Borcherds’ [1] in that
we suppose that the Cartan subalgebra has a canonical Hilbert space structure.

1. Diffeological Algebraic Structures

Let T' be the Grassmannian ring of super numbers generated by an arbitrary set
X = {x;}ier with its topology given by the inductive limit of I';, for i € J, where
J is the collection of finite subsets of I ordered by inclusion and I'; the finite
dimensional subspaces of I' generated by z;,, ..., Ti, - - With this topology T" is a
complete locally convex topological vector space. I'; is a Z5 graded commuatative
(i.e. ab = (—1)l9ltlpg algebra, where |a| designates the parity of a. I' with this
topology will be used as our base ring throughout what follows.

Let V and W be fopological graded modules over I'. A continuous mapping

fVx...xV—->W

is said to be an n-multimorphism when f is n-multilinear with repect to the
ground field K and

fler, o ey, €inty o sen) = fler, .. €, 7€ty n),y ET
and
fler, ..., eny) = fler,...,en)y,v €T.

Now suppose U C V open, a function f : U — W will be called super
C™ or G™ or simply smooth when there exists continuous maps, which are k-
multimorphisms in the k-terminal variables, for x € U fixed,
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D¥f(z;--):UxV x---xV —W, k<n, such that

1

satisfies the property that
Fp(th)/tk, t#40

Let M be the category whose objects are super manifolds modelled on the
open subsets of graded complete Hausdorff locally convex topological vector spaces
(chlctvs) (see[12]); the morphisms of M are the G* functions. A diffeological
space is a set S together with a contravariant subfunctor Fg(N) C Homge (N, S)
such that constant maps are in F'(N) for each object N of M and each = € S
and such that F' restricted to the subcategory of open subsets of a fixed super
manifold, N, whose morphisms are the canonical injection of open subsets of N
into each other satisfies the axioms of a set valued sheaf.

When S is a G* super manifold we shall suppose without explicit mention
to the contrary that it has its underlying diffeology given by F(C') being defined
to be the set of G* maps with domain N and values in S.

Given a super manifold M and a diffeological space (5, F), a mapping,
f, from a subset C' C M to S is called smooth, when there exists an open
neighborhood, U, of C' and a smooth extension of f to U, f:U — S

Given any collection of diffeological structures on a set S, F;, we have
that NF; is a diffeological structure, thus any assignment of functions, Gg(U) C
Homg (U, S),U C E, E a Hausdorff locally convex topological vector space,
generates a diffeology; namely, the smallest or finest diffeology containing the
Gs(U). For the diffeology so generated we shall call Gg(U) a system of generators.

A useful notion for diffeological structures is that of the pull-back; given
a diffeological stucture on a set 7', (T,G), and a function, f : S — T, define
[*GU) ={g € Homs(U,S) : foge G(U)}. It is straightforward to verify that
f*G is a diffeological stucture on §'.

Given a subset S; C Sy, where (S, Fy) is a diffeological space, there is a
diffeological structure induced on S; by Fi(C) = {f € F5,(C): f(C) C S;}. Note
that Fy = i*(Fy), where i : S — Sy is the canonical inclusion. In the rest of this
paper when we consider a subset of a diffeological space as a diffeological space
it will be with the above described structure unless there is an explicit mention
to the contrary. When C' is an open subset of a graded hlctvs we shall call f of
Fs(C) a plot of the diffeological structure at a point s = f(z), x € C.

Definition 1.1. 1 We shall call a diffeological structure lattice or L type when
given two plots f : My — S,g : My — S at a point f(x) = g(y) there always
exists a third plot through which the germs of f at x and g at y factor; that
18, there exists a plot h : N — S such that f = ho ¢,g = h o, where
¢ : My — N,v: My — N are smooth functions such that o(z) = v(y), where
M; C M; is a neighborhood of x (resp. y ).
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Given diffeological spaces (Xi, F1) and (Xs, Fy) a function f : X; — Xo
is called smooth or C'* for each g € F;, we have fog € F,. We shall say that
f is locally smooth at xy € X; when given any smooth map, g € Fj, from a
neighborhood, U, of 0 € E ,where f(0) = x( there exists a neighborhood, Uy C U
of 0 such that f o (g|Up) € F5.

