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Some Constructions in the Theory
of Locally Finite Simple Lie Algebras
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Abstract.  Some locally finite simple Lie algebras are graded by finite (pos-
sibly nonreduced) root systems. Many more algebras are sufficiently close to
being root graded that they still can be handled by the techniques from that
area. In this paper we single out such Lie algebras, describe them, and suggest
some applications of such descriptions.

1. Introduction

In this work we will give an alternative description of the diagonal direct limits of
classical simple Lie algebras. These direct limit algebras have appeared in several
papers [3, 6, 7, 8] and can be defined as follows. Suppose we have a countable
directed family of classical simple Lie algebras, and £ is the limit algebra. We
can always restrict to the case where all the algebras are of the same kind (special
linear, symplectic, or orthogonal), say X € {sl sp,s0}, and view the component
algebras as X(U), X(V), etc., for appropriate vector spaces U,V , etc. The
distinguishing feature of diagonal direct limits is the following condition. When
v : X(U) — X(V) is a structure homomorphism of the directed family, then V' is
an X (U)-module, and it should have a direct sum decomposition into irreducible
X (U)-submodules of the form

V=U%q U o K?,

where the multiplicities ¢,r, z are nonnegative integers and K is the underly-
ing field, which will be assumed to be algebraically closed of characteristic zero
throughout the paper. (Note when U is isomorphic to its dual module U*, we
assume that r = 0.) It is an easy remark, in fact in [3], that for diagonal direct
limits the directed family of algebras can be chosen to form a chain
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where assuming g = X(V®), we have the decomposition of V1) as a gl)-

module given by
V(i—i—l) — (V(z))ﬂaﬁl D ((V(z))*)®Tz D K@Zi.

To obtain the decomposition of V+2) over g, it is necessary to take the
product of terms in the structure sequence of triples {t; = (¢;,r;,2;) | i =1,2,...}:

tixtivr = (Ui, i, 2) * (i1, Tig1, Zig1) (2)

= (liliy1 +ririgr, rigr +1ilier, (Gigr + 7ig1) 20 + Zig1) -

It is then easy to see that the sequences {¢;+r;}, {¢; —r;} are multiplicative. The
multiplicativity of {¢; 4+ r;} was first used in [4] to produce uncountable families
of pairwise nonisomorphic simple Lie algebras of special linear type over arbitrary
fields. Many diagonal direct limits were classified in [18], and the final classification
of the algebras in question was accomplished in [8] in terms of the multiplicative
and limit properties of their structure sequences.

As a particular case, the authors of [8] recover the classification of the
direct limits of finite-dimensional matrix algebras. As V is the unique irreducible
module for EndV when V' is finite-dimensional, here we can restrict our attention
to sequences p = {(pi,q;)}, where ¢; > 0 and p; > 1 for all 4 > 0. Thus,
to initiate the sequence, there is some vector space V() = V = K®0o  Then
V) = (V@)8ri g K6 and

(Di, @) * (Piv1; Gig1) = (PiPir1, Piy1Gi + Giv1)-

Each constituent algebra has the form £% = End V® . If we represent each £
in matrix form, then the structure embedding ¢, : £® — £0+Vis given by

A diag(A,..., A 0,...,0). (3)
e’ N

pi qi

Let us denote the limit algebra & = imE® by & (p) when we want to emphasize

its dependence on p. We now enumerate some properties of the algebras £(p).

(1) & = &(p) has an involution, namely the limit a +— a” of the standard
transpose map. Indeed, if we represent each £% in matrix form as in (3),
then ¢;(A7) = (gpi(A))T. Thus the ordinary transpose map is compatible
with the direct limit and therefore defines a “transpose” map 7 : & — &,

with the usual property (ab)™ = b7a".
(2) & has a trace map defined as follows. Suppose a € £, say a = A € £ . Set

1
t(a) = ——trA.
Do Pi-1

If also a = B € €Y, j > i, then we have (after renumbering the diagonal
blocks)
B = diag(A,...,A,0,...,0).
——

PiPj—1
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It follows that

D 1
prB=P Pt 2 g

Po--Pj—1 Po-Pj-1 Do Pi—1

and so the definition of t(a) whether given by A or B agrees. Thus t(a) is
well-defined and satisfies the usual trace properties,

t(ab) = t(ba) (4)
t(ka + \b) = kt(a) + At(D), kA €K (5)

(4) The natural module for £ is defined in the following way. Using the
decomposition VD) = (V0))®ri K% | we define the map n; : V) — Y+
by

Then we can form the limit space V = lim V® using the 7; as the structure
maps. Now, for a € £ and § € V, define a x 3 by setting a x § = Av

where a € A € £D, 3 = v € VO for an appropriate i. If also a = B €
EW, B3 =w € VY for some j > i then B = diag(4,...,A,0,...,0),
~——

PiPj—1
w = (v,...,v,0,...,0) after a uniform renumbering of the elements in both
——
PiPj—1
tuples. Then we have Bw = (Av,...,Av,0,...,0), which is the image of
—_——
PitPj—1

Av under n;---n;_1 (with a backward renumbering of the elements of the
tuple). This shows that the element a *  is well-defined, and makes V' into
an &£-module; that is, we have

(ab) x B =ax* (b* 3)
(a+b)xB=axB+bxp
ax(B+7y)=axfB+axy

(Aa) * B = ax (AB) = Aa x 0)

where a,be &, B,ve V, A e K.