Given diffeological spaces (Xi, F}) and (Xs, F3), and an open subset U of
an graded chlctvs E a mapping f:U — C%(Xy,X3) is smooth when
F:U x X; — Xs, given by F(u,z) = f(u)(z) is smooth. The finest diffeol-
ogy on C*(Xy, X5) admitting these functions as generating plots will be called
the function space diffeology on C*°(X7, Xs).

From the definitions, using the notion of the pull-back, it follows that

Lemma 1.2.  Given diffeological spaces (X1, F) and (X2, Fy) and a set of
generators Gs(U) of Fy, if the function f : X1 — Xy satisfies f(Gg(U)) C Fy(U),
then f is smooth.

Suppose that (S, F) is a diffeological space of L — type; consider the
equivalence relation generated between germs of one dimensional plots at s € S C}
and Cy are open intervals containing 0 as follows: let f and g be one dimensional
plots at 0 with domains open intervals C'; and C5 containing 0, we write fo = go,
when f(0) = g(0) = s and there exists a plot k:U— S through which the germs of
f and g factor at 0 and we have that Dy(ho f) = Dy(hog), where h is any smooth
real valued function defined on the image of k. The equivalence classes will be
called tangent vectors at s, we shall designate the set of tangents at s by T,S. It is
immediate that a smooth map f: S — W defines a function T'f : T,.S — Ty oW
When M is a manifold modelled on a locally convex topological vector space,
this definition is equivalent to the classical one. Given a plot f: U — S, we use
Tf:TU — TS to define plots on T'S and thus a diffeology on TS, in what follows
TS will be considered as a diffeological space with the finest diffeology admitting
such T'f’s as plots.

Given diffeological spaces (Xi, Fi) and (Xj, F,) the Cartesian product
diffeology is defined by f € F; x Fy if and only if pryo f € F; and proo f € F}.
A group G with a diffeology F on its underlyling set will be called a diffeological
group when multiplication and inversion define smooth maps G x G — G and
G — G; in a similar vein we define the notions of diffeological vector space and
diffeological Lie algebra.

Definition 1.3. A diffeological vector space E will be called integral when there
exists a smooth linear map [ : C®(I,E) — E, such that given any smooth real
valued linear function H : E — R, we have H([(f)) = [ H(f(t))dt and such that
given any v € E we have [(f(t)v) = ([ f(t)dt)v.

A subspace, K, of an integral diffeological vector space, E, will be called
closed when [(C*°(I,K)) C K. One readily verifies that each diffeological group
is of L — type.

Given a plot at the identity, e e G, f: U — G, € U, U C E, E alocally
convex topological vector space, U open, define Df(z;a) = [f(z + ta]i—,x € U.
The definitions imply
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Lemma 1.4. Let (X,G) and (Y, K) be diffeological spaces and suppose that
f: X =Y is asmooth map. Then Tf :TX — TY 1is a smooth map.

Lemma 1.5. The canonical map 11 : TG — G is a smooth map.

Proof. Let f: W — TG be a plot, by definition there exists a neighborhood,
U, at each point x € W and an open subset V' of a hlctvsp so that f|U factors
smoothly through TV; that is, f = Tho¢,h : V — G and ¢ : W — TV are
plots. Now, mgoTho¢ = homy o¢, which is clearly smooth being a composition
of smooth maps. [ |

Proposition 1.6. If G is a diffeological group, then T.G is a diffeological
vector Space.

Proof.  Given two vectors o = [[f]o],5 = [[g]o] at e € G, define a + [ =
[[f % glo], and scalar multiplication by r x a = [[f(rt)]o]. It is straigtforward
to verify that T.G becomes a well-defined vector space. Lemma 1.2 implies
that vector addition in 7.G is smooth. Lemma 1.4 below implies that scalar
multiplication is smooth. |

Lemma 1.7. Let U, X and Y be Ltype diffeological spaces. If f:UxX —Y
is a smooth map, then the partial in U (resp. X ), Thf : TU x X — TY (resp.
Tof :UXxTX — TY ) is smooth.

Proof. It suffices to observe that the canonical map U x TX — T(U x X)
sending (u,a) to (0, ) (respectively, TU x X — T(U x X) sending (a,z) to
(e, 0,) is smooth. ]

Corollary 1.8. Given a diffeological group G and a plot f : U — G, set
F(x;a) = Ryyy-1 o Df(x; ), where U C E is an open subset of a graded chictvs
and R, is induced by right multiplication by x. Then F : U x E — T,G is smooth.