(5) A natural nondegenerate symmetric bilinear form can be defined on V as
follows. Choose any such form b on V() x V(© and proceed by induction.
If b@ is such a form on V& x VO we define b0*+D on VE+D x Y+ pby
setting
b (u,v) = =09 (u, v) (6)
pi
if u,v belong to the same copy of V@ in the decomposition of V*1 given
by
Y+ — y(i) DD V(i)l @KUY) DD KU&?. (7)

-~

pi
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(

Different copies of V(¥ are assumed to be pairwise orthogonal, and b(+1 (vji), v
§;x (Kronecker delta) for j, k= 1,...,q. Nowif u,v € V@ then n;(u), ni(v) €

J

V0t and

, 1 . 1 .. .
b(H—l) (771<u>7 771(7})) = Eb(Z) (u7 U) +ee Eb(Z) (u7 U) = b(Z) (ua U)' (8)

-~

pq

J/

Thus the definition is consistent, and we have a well-defined nondegenerate
symmetric bilinear form on V.

(6) If V =1imV® and beginning with some ¢, there is a nondegenerate skew-

symmetric bilinear form ¢® on V@ for i > ¢, and the numbers ¢; are all
even starting with ¢ = ¢, then by induction we can define such a form on
V+1)  We do this as in (4), by supposing that the different copies of V) in
(7) are pairwise orthogonal and are orthogonal to the vectors {U%i), . ,véf)}.
Since ¢; is even, we can also split Kvy) b---B ch(,f) into a sum of pairwise
orthogonal hyperbolic 2-dimensional subspaces (KUY) ) Kvéi)) ® (Kv:(.f) @
vaf)) @B (Kvé?_l D Kv,g?), with ¢+ (UY), véi)) =1=—c(+D) (véi), vgi)),
ete.

Again,
D (y,v) = =D (u,v)
Di

if u,v belong to the same copy of V@ in V+1) = Ag before, we can check
that the collection of forms {c | i > ¢} is compatible with the direct limit
and thus defines a nondegenerate skew-symmetric bilinear form on V.

These instruments enable us to introduce four Lie algebras related to the
associative algebra & = &£(p). The first of them, gl(p), is simply the set of all

clements in € under the bracket operation [a,b] = ab — ba. The second is the
subalgebra sl(p) of gl(p), which is the kernel of the trace function t: &€ — K

in (2). Given a nondegenerate symmetric form b, as defined in part (4), and the
action of £ on V' as in (3), we can define so(p,b) as the set of all a € gl(p) such

that b(a*a, 3)+b(a,axB) =0 for all o, f € V. Similarly, we can define sp(p, c),
where ¢ is a nondegenerate skew-symmetric bilinear form as in (5) above.
We have [gl(p), gl(p)] = sl(p), as this relation is true on the “finite compo-

nents” of gl(p). Similarly, one can check that so(p,b) and sp(p,c) are Lie sub-

algebras, and all three families consist of simple Lie algebras (as direct limits of
simple Lie algebras). If a = A € €9 w,v € VO and b (Au,v) + b (u, Av) =0,
then by (8),

b(”l)(goi(A)m(U), 7]@'(@)) + b(z’+1)(m(u), @i(A).m(v))
= b (n;(Au), mi(v)) 4+ bV (3 (w), ms (Av))
= b9 (Au, v) 4+ b9 (u, Av) = 0.

Since the vectors UY), e ,v,g? are orthogonal to the copies of V) and each v§i)
is annihilated by a, whenever b is a-invariant, then so is b0+

(4)
k

)
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The algebras so(p,b) and sp(p,c) might appear to be dependent on the
choice of b and c. Actually, it follows from [8], that the isomorphism classes of
such algebras depend only on p because K is algebraically closed, and so in the

future, we will simply write so(p) and sp(p) for these Lie algebras.

2. Root Gradings

We recall from [13, 11] that a Lie algebra £ over a field K of characteristic 0 is
said to be A-graded for a finite reduced root system A = A,,, B,,, C,, D,,, Eg,
E;, Eg, Fy, Gy if the following conditions hold:

(Ai) L contains a split simple subalgebra g = h @ (@ LA g”) whose root system
is A relative to the split Cartan subalgebra b = go;

(All) £=€D,cavqoy £u Where L, = {z € L | [h,z] = p(h)z for all h € h}; and
(Aiii) L is generated by its root subspaces £,,, u € A.

It follows from (Aii) that [£,, L] C L1y if p+X € AU{0} and [£,,, £)] =
0 otherwise, so that £ has a grading by the elements in A U {0}. We say that g
is the grading subalgebra.

When A = A,, D,, E¢, E7, Eg, then as a g-module under the adjoint
action, £ decomposes into a direct sum of submodules isomorphic to the adjoint
module g and the trivial module K. For the doubly-laced root systems A = B,,,
C,, F4, and G,, the algebra £ decomposes under ad g into a direct sum of copies
of g, M, and K, where M is the irreducible g-module whose highest weight is the
highest short root. In particular, when A = B,,, we may identify g with so(V),
where V' is a (2n+ 1)-dimensional space with a nondegenerate symmetric bilinear
form, and g is the space of skew transformations relative to the form. In this
case, we may identify the g-module M with V', and g with the second exterior
power A?(V) of V. The second symmetric power S?(V') is not irreducible, but
S%(V) = S@ K, where S is irreducible (and can be identified with the symmetric
transformations of trace zero on V).

If A =C,, wemay view g as being sp(V'), where V' is a (2n)-dimensional
space with a nondegenerate skew-symmetric bilinear form, and g is the space of
skew transformations on V relative to that form. In this case, the second exterior
power of V' decomposes into irreducible g-modules as A?(V) = A®K and M = A.
Here g = S?(V) as g-modules.