We use the diffeomorphism TR, : TG — TG induced by right multipli-
cation by x to transport the vector space structure of 7,X to T,G, with these
definitions Df(z;a) : E — Ty G is linear in . Note that given any smooth
map f : G — H we have that T'f : T,G — Ty, H is linear, when G and H are
diffeological groups.

Proposition 1.9.  Let G be a diffeological group, then TG is a diffeological
group, where the group operation is given by TP oo™, where o : T(G x G) —
TG x TG is the canonical map, and P : G x G — G 1is the diffeological group
operation.
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Proof.  As in the classical case the product map in TG can be expressed as

ax = Rrr) (Rr@)-1(a)) + Adr ) (Rrs)-1(5)),

where Ad, : TG — TG is the bundle map over the identity induced by the adjoint
action on G by x, and R, : TG — T'G is the map induced by right multiplication
by x. From this formula it follows immediately that ”x” defines a smooth map
TG xTG — TG.

Again as in the classical case the inverse is given by
o — —Lw(a)—l (Rw(a)—l (Oz))

The above lemmas now imply that indeed T'G is a diffeological group. ]

Remark 1.10. Let GG be a diffeological group and N a normal subgroup of G,
then one has that G/N is a diffeological group.

Before proceeding we shall adapt what we need of Iglesias’s treatment [7]
of diffeological fiber bundles to our context.

Given diffeological spaces (X, G) and (Y, K') and a smoothmap f: X — Y
consider the diffeological groupoid of automorphisms of f, Gy, it has as objects
the elements of Y, its morphisms, Morph,(y,%'), are the diffeomorphisms from
f7'(y) to f7'(y'). Let s : Morph; — Y (resp. t : Morph; — Y be the source map
(resp. target map); that is, given h € Morph(y,y’), s(h) =y (resp. t(h) = y').
We now define a diffeology on G as follows: given an open subset U of a graded
hletps F, we say that g : U — Morph, is a plot if and only if we have that

i) s X t o g is smooth,

i) with Xs:={(z,y) 1z €U,y €y} CU x X, the mapping p: X; — X,
given by p(z,y) = g(z)(y), is smooth, and

iii) setting X; := {(z,y) : ® € U,y € y,)} C U x X, we have that the
mapping u: X; — X given by u(z,y) = g(z)~*(y) is smooth.

We take on Gy the finest diffeology which induces the given diffeology on
Y and admits the above maps to the morphisms of G; as smooth maps. This
diffeology on G; will be called the standard diffeology .

It follows in a straightforward manner from the definitions that

Proposition 1.11. The standard diffeology endows Gy with the structure of a
diffeological groupoid; that is, setting Sger = {(x,y) € Morph x Morph : t(x) =
s(y)} € Morph x Morph, o(z,y) := yox defines a smooth map o : Sqey — Morph,
the inverse operation in the groupoid defines a smooth map Morph — Morph, and
t(m) =iy o f7Hm) — f71(m) defines a diffeomorphism from the objects of G; to
the identities of Gy .

Theorem 1.12.  Let G be a diffeological group and let 11 : TG — G be the
canonical map, then s X t : Morphy; — G X G satisfies the local lifting property;
that is, given any open subset of a graded hlctvs U C E,x € U and smooth map
f:U — G x @G, there exists an open neighborhood Uy C U of x and smooth map
F : Uy — Morphy such that s xtoF = f.
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Proof. Let f:U — G x G be a plot, such that f(u) = (fi(u), fa(u)) € G x G,
set F(u) = Tfl(u)sz(u)fl(u)*l : Tfl(u)G — TfQ(u)G. F:U— N[OI"phg<>7 where go is
the groupoid of automorphisms of the canonical map II : TG — G. It follows from
the definitions and Lemma 1.4 that F' is smooth, by definition ¢t Xx so F'= f. =

Definition 1.13. A diffeological group G will be called a diffeological Lie group
when the tangent space at the identity, T.G, is a diffeological vector space which
i) admits for every non zero o € T,G a smooth real valued linear map
T:T.G — R such that T(«) # 0.
ii) the linear plots of T.G are cofinal in the sense that every plot of T.G
factors smoothly through a smooth linear map of a complete Hausdorff locally
convex topological vector space into T.G .

Theorem 1.14.  Let G be a diffeological Lie group, then T.G admits the struc-
ture of a Lie algebra such that the bracket operation defines a smooth linear map
Vy  1.G— T.G, where 57, (Y) = [X,Y].