There is a parallel notion of a Lie algebra £ graded by the nonreduced
root system A = BC,, introduced and studied in [2, 10]. Such Lie algebras £
are assumed to contain a split simple subalgebra g = b &® (@ A gu) whose root
system A, is of type B,, C,, or D,, relative to the split Cartan subalgebra §.
Additionally, conditions (Aii) and (Aiii) above must hold in £, where A is the
root system of type BC,,, (which contains Ay). As before, the subalgebra g is
referred to as the grading subalgebra of £. When n > 2 and Ay # D, a Lie
algebra graded by BC,, will decompose as a module for its grading subalgebra
g into a direct sum of copies of g, s, V, and K, where s = S for types B,
and D,, and s = A for type C,,. Conversely, any Lie algebra L containing
such a subalgebra g, having such a g-module decomposition, and satisfying (Aiii)
automatically will be a BC,,-graded Lie algebra.
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Now suppose that we have a diagonal direct limit Lie algebra £ = X (p)

for X € {sl,sp,s0}. If we fix any component g := g®) = X (V) of £ in the direct
limit (1), then for any j > i we have V) = V®4 @ (V*)®7 @ K®% . In this case
gl(V)) will decompose as a g-module into a direct sum of submodules isomorphic
to VeV, VeV Ve V*, V, V*and K. Since g¥) = X(VO)) c gl(VW), we
have that g\ is equal to a sum of irreducible g-modules which are isomorphic to
the irreducible summands of those modules. Thus for X = sl, the only g-modules
that can occur in g = s[(V9)), are copies of g, K, V, S2(V), A%(V) and dual
modules of the last three.

As V =2 V* when £ = X(p) for X = sp,s0, we need only consider the
irreducible summands of V ® V along with the modules V and K in this case. In
particular, if dim V' > 5, then any such direct limit Lie algebra £ is a BC,,-graded
Lie algebra for n = [(dimV')/2] with grading subalgebra g = X (V') (condition
(Aiii) automatically holds as £ is simple). In summary we have

Lemma 2.1. (i) Assume L is a diagonal direct limit of the form £ = X(p) for
X = sp or so. Fix a component g := g = X(V) of £ with dimV > 5. Then £
is a BC,,-graded Lie algebra for n = [(dim V')/2] with grading subalgebra g.

(ii) Assume L is a diagonal direct limit of the form £ = sl(p). Suppose
g := g = sl(V) is a component of £. Then as a g-module under the adjoint
action, £ is a direct sum of copies of g, V., V* K, S*(V), A*(V), S*(V*) and
A2(V*).

We conclude this subsection with an indication of why the diagonal direct
limits are of special importance while studying root graded locally finite simple
Lie algebras.

The following lemma can be found in [19] (see also [7, Lemma 5.2]).

Lemma 2.2. Let g C g’ C g” be classical simple Lie algebras. Assume that
the rank of g is greater than 10 and the embedding g — ¢” is diagonal. Then the
embeddings g — g and g — g” are also diagonal.

Theorem 2.3.  Assume L is a direct limit of Lie algebras of the form s{(V®)),
and let g be one of the terms of this sequence of rank at least 10. If L is A-graded
by the root system A of g, then L is a diagonal direct limit.

Proof.  According to Lemma 2.2, it is sufficient to prove that the embedding
g — ¢’ is diagonal, where g’ is a term of the direct limit whose number is greater
than that of g. We have g = sl(V'), g’ = sl(V’), and we want to establish that
if g’ as a g-module under the adjoint action has only irreducible submodules g
and K, then V' as a g-module has only irreducible submodules V', V* and K.
Indeed, suppose that

V' =DV(w), (9)
where V(w) denotes the highest weight g-module with highest weight w. Then

sV F=V'® (V') (10)
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We choose a base A = {aq,...,q} of simple roots for the root system A; of g,
and let {wy,...,w} denote the corresponding fundamental dominant weights. As
s[(V") decomposes into copies of g and K which have highest weights w; +w; and
0 respectively, the same must be true for the summands on the right side of (10).
If w=muw +...+muw; #0 (all m; > 0) occurs as a highest weight in the
decomposition (9), then w? := myw; +...+miw; # 0 occurs in the decomposition
of (V')*. In this case, V(w) ® V(wT) is a direct summand of the right-hand side
of (10), so that w + w? is among nonzero dominant weights of the left-hand side.
It follows that

(m1 + ml)wl —+ (mg + ml,l)wl + ...+ (ml + ml)wl = wi +wj. (11)

Now it is immediate that we have only two options for w — namely, w = w; and
then V(w) 2V, or w = w; and then V(w) = V*. This proves the diagonality of
embedding g — g¢'. n

The proof of this theorem actually demonstrates a stronger result. It must
be in the decomposition of (9) that only copies of V(wy) or only copies of V' (w;)
occur. In other words, the structure triples must have the form (¢;,0,0) or
(0,7;,0). The second case immediately reduces to the first as indicated in [8,
Sec. 4]. So we may assume that all triples are of the form (¢;,0,0). Structure
sequences with this property give what have been called pure limits, as discussed
next.

3. Locally Finite Lie Algebras Graded by
the Root Systems of Type A

In this section, we examine certain direct limits of type A that fall into the pattern
of root gradings. Here we will suppose that the structure sequence has the form
[ ={(;,0,0) | i = 1,2,...}. In [8] these limits are called pure. Then we may
assume there is a sequence n = {ng,ny,...,n4_1,Mny,...} of natural numbers with
no > 2 and ny = ny_14; for all t = 1,2,.... We set n = ny and m; = n;/n, and
let m = {my, mo,...}. Then we can define sl, and M, as the direct limits of the
sequences of special linear Lie algebras sl,, and the associative matrix algebras
M., , respectively. This is equivalent to a diagonal construction as in previous
sections. Indeed, the present procedure can be thought of as starting with a
vector space V(© = K% of dimension ny > 2 over K and defining K-spaces
VO = (VE=1)®4  The Lie algebras of interest are g = s[(V®), which we can
identify with the special linear Lie algebra sl,, with entries in K upon choosing
a basis. The corresponding associative algebra is £® = End V® | which can be
identified with the matrix algebra 9, .

A matrix algebra 9, (A) with entries in a unital associative algebra A can
be viewed as a Lie algebra under the commutator product

[CLEZ'J, bEkJ] = jykabEi,l — 5l,ibaEkJ,

and sl,(A) is the Lie subalgebra of 91,,(A) generated by the matrices aE; ;, i # j,
acA.