Proof.  Proposition 1.6 shows that T.G is a vector space. We shall now verify
that T.G admits the structure of a Lie algebra. Given two vectors «, 8 € T.G let
aj,as,b be paths on open intervals containing 0, such that [a1]o = [as]o = «,
[blo = B. Now Yi(t) = a1(t)Ba(t);' is a smooth path which therefore factors
through a linear plot, Hy : £y — T.G at 3; that is, Yi(t) = Hy o y1(t), where
y1 : (—€,¢) — E,e > 0. Suppose that ¢ : U — G is a plot at e through which
ay,as, and b factor with Dy—og(k o ay) = D;—o(k 0 ay), where k is any smooth real
valued function defined on the image of ¢. Since T.G is of lattice type we may
also suppose without loss of generality that H; factors through T ¢; in paricular,
Y1(t) and as(t)Bas(t)™! factor through Tyé. Define [a, 8] = H(Dy—qy1(t)).

To verify that [a, ] is well-defined suppose Ya(t) = ao(t)Bay*(t) =
Hy o ys(t), where Hy : Ey — T.G is a linear plot; let k : T.G — R be a
smooth linear real valued function. Considering the smooth real valued function
on ¢(U) given by Wy (z) = k(z82~") we now have that (ko Hy)(Di—o(y2(¢))) =
Dicolko Hy((1))) = Dizo(Wi(aa(t))) = Dizo(Wilax(£))) = Dico(ko Hy (1 (1)) =
(ko Hy)(Di=o(y1(t))); since k is an arbitrary smooth linear functional we have that
[a, ] is well-defined.

As in the classical case we prove that [«, (] is linear in (3, [a, 3] is anti-
commutative, and satisfies the Jacobi identity; for example, for anticommuta-
tivity we choose an arbitrary plot at e through which the germs of a,b, and
f(s,t) = a(s)b(t)a(s)™! at 0 factor, K : W — G, let A\ : K(W) — R at e
be a smooth real valued function on that plot, and we consider dA([a, f]) =
Dy—oDs—o(NYa(f(5,1))) = d\(Ya(Ds—oDi—of(s,1))). It is straightforward to ver-
ify that dA([o, 8]) satisfies anti-commutativity for each A. The Jacobi identity is
proved in a similar manner. Given a smooth function 3 : U — T,.G we consider
the smooth function ¢(t,u) = a(t)B(u)a(t)~!, which we now factor linearly and
smoothly through a graded hclctvs E, HHE— T.G so that g(t,u) = H o k(t,u).
The smoothness of D,k shows that 5/, is smooth. [
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Let E be an Hausdorff, sequentially complete, locally convex topological
vector space, we suppose E furnished with the canonical diffeology, and let Aut(FE)
be the group of linear diffeomorphisms of E. Given an arbitrary locally convex
topological vector space V' and an open subset U C V', amapping f : U — Aut(F)
is a plot if and only if

i) F: U x E — E defined by F(z,y) = f(z)(y) is smooth and

i) G:U x E — E defined by G(z,y) = f(x)"!(y) is smooth.

The finest diffeology on Aut(E) admitting the above plots of Aut(E) will
be called the normal diffeology on Aut(E).

Theorem 1.15.  Aut(E) with the normal diffeology is a diffeological group.

Proof.  To show that multplication is a smooth map from Aut(E) x Aut(E) to
Aut(E) it suffices to consider smooth maps f, g : U — Aut(E) and apply the chain
rule to the composition gf(x,e) = g(x)(f(z)(e)). As the composition of plots is
smooth and the inversion of plots is by definition smooth it follows that Aut(E)
under composition with the normal diffeology is a diffeological group. Designate
by L(E, E) the diffeological vector space of all smooth linear endomorphisms of £
with f: U — E aplot if and only if F': U x E — FE given by F(u,e) = f(u)(e)
is smooth. It is straightforward to verify that L(FE, E) is indeed a diffeological
vector space such that the canonical injection Aut(E) — L(FE) is a smooth map. m

A diffeological Lie group G will be called regular when the logarithmic
derivative f(t)f(t)~" defines a diffeological isomorphism from the diffeological set
of smooth mappings from the unit interval into G which map zero to the identity,
e € G, C°(I,G), to the diffeological set of smooth mapppings from the unit
interval into T.G, x : C3°(I,G) — C*(1,T.G). We recall that a map from the
unit interval into a diffeological space is called smooth when there exists an open

interval containing the unit interval to which the map can be smoothly extended.

Proposition 1.16.  Suppose that G is a reqular diffeological Lie group and
suppose that g € G, then x, : C¢°(I, (G, g)) — C*(I,T.G) is a diffeomorphism,
where C(I1, (G, g)) ={f € C=(I,G) : f(0) =g} and x, = f'(t)f(t)"".

Proof. x,=xoR,:. [ |

Proposition 1.16 implies

Theorem 1.17.  Let G be a reqular diffeological Lie group, then there exists a
smooth function exp : T.G — G such that exp((t + s)) = exp(t) x exp(s€) and

leap(t€)]: = Reapue (€) -

Corollary 1.18.  If G is a regular diffeological Lie group, then T.G admits the
structure of a diffeological Lie algebra.
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Definition 1.19.  Let L be an integral diffeological Lie algebra. A closed ideal,
T, will be called pre-integrable when for each a(t) € C®(I,L) the differen-
tial equation, (x)y' = [a(t),y], admits a smooth flow, ®(a(t),s,l) such that
D®(a(t), s, 1) = [a(s), P(a(t), s, )], ®(a(t),0,l) =1 and such that ® defines by
an abuse of notation a smooth map

i) ®:C*(I,7) xI xI — T, such that

ii) ®(a(t),s,-) : T — T is a diffeomorphism which induces a diffeomorphism
=:0%,I) - C=(Z,7), where Z(f)(t) = P(a(t),t, f(t)) and where C>*(1,T)
has the functional diffeology.

Theorem 1.20.  Let G be a reqular Lie group and H a pre-integrable diffe-
ological Lie subalgebra of T.G with an ideal, K, as a diffeological vector space
complement; that is, a mapping, f: U — T.G = H x K is smooth if and only if
mgof and wgof are smooth. Then there exists a reqular diffeological Lie subgroup,
H, of G such that the canonical injection, v : H — G induces an isomorphism of

diffeological Lie algebras, T'(i) : T.H — H C T.G.

Proof. Define H := {g € G : 3 a smooth path ¢ : [0,1] — G such that
g(0) = e,g(1) = g, and Dg(t)g(t)™* € H for all ¢ € [0,1]}. Translating the
product in C§°(I,G) to C*(I,T.G) by means of y allows one to establish that
H is indeed a subgroup of G'. The regularity of H is an immediate consequence
of the regularity of G. [ |

Theorem 1.21.  Let G be a simply connected, regular, diffeological Lie group
with canonical diffeomorphism x : C3°(I,G) — C*(1,T,G) and suppose that H is
a connected normal subgroup of G such that there exists a pre-integrable Lie ideal,
HCT.HCT.G=G, of the Lie algebra, G, of G with a diffeological vector space
complement, K, satisfying

i) X HC®(I,H)) € C5°(1, H) ;

ii) given h € H there exists a smooth path f : [0,1] — H such that
f0)=e, f(1) =h, and x(f) € C*(I, H);

iii) given any k € G/H, there exists a smooth Lie algebra homomorpism ¢,
of G/H into a the Lie algebra S of a reqular diffeological Lie group S such that
o(k) #0.

Then G/H is a diffeological Lie group with Lie algebra G/H.

Proof. By definition of the diffeology on G/H the canoniacal map = : T.G —
T.G/H is onto; iii) implies that the canonical map restricted to K determines
a smooth one-one linear isomorphism onto G/H. From the definition of the
diffeology on G/H, we have that f : U — G/H is smooth if and only if there
exists a smooth F : U, — G where x is an arbitrary element of U and U, is
an open neighborhood of z in U such that m o F' = f|U,. Now m¢ o F is a
smooth mapping which depends only on f. The preceeding suffices to show that
the canonical map restricted to K is a linear diffeomorphism onto G/H . [
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Lemma 1.22. Under the hypotheses of Theorem 1.21, given
u(t),v(t) € C°(I,G) suppose that x(u) — x(v) € H. Then, there exists w(t) €
Ce(1, H) such that v(t) = u(t)w(t).

Proof. We have as in the classical case that

x(uo)(s) = x(u)(s) + ®(x(v), s, x(u)(s))-

For a verification of this equality that is applicable in this case see [13]. The
preceding equality and the fact that H is a pre-integrable ideal, which implies
that ®(x(v), s, -) restricted to C*°(I,H) is a diffeomorphism onto C*°(1, H) which
imply w(t)"'o(t) € C=(I,H). ]

Lemma 1.22 implies that

Theorem 1.23. Under the hypotheses of Theorem 1.21, H and G/H are reg-
ular diffeological Lie groups.