If ¢ : A — B is a homomorphism of associative algebras then ® = sl(¢) :
sl,(A) — sl,(B) with ¢ applied entrywise is a homomorphism of Lie algebras
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(an easy check). Now let us consider two natural sequences of homomorphisms of
Lie algebras giving sl,, = limsl,, and sl,(9,) and establish an isomorphism of

these sequences. Thus, we have the following:

5[n & 5[n<mm1) E) 5[n(gﬁmz) R 5[n(mmt—1) &) 5[n(mmt) - (12)

arising from

1 v2 ot

My — My — My, — ... — My, — My, — o, (13)

where ¢:(a) = diag(a,...,a) for a € M,,, ,. There is an analogous sequence of
¢
t

Lie homomorphisms,
91 92 9
sl, — sl,, — sl,, — ... —sl,, | —sl,, — ..., (14)

which can be defined in the same way. If we can find isomorphisms oy : sl,,(9,,,) —
sl,, so that 0,®; = ¥0,_1, then we will establish the following result.

Theorem 3.1.  Assume [ = (¢1,03,...) and n = (ng = n,ny,na,...), where
n > 2, the l; are positive integers, and ny = ny_14;. Set m = (mqy,my,...) where
my =ng/n for all t =1,2,.... Then sl,(My) = sl, = limsl,, .

Proof.  First we note that there is an isomorphism oy : MM, (IM,,,) — M,
of associative algebras. This is a standard argument: there is a basis €, ,F;
(1<p,g<my, 1<i.j<n)of M, (9M,,), where E;; is a matrix unit in 9,,,
and ¢, is a matrix unit of 9M,,, considered as the coefficient. But we can also
view F;; as the coefficient and ¢,, as a matrix unit. Having this in mind, we
define o, as the linear transformation whose image of ¢, ,F; ; is an (n; X n;)-matrix
split into square blocks of size n. Thus, there are m; = n;/n blocks in each row
and column. The (p,q) entry of oy(e,4E;;) is E;;, and all other entries are 0.
Observe that
palijep g B jo = 05 0qpEpg By

so the image of the product under o, is the matrix whose (p, ¢') entry is d; ;04 Fi j
and all other entries are 0.

The product oy (e, 4FE; ;) 0t (6,4 B j7) involves the (p,q) block times the
(p',¢') block. So it gives 0 unless ¢ = p/, and in that case, the result is E; ;Ey j =
d;#E; jy in the (p,q’) place. This is the same as the image of the product above.
Thus, o is a homomorphism. But since both algebras are simple and of the same
dimension over K, o; is an isomorphism.

The map o, also is an isomorphism of the corresponding Lie algebras, and
thus restricts to an isomorphism oy : sl,(9M,,,) — sl,, of their commutators.

Now we want to check that the relation J.0,_1 = 0,®, holds. Let us start
with e, ,F; ; € s0,(M,,,_,). Then

(I)t<5P7quaj) = (5177‘1 + Eptmi_1,q+mi—1 +oe €p+(ft—1)mt—1,q+(ft—1)mt—1)Ei,j (15)

(we recall that m; = ¢;m;_y and n, = myn). The image of this element under o,
will be the matrix which is the sum of ¢; identical blocks E;; in positions (p,q),
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(p+mi—1,g+mi—1),.., (p+ (b — 1)my_1,q+ (€ — 1)my—1). If instead we first
apply o¢_1 to €,,E;;, we obtain an (n;—; x n;_1)-matrix with block E;; at the
(p, q) location. Applying 9J; means placing the matrix just obtained ¢; times down
the diagonal of an (n; x n;)-matrix. This means that the matrix E;; now appears
at the positions (p,q), (p+mi_1,q+mi_1), .., (p+l—1)my_1,q+ by —1)my_1),
which gives the same matrix as above. So the proof of Theorem 3.1 is complete.

[

It is well-known [17, 13, 1] that any Lie algebra L of the form sl,(A), where
A is an associative algebra, is A,,_;-graded, and as such, has a realization as

L= (ﬁ[n ® A) © DA,A~

The multiplication is given by

1 1
z®a,y®d] = [r,9] ®§(a°a)+ (zoy) ®§[a,a'] + (x|y)D
Dy, @b = z® [[a,d],b (16)
[Da,a/a Db,b’] = D[[a,a’],b},b’ + Db,[[a,a’],b’]7
where
aod = ad +da
2
xoy = xy+yr— —tr(ry) (17)
n
1
(zly) = —tr(zy)  and
n
Dow(b) = [[a,a’],0].

As any A-graded Lie algebra L is perfect (L = [L, L]), it has a universal
covering algebra L (often called the universal central extension) which is also
perfect and is unique up to isomorphism. Any perfect Lie algebra which is a
central extension of L is a homomorphic image of L. The algebra L is the vector
space L = (s, ® A) @ {A, A} with {A, A} = (A® A)/J, where J is the subspace
of A® A generated by the elements a @ b+b® a, ab® c+ bc ® a + ca ® b for
all a,b,c € A. We know from [9] that any derivation § € DerA has an action on
{A, A} by setting §{a,b} = {da,b} + {a,0b}, and {A, A} can be made into a Lie
algebra by specifying

{a, b}, {c,d}] = Dap{c,d} = {[la, 0], d], d} +{c,[[a, 1], d]},

(see [12, Lemma 1.46]). The mapping {a, b} — D, is a surjective homomorphism
[1, Lemma 4.10]. Now if we endow L = (sl, ® A) ® {A, A} with the multiplication
given by

f9ayea] = [03]@5@0d) + @0y ® laa] + (ala,a)
Ha,d'},z @b = 2®|[[a,d],b], (18)

{a, b}, {c;d}] = A{lla, 8], c],d} +{c[[a, b], d]},
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then (L,7) with 7: L — L given by 7: 2®a — 2 ®a, 7 : {a,a'} — D, is the
universal covering algebra of L. The center of L is the so-called full skew-dihedral

homology
= {Z{ai,bi} €{A,A}| Y Dy, = 0} :

which is often identified with the first (Connes) cyclic homology group HC;(A)
of A.