2. On the Integrability of some Generalized Kac-Moody Lie Algebras

Inspired by Borcherds we define a generalized Kac Moody Lie algebra by the given:

1) A real Hilbert space {H, (-, )} together with a continuous nondegenerate
symmetric bilinear form (-, -).

2) Suppose given a countable set of elements h; € H such that (h;, h;) <0
if ¢ # j and such that if (h;, h;) is positive, then 2(h;, h;)/(h;, h;) is an integer;
A = ((hi, hy;)) is called a generalized symmetrized Cartan matrix of real numbers.

The generalized Kac-Moody algebra G = {G(A),H} is the Lie algebra
generated by the vector space H and symbols e; and f;, with defining relations:

[HaH] =0; [eiafj] = 5ijhi; [h,ei] = (hi, h)eh [h7fi] = —(hi,h)fi-

If a; > 0, then ad(e;)'=2%5/%i(e;) = 0 = ad(f;) 2/ ( f;).

We have the root space decomposition of G(A) = > cy+ G, Where G, =
{z € G(A)|[h,x] = a(h)x for all h € H}. Let’s recall that the height of a root is
defined by ht(X1, zia;) = >0 |2i|, where a;(h) = (hi, h).

The non-degenerate symmetric bilinear form (-, -) on H uniquely extends to
a non-degenerate invariant symmetric bilinear form on G(A) satisfying (e;, f;) =
d;; called the the canonical form.. Now define w : G(A) — G(A) by w(e;) =
—fi,w(fi) = —e;,w(h) = —h,h € H and set (x,y)o = —(z,w(y)).

We now define on G(A) the positive definite inner product

(CE+ +h+ O{_,ﬁ+ +k+ B—)l = (a/+aﬁ+)0+ < h7k > +(a—7ﬁ—)0~
We shall suppose that 3, |a;;|* < E < 0o,Vj. We have [5] 3C' > 0 so that
1Tz 2Tl < CUl) ]2l + (1211 ]1d(z) 1) (%)

where d is a derivation of G(A) satifying d(z) = ht(a)z for z € G,(A).



LESLIE 437

Now consider the subspace G(A) C [1G.(A), where o ranges over all the
roots of G(A), characterized by

{M.} €G(A)
if and only if given any ¢t > 1 there exists a constant K; so that

ST M, € Kpent

a,ht(a)=n

On the vector space G(A), consider the Hausdorff locally convex topology
generated by the following fundamental system of neighborhoods of 0 € G(A): to
each pair of positive real numbers (¢, k), let

Ut k) = {{Ma} €G(A): S IM,]| < ket|n|}
a,ht(a)=n

With this topology G(A) is a Frechet space. In this topology, the bounded sets
are characterized by

Lemma 2.1. B C G(A) is bounded if and only if for any positive real number t
there exists a constant By such that {Mu} € B implies || Yo pr(ay=n Mal| < Bre™™.

It is not difficult to verify that all bounded sets are relatively compact.

Proposition 2.2.  Given {ga}, {ha} € G(A) then [{ga},{ha}] = {ka} € G(A);
further, [{ga},{ha}] determines a topological Lie algebra structure on G(A).

Proof.  Given {g.}, {ha} € G(A), let G* (resp. H') be so that

> llgall < Gee™, S lhall < He .

a,ht(a)=n a,ht(a)=n
Settlng 9n = th(a):n Yo (resp. hy, = th(a):n hOé)?

ST gnte hnlll < CLI (In+ €| + |n]) Gy Hye Hnteltin

nez neZ
< CGH, Z(|n +e| + |n|)e” (t=s)(Intel+In]) | o—sle]
nez
S CGth Z 2|n|@_(t_5)‘n| . e_slel7
nez

where C' is the constant of (x) above and s < t. Setting
Ko = Ynez 2Inle= 9D the inequality

Z || gn-i—ea — | < OGthKtse slel <**)

nez

implies that the above bracket gives to G(A) the structure of a topological algebra
which contains the Kac-Moody Lie algebra G(A) as a dense subalgebra, thus G(A)
is a topological Lie algebra. |
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We recall that a Hausdorff, sequentialy complete, locally convex topological
vector space V is called strongly bornological (resp. bornological) when any subset
(resp. convex subset) absorbing all the bounded subsets of V' is a neighborhood
of the origin. In general in this paper the topological vector spaces with which we
deal will be strongly bornological. Note that metrisable locally convex topological
vector spaces are strongly bornological as are countable inductive limits of strongly
bornological spaces.