In our case A = My, and we can determine {A, A} precisely. Let us
suppose that A = 9, and A; = M,,,. It should be noted first that if p : A — B
is a homomorphism of associative algebras, then ¢ has a natural extension not
only to ® = sl,(¢) : sl,,(A) — sl,,(B) but also to P = m : m — 5[/n(\B),
defined by ®(z ® a) = # ® p(a) and ®({a,a’}) = {p(a), p(a’)}. Clearly then

~

Bowaysd) = [miloe(yeod)) +@onop ()
Hale(a). ola)
= ] ® 5 (pla) 0 9(a)) + (0 9) @ 3lp(a), 9(a)]

)
+aly){ela), pla)}
()] = [@

|
= [r©ea),y@p(d) = [z ®a), 2y d)].

Also,
O({a,0},x @} = z@¢([ab],d) =r® [lp(a), ()], ()]
= [ela), o)}, 2@ ¢(c)] = [®({a,b}), 2(z @ ¢)].
Finally,
O([{a,0} {e,d})) = {e(lla,b],e]), p(@)} + {p(c), ¢([a, 8], d])}
{ ) )

lle(a), o(0)], p(e)], pld)} + {(c), [[p(a), ¢ (b)], (d)]}
= [{wla), o)}, {p(c), p(d)}] = [®({a, b}), ({c, d})].

Now we are going to apply two functors, sl,(.) and m, to the sequence
n (13). This will produce the following diagram which will be shown to be
commutative, and each 7; will be shown to be injective:

sL(M) 25— (M) T2 sL(OM,,) 2
| A |75 L7
(M) 5 sLOM) T sl (M)

If we verify the commutativity oick diagram and the injectivity of the
maps 7, then we will obtain that 7 : sl,(9My,) — s1,(M,,) is injective. As 7 is
surjective, it is an isomorphism of Lie algebras. Now, since we know that the Lie
algebra sl,,(9M,,,) is isomorphic to sl,, for each t =1,2,..., all central extensions
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of this algebra are split. But each A-graded algebra, including s[mt) =
(sl, @ M,,,) ®{M,,,, M,,, }, is generated by its gradation subspaces corresponding

to nonzero roots; hence if sl,(9M,,,,) is a split central extension of sl,(9M,,,), they
must coincide. Thus, all column maps in the diagram are isomorphisms. It remains
to check the commutativity of the diagram. For this we have

7@@( ®a) = T(r @ @a)) =2 @ @la),
= O(r®a) =1 ® pi(a),

(z®a)
T ®({a,b}) = Tm({eia), 2e(0)}) = Dosaynsy = @e(Day),
&7 ({a,b}) = (I)t(Da,b)a

(I)tﬂ't

as required.
As a consequence of these considerations and Theorem 3.1, we have estab-
lished the following:

Theorem 3.2. (i) Any A,_1-graded Lie algebra, n > 3, with coordinate
algebra equal to the matriz algebra My, is isomorphic to sl,(My), hence to
sly, and has no non-split central extensions.

(ii) HC,(DMy) = 0.

4. Lie Superalgebras Having a Prescribed Decomposition
Relative to sl, (n>4)

Before we proceed to investigate locally finite simple Lie algebras which are of a
more general form than those discussed in the previous sections, we need some
results on certain Lie algebras which generalize A, _;-graded Lie algebras. As
these results hold in the wider context of Lie superalgebras, we will phrase them
in that language with an eye towards further applications in the future.

Our object of study here will be Lie superalgebras L = Lg @ L1 over a field
K of characteristic zero satisfying the following requirements:

(a) Lg contains a subalgebra g which is isomorphic to sl,, for n > 4;

(b) As a g-module, L is a direct sum of copies of g, V = V(w;) (the natural
n-dimensional module of g with highest weight w;), its dual module V* =
V(wn-1), and trivial modules;

(c) Relative to the Cartan subalgebra h of g of diagonal matrices, L decomposes
into weight spaces, and L is generated by the weight spaces corresponding
to the nonzero weights.

Thus, there are Zs-graded vector spaces A, B, C, D such that
L=(goA)o(VeB oV eC) oD,

where D is the sum of the trivial g-modules (it is the centralizer of g in L, hence
a subalgebra). We identify the subalgebra g with g® 1 C g® A. Thus,

Li=(g® A;) @ (VR B)® (V'®Cy) @ Dy
Li=@®A) e (VeB)® (V*®C;) ® Dy
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Because g = V(w; + wy,—1) and

V(Wl + wp-1) & V((,L)l)

V(2w1 + wn71> @D V(L«Jg + wn,l) @D V(wl)

) _
( 1) X V( ) V(wl + wn_l) D V(O)
Viw)) @ V(wr) =V (2w1) & V(w2)
V(ws + wp—1) @ V(wp—1) = V(w1 4+ 2wp—1) & V(ws + wn_2) & V(wp_1)
(wn 1) ® V(wn 1) V(an—l) S V(Wn—Q)a

there exists a supercommutative product

axa —aod €A

superanticommutative products

and products

axa —[a,d]eA
axa — {(a,d) €D

axb—abe B
axc—caeC
bxc— (bec)e A
bxc— (bc)eD
dxa—da€A
dxb—dbe B
dxc—dceC

for a,a’ € A, b€ B, ce C, and d € D so that the product in L is given by

[z ®a,y®d]
[z ® a,u® b
V' ®ec,z® al
[u® b,v" ® (]

[d, z ® a
[d, u ® b
[d,v* ® (]
[d, d]

1 1
= )@ gacd oy ® jlad] + (rly)(ad)