In what follows we shall make use of a sequence of functions defined itera-
tively as follows:

Folt,q) = S (In+ q| + |n|)etn+a+inh
nez
Fria(t,q) = Z(‘n +q| + [n|)Fe(t,n + Q)eitm‘, t>0.q€Z

n

One readily verifies the following lemmas:

Lemma 2.3. Fy(t,q) is bounded by some constant D for 1 <ty < s <t,q€ Z
and satisfies Fy(t,q) < Fo(t —s,q) - el

Corollary 2.4.  Fi(t,q) < Fi(t — s,q) - el

Lemma 2.5. There exists a constant k > 1 such that

Y (In+ql+ In)e ") < k|q| for all t >ty > 1,
nez

where k is independent of t.

Corollary 2.6.  F,(t,q) < D(k|q|)".

Lemma 2.7.  Define ¢(t,q) = >,>0 F”T(j’q), then |é(t,q)| < Detldl,

Lemma 2.8.  Given £ = {&.} , 1 = {na} € G(A) such that ||&,| < Xe ™

and HUnH < Y;e—t|n|, where fn = Za,ht(a):n 6047 h = Za,ht(a):n T - Then ”[67 77]” <
CX Y Fy(t,q), where Cis the constant of (x).

Lemma 2.9. Given the hypotheses of Lemma 2.8, then

&, ml, malll < C* XY Fa(t, q),

where ny,me satisfy the conditions of Lemma 2.8.

By iteration, we obtain

Lemma 2.10.  Given the hypotheses of Lemma 2.8, then ||ad,, o...oad,, (§)| <
C*X,YFE,_1(t,q), where ng,...,m1, and & satisfy the conditions of Lemma 2.8.

We have from [13]:
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Theorem 2.11.  Let A be a graded Hausdorff complete locally convex topolog-
ical Lie algebra with a strongly bornological underlying vector space topology such
that given any bounded set B C A there exists a balanced convex bounded set C
such that 3502 (1/n!)B™ — 0 as k — oo in Ac = U\ \C with the C'— gauge norm
topology; that is, |alc = inf{\ > 0:a € \C}, where B"*' = [B, B"]. Then the
canonical diffeological structure on A is pre-integrable.

Lemmas 2.3-2.10 imply

Theorem 2.12.  If G(A) is a generalized Kac-Moody Lie algebra, then G(A) is
an integral pre-integrable diffeological Lie algebra.

Definition 2.13. Given two smooth paths f,g : I — L into a diffeological
Lie algebra, L£,{,} : T — L we say then are Lie homotopic when there ezists
smooth maps from the square VW : I x I — L such that V(t,0) = f, V(t,1) =
g, W(0,s) =0, W(l,s) =0, V, — W, =[V,IV].

Now let F C H, where H is a Hilbert space be an Hausdorff, sequentially
complete, locally convex topological vector space with a topology finer than the
induced topology from the Hilbert space, we suppose E furnished with the canon-
ical diffeology from its locally convex topology, and let End(FE) be the algebra of
smooth linear endomorphisms of E. We suppose that End(E) has the diffeology
induced from F(E,E).

Proposition 2.14. End(E) is a diffeological algebra.

Proof.  To show that multiplication is a smooth map from End(F) x End(FE)
to End(F) it suffices to consider smooth maps f,g: U — End(F) and apply the
chain rule to the composition gf(z,e) = g(z)(f(x)(e)). As the composition of
plots is smooth and the addition of plots is by definition smooth it follows that
End(E) under composition with the normal diffeology is a diffeological algebra. =

Lemma 2.15.  Given a > 0, let p: (—a,a) — End(E) be a path through the
identity, p(0) = id € End(E); if [p] = 0 € T,(End(FE)),then D;—op(t)(z) =0 for
each x € E.