= 2u®ab=—(—1)"u® b,z d
D"z ®a,v"®d

_ (uv*——%tduv) )@ (b, ) + ltauvw<ac>

= v'r®ca=—(—

1 1
= (wv* — =v*ul) ® (b, c) + —v*u(b, c) (19)
n n

= —(-D)"v* @ cudlb

t®@da=—(-1)%"z®a,d
= u@db=—(—-1)®u®b,d]
= v @dc=—(-1)*P* ®c,d|
€ D

for z,y € g, u € V, v* € V*. All other products are zero. When we write such
expressions, we assume that the elements in A, B, C', and D are homogeneous, and
a=11if a € A;, etc. The action x,u — zu of g on V is just matrix multiplication,
as we may identify V' with K", that is, with nx 1 matrices over K. We identify V*
with 1 x n matrices over K, and v*x above is just the matrix product. Similarly,
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uwv* is the product of the two matrices u,v* asis v*u; and (z|y) and x oy are as
in (17).

The prototype of such a Lie superalgebra is the special linear Lie superal-
gebra L = sl,,, viewed as a sl,-module. In this case, L = sl, & (V @ W*) &
(V*eW)e (5[m D Kd) , where W is the natural m-dimensional module for sl,,,
W= is its dual, and d is the (n + m) X (n + m) matrix which is mI, — nl,,.
The spaces W and W* are odd (W = Wi, W* = (W*);). Here A = K and
g® A = sl, so we have not bothered to write A. As another example, we can
consider the Lie algebra L = sl,.; regarded as a module for g = sl,,, which we
identify with the (n x n)-matrices of trace 0 in the northwest corner of L. Then
L=sl, &V & V*®Kd where d is the diagonal (n + 1) x (n + 1)-matrix with n
1’s and —n down its main diagonal.

We wish to derive properties of the products in (19). For this we define

1 1

aa' := 300 a + 5[@, a'l.
Therefore,
aod = ad +(-1)"da (20)
[a,d] = ad —(-1)"da
From

[$®a17[y®a27z®a3“ = [[x®a17y®a2]72®a3]+(_1) ! 2[y®a2,[x®a1,z®ag]]

we obtain that

1 1 1
[I‘, [y72]] & Za’l © (aQ o CL3> +xo [y72] ® Z[a’haZ o CL?J + §($|[y,z])<a1,a2 o CL3>
1 1
+x,yoz]® Zal o[ag,as] +xo(yoz)® Z[al, [as, as]]
1

+§($|(y 0 2)){ay, [az, as]) — (—1)“ TS (y|2)z @ (az, asha; = (21)

1
H'xay]az] ® Z(al o a2) oas+ [SE,y] °0z® Z[al % a?aaiﬂ

—_

4, 0]12) a1 0 az,05) + [ 09,2 ® lon, aa] 0 a3 + 5 (0 yl2) e, ), )

Hely)e ® (mar)as + (r0y) 0 2@ [l a2

o 1 - 1
H(=D)" %y, [z, 2]l © Jas o (ar 0 az) + (=1)"y o [z, 2] ® Faz, a1 0 ag]

+(=1)" _21(?/“«%‘7 z])(az, a1 0 ag) + (=1)"2[y, x 0 2] @ %‘” o [ay, as]

W

+H(=1)"Pyo(ro2)® i[% a1, as]] + (—1)‘”“2%(11\96 0 2){az, (a1, as])
—(=1)=%(x|2)y ® (a1, as)az.
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Now suppose that @ = Ey 9,y = E»3 and z = E3; in (21). Then we see that
1 2 1
(El,l — E2,2) ® Zal O (CLQ @) CL3) + (E171 + EQ?Q — EI) ® Z[al, a9 O ag] (22)
1

1
+—(a1,a20a3) + (E11 — E2) ® Zal o [ag, as]

n

2
2 1 1
+(E1q1+ Eap — 51) ® Zl[ala las, as]] + %@1, las, as]

1 2
(Ei1 — Es3) ® Z(al oaz)oas+ (Ey1+ E33 — E]) ®

1 1
+%<a1 oag,az) + (E11 — E53) ® Z[ab as) o as
2 1 1
+(Ey11+ B33 — ﬁ[) ® Z[[aly as), as] + %qala as), as)

. 1
+(=1)" (B33 — Eag) ® 7020 (ay o ag)

~

[al o ag, as]

1 =

o 2 1 o
—(=1)"* (B2 + B33 — ﬁf) ® Z[a% ay o ag) — (—1)ala2%(a2, a1 o ag)
- 1
+(—1)a1a2 (E2,2 — E373) ® ZCI,Q @) [a'l; a,3]
- 2 1 _ 1
+(—1)a1a2<E2,2 + E3’3 — ﬁ]) ® Z[a27 [al, ag]] + (_1)a1 2%«12, [al, (l3]>.

Now as n > 4, the elements Ey; — Eas, Ei1y — Ess, and By + Faop — 21 are
linearly independent. Moreover,

E3,3 - E2,2 = (El,l - E2,2) - (El,l - E3,3)

2 2
Esyo + FEs3 — ﬁj = (Ey1+ Eqp — EI) — (Ehq — Es3)

2 2
B+ Es3 — ﬁ[ = (Ey1 — Eso) — (E1q — Es3) + (Eiq + Eao — EI)

Thus, the coefficient of Ey; — E25 in (22) says that

1 1
—ay o (az 0 az) + —ay o [ag, as]

4 4
1 1
= Z[al o ag, as| + Z[[ahaﬂ,ag]
1
+(_1)a1 QZaz © (al © CL3) - (_1)a1a2_a2 o [ab a3]>
or
ay o (agaz) = [arag, az] + (—1)™2T%)q, o (aza,)

Simplifying, we obtain
CL1(CL2(13) — (CLlCLg)CLg = (-1)(1_1(6[24_(1_3) (CLQ((I3CL1) — (CLQ(Ig)CLl)
—(—1) 73(d1+62) (ag(alag) — (agal)ag) .

Letting (a1, as,a3) = aj(agas) — (ajaz)as, the associator, and multiplying this
equation by (—1)%“ shows that
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Cyclically permuting gives
(—1)"%(ag, az, ar) — (—1)"%(ag, ar, az) + (—1)*(ay, az, az) = 0,
and adding these two relations shows that
(a1, as,a3) = 0.

As a consequence we deduce that

Proposition 4.1. A with the product a x ' — aa’ is an associative superal-
gebra (i.e. a Zo-graded associative algebra).

Let us return to (21) but this time substitute * = Ej5, y = Es;, and
z=FEy3. As [y,z] =0 =yo z, equation (21) in this instance reduces to

0 = —Er3Q® Z<a1 oas)oas — Ey3® }l[al o ag,az] + Far3 ® Z[al’ as] o ag
+n — 4E2,3 X %Hal, as),as] + Er 3 ® %<a1, az)as
+(=1)""Fy3® ~az o (a; 0 az) + (—1)" ™ Fy3 ® i[aQ, a o as]
H(=1)" By ® iaz o [ay, as] + (1) Ey3 ® }l[az, a1, as]]
so that
0 = —§(a1 o ag)ag + i[al,ag] oas+ n- 4[[a1,a2],a3] + %(&1,a2>a3
—i—(—l)“_l@%@ o (ajag) + (—1)“_1“_2%[@2, aias),
which implies that
(a1, az)az = [[a, as], as]. (23)

Remark 4.2.  We note that the results in Proposition 4.1 and in (23) alter-
nately could be derived from known results for A, _;-graded Lie algebras using
Grassmann envelopes, as (g ® A) ® D is a subalgebra of L. See also [14].

We turn our attention next to discovering properties of the spaces B, C
and D. First consider

[T®a, [y®anu®b] = [[r®a,y® as],u® b (24)
+ (=1)"®[y @ ag, [r @ ay,u @ b]]

with © = Fy 5, y = Fa3 and u = e3 (a standard basis element of V'). This gives

1 1
e1 ® ay(agh) = €3 ® §(a1 oax)b+e; ® §[a1, as)b

from which we see that
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Proposition 4.3. B is an A-module: ay(azb) = (ayaz)b.
Now (24) with © = Ey 2, y = E21, u = e, says that

1 2 1 1
e1 ®ap (Clgb) =X 5(&1 o) ag)b+ (E171 + E272 — 5[)61 X é[al, Clg]b +e® ﬁ<a1, a2>b.
This gives the result
<a1a a2>b = [alv GQ]b (25)
for all a;,as € A, b € B. Likewise

VR r®a,y@a]] = [VTRcr®aly®ag) (26)
+ (-D)"[z ®ay, [v" @ ¢,y @ as]]

with @ = Ey 5, y = Fy3, and v* = e] produces the relation

* 1 *
es® §C(a1 o ag + [ay, a2]> = e3 @ (cay)as

which says

Proposition 4.4.  C is a right A-module: c(ajaz) = (cay)asy.

Choosing instead x = Ey 2, y = Eo; and v* = e} in (26) shows that

. 1 n—2
e; ® <§C(CL1 oas) +

1 el
i © elar,a2) = (<101, an)e) = €] © (car)as.

Consequently,
(a1, az)c = (—1)@F®22clq, q,]. (27)

Now let us tackle substitutions of the identity

[z ®a,[u®b v ®d]=[zu®ab,v* @c — (1) u@ b vz @ca, (28)

which rephrased gives

[z, uv*] ® %a o(b,e)+zo (uv* - %tr(uv*)]) ® %[a, (b, )]

+auv)a, (b, ¢)) — (—1)“(b+c)%tr(uv*)x ® (b, c)a

= (a:uv* - %tr(muv*)]) ® (ab, c) + %tr(muv*)(ab, c) (29)

—(—1)20+0) ((uv*x - ltlr(uv*ac)]> ® (b, ca) + ltr(uv*av)(b, ca))

n n
Starting with x = E1 9, u = ey, v* = €5, we see that
a(b,c) = (ab,c). (30)

Proceeding with z = Fy 5, u = e3, and v* = e}, we determine that

1 1 o
~Eip® a0 (b.0)+ Esp @ pla. (b.0)] = ~(~1) "I By @ (b, ca),
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which implies

(b,c)a = (b, ca). (31)
It is apparent from (29), that

<CL, <b7 C>> = <(lb, C> - (_1)6(54-6) <b’ CCL>. (32)
Also, we see by setting u = e;,v* = e}, and x = Ey 3 in (29) that

(b, cya = [(b, ), al. (33)

In fact, relations (30-33) imply that (29) holds.

Next we compute the Jacobi identity
[[u1 ® b1, 0" @ ], ug @ by] = —(—1)625[101 ® by, [ug ® by, v* @ c]], (34)

which says

1 1
(ulv* — Htr(uw*)[) ug ® (by,¢)bg + Htr(ulv*)m ® (b, )by
I 1
_ (_1>b1b2+b1c+bzc <(u2v* . —tl“(UQU*)]> U ® (b27 C)bl
n

1
—i-ﬁtr(uw*)ul X <b2, C)bl)

Therefore, as v*u = tr(uv*) for all w € V|, v* € V*|

| |
v*u2u1 X ((bl, C)bg — (_1>b1b2+b10+b205<b27 C>b1 + (—1)b1b2+blc+b2cﬁ(b27 C)b1>

S 1 1
= v*u1u2 X ((—1)b1b2+blc+bgc(b2, C)bl — E<b1’ C>bz + ﬁ(bl’ C)bz)

giving S
<b1, C>b2 = (bl, C)bg + (-1)b1b2+blé+b26n(b2, C)bl (35)

There is an analogous relation for C':

(b, 1)y = —(—1)"ncy (b, ca) — (—1) T2y (b, ¢y). (36)

Now observe that the Jacobi identity with d and various other substitutions
show the following hold:

d(aa’) (a) )
d(ab) d(a)b + (—1)ad(b
d(ca) d(c)a + (—1)5dCfli(a) (37)
dlbe) = (d(B),) + (~1M(b,d(o)
[d, (b,c)] = (d(b),c) + (=1)"(b, d(c)).