Proof.  Suppose [p] = 0 € T.(End(F)), then for every smooth linear map
functional F' : E — R, we have 0 = Dy_o(F o p) = F o D;_o(p); therefore,
D;—op(t)(x) = 0 for each = € E, by the Hahn-Banach theorem. ]

Remark 2.16. Lemma 2.5 implies that there exists a canonical homomorphism
k: T,(End(£)) — End(F)

Now we shall give conditions which imply that a representation of the Lie
algebra, £, of a simply connected regular diffeological Lie group L,

L — End(F)

is the derivative of a multiplicative homomorphism of L. — End(E), where End(FE)
has the canonical Lie algebra structure: [A, B] = AB — BA.

Notation: Given a diffeological vector space, FE, and a smooth map, f :
I — E, where I = [0,1], designate by f the convex hull of f(I) C E.
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Definition 2.17. Let E C H, where H is a Hilbert space, be an Hausdorff,
sequentially complete, bornological, locally convex topological vector space with a
topology rendering continuous the canonical injection into H, and suppose that
L is a regqular diffeological Lie group with diffeological Lie algebra, L. A smooth
representation F' : L — End(E), where End(E) has the diffeology induced by the
function space diffeology, is called reqular when given any smooth map, f: 1 — L
and any bounded subset, B C E, we have that Y2, (1/n\)L(f)*(B) — 0 as
k — oo in Ac = U,nC with the C — gauge norm topology; that is, |a|c =
inf{\ > 0: «a € \C}, where C is some bounded convex subset of E.

We are able to define the fundamental group of a diffeological space by
means of the connected components, given by smooth arcs, of the diffeological
space Q(X,zo) = {f € F(R,X) : f(t) = zo,t < ,t > 1 —¢€,0 < € < 1/2}.
By iteration one defines the higher homotopy groups and can show that an exact
sequence of homotopy groups for diffelogical fibrations exists. Iglesias [7] has shown
that for a connected diffeological space a universal covering space exists; that is,
he establishes a unique principal fibration with discrete fiber isomorphic to the
fundamental group. By a straightforward generalisation of classical strategies one
can show that a connected diffeological group has a unique universal covering
diffeological group such that the covering map is a smooth homomorphism.

As an direct consequence of the theory of linear differential equations on
bornological spaces [13] we have

Lemma 2.18.  Let L be a simply connected reqular diffeological Lie group, with
Lie algebra L, H : L — End(E) a smooth reqular representation of Lie algebras,
and f : I — L a smooth function, then there exists an unique smooth path

k:I — End(E) such that k'(t) = H(f(t))(k(t)), such that k(0) =id € End(E).

Theorem 2.19.  Let L be a reqular simply connected diffeological Lie group,
under the hypotheses of Lemma 6, there exists an unique multiplicative smooth
homomorphism ¢:L—End(E) such that ko T,(¢) = H, where k : T,(End(F)) —
End(E) is the homomorphism of the remark after Lemma 8.

Proof.  Given the identity e € L let f : I — L be a smooth path such that
f(0)=e € L and f(1) = ¢ and designate by F': I — L the logarithmic derivative
of f. Set ¢(¢) = k(1), where k : I — End(E) is the unique smooth path in
End(E) satisfying

K(t) = HF(1) (k) (k)

such that k(0) = id € End(E). The simple connectivity of L and the assumption
that F has a topology finer than the induced topology from a Hilbert space implies
that ¢ is unique. That ¢ is smooth follows from the existence and uniqueness
theorem for differential equations with parameters on the class of bornological
spaces in which bounded sets are compact (see [13]).

To prove that ¢ is multiplicative, suppose that f,g : I — L are smooth
paths from the identity in L to g and h respectively, then the logarithmic deriva-
tive of fxg: I — L is given v+ ¢,(t,w(t)) where v (resp. w) is the logarithmic
derivative of f (resp. ¢) and ¢, is the unique flow of the differential equation
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Dy (¢ (t,w)) = [v, dy(t, w)] satisfying the initial condition ¢,(0,w) = w.To prove
that ¢ is multiplicative, It suffices to show that when Fk;(t), ¢ = 1,2 satisfy
ki(t) = H(v())(ki(1)) and ks(t) = H(w(t))(ka(t)), then k(1) = ki(t) X (ky(?))
satisfies H(v + ¢, (t,w(t)))(k(t)) = k'(t). From the theory of linear differential
equations on bornological topological vector spaces it follows that (see [13]) so-
lutions to (%) define unique invertible linear maps in End(F). It then becomes

straightforward to show that H(v + ¢,(t,w(t)))(k(t)) = K'(t). n
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