To summarize these results we have the following:
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Theorem 4.5. Let L = Ly ® Ly be a Lie superalgebra over a field K of char-
acteristic zero satisfying the assumptions of (4.). Then there exist an associative
superalgebra A with unit element, a (Zs-graded) left A-module B, a (Zy-graded)
right A-module C', and a Lie superalgebra D over K, such that

L=goAa(VeBa(V'eC)®D, (38)

where D is the sum of the trivial g-modules. The multiplication is as in (19), where
the maps b x ¢ — (b,c) € A and b x ¢ — (b,c) € D satisfy (30-37). Conversely, a
Zs-graded algebra L as in (38), where A is an associative superalgebra with unit
element, B is a (Za-graded) left A-module, C' is a (Zy-graded) right A-module,
and D is a Lie superalgebra with a representation on the superspace A@® B @ C',
is a Lie superalgebra if the multiplication is as in (19), and relations (23), (25),
(27), (30-33), and (35-37) hold.

Proof. = We have shown one direction already. For the converse, observe that
the associativity of A along with (23) implies the Jacobi (super)identity (21) for
three elements from g ® A. The fact that B is a left A-module and (25) imply
that (24) holds. Similarly, (26) follows from the fact that C' is a right A-module
and (27). Then (30-33) give (28); while (35) is equivalent to (34) holding. The
Jacobi (super)identity for two elements from V* ® C' and one from V ® B, is
equivalent to (36). Commutators of three elements from V' ® B or three elements
from V*® C are 0. As D is a Lie superalgebra and elements from D are assumed
to satisfy (37), then L is a Lie superalgebra. ]

5. Locally Finite Lie Algebras That Are Close to
Root Graded Lie Algebras

Some locally finite simple Lie algebras are not root graded for any root system but
closely resemble root graded Lie algebras. The one-sided limits of special linear Lie
algebras, which are a particular kind of diagonal limit, provide a natural class of
such algebras. For one-sided limit algebras, if g = sl,, for n > 4 is a certain fixed
term of the sequence (1), then each V' has a decomposition V) = V&4 @ K=
into copies of the natural n-dimensional g-module V' and of the trivial g-module
K for nonnegative ¢;, z;. Then the Lie algebra g decomposes as a g-module in
the following way:

g(i) _ g@ai & 1 ebi & (V*)@Ci ® K®di (39)

Consequently, the limit Lie algebra £ = lim g¥ admits a decomposition

L=(@geAa(VeBa(V'aC)aeD (40)

for g = sl,, as in the previous section. The general properties of the spaces A, B,
C', D have been described in Section 4. (But here the Z,-gradings are trivial.)
However, we can determine more precise information about these algebras and
modules in this case.

Let V = K®P0 be a vector space, and set £ = EndV. We consider E
as the initial term of the sequence of algebras E(®) = EndV® where V(© =V
and VO = (V=D g PO) ¢ QW for some spaces P?, QW of dimensions p;, ¢;,



BAHTURIN AND BENKART 261

respectively, i = 1,2,.... We also define embeddings ¢® : E¢-Y — E® by
setting, for x € E0-1

oD (z) (U(ifl) ® a® + b(i)) = z(v ) @ a®. (41)

Here v~ ¢ VD 0 ¢ pO_ p0 ¢ QO and ¢® : EG-D — EO jg g

homomorphism of algebras. In appropriate bases for V=1 and V@ if X is the

matrix of x, then (X,...,X,0,...,0) is a matrix for ¢(”(z), and the direct limit
e —— N —

pi 4
of the family {E®, o™} is the direct limit €& = £(p) of associative matrix algebras
corresponding to the sequence p = {(p;, ¢;)} asin Section 1. If we restrict ourselves
to the Lie subalgebras L) = sl[(V®) C E® under the bracket operation, then
©® induces a homomorphism of Lie algebras ¢® : LG~ — L and in this way
we obtain a one-sided diagonal direct limit £ of the family {L®, ™} of special
linear Lie algebras (see [8]).

To obtain the structure of £ we need to determine the structure of £. First
of all, we give each E® a grading by the semigroup I' of matrix units of 2 x 2
matrices. For any algebra A, this amounts to writing A as the direct sum of
subspaces A = A1 @ A2 @ Asq ® Ag such that A, jAy = 0 if j # ¢ and
Ai ;A C A;j. Simple algebras with this decomposition property often have
been referred to as generalized matrix algebras. Such gradings arise naturally on
an algebra A with identity element 1 and an idempotent e, if one sets A; ; = eAe,
Ajg=eA(l—e), Ay1 = (1—e)Ae, Ass = (1 —e)A(1 —e). This is just the Peirce
decomposition of A with respect to e. In particular, if A = End X and we fix a
vector space decomposition X =Y @ Z, then taking the idempotent e € A equal
to the projection of X onto Y along Z produces a I'-grading of A.

Lemma 5.1.  Suppose A,B are associative K-algebras with unit elements and
I'-gradings by the idempotents e, [, respectively. If ¢ : A — B is a homomor-
phism (a K-linear transformation satisfying p(aad’) = @(a)p(d’)), then ¢ is a
['-graded homomorphism provided that o(1)f = fo(1) = ¢(e).

Proof. Indeed, if = eae € eAe for some a € A, then

fo@)f = fole)p(a)p(e)f = feo(l)p(e)e(a)p(e)p(l)f
= p(e)’pla)p(e)’ = p(e’ae?) = p(x).

Therefore, p(ede) C fBf. If x =ea(l —e) for some a € A, then

feo@)(1—f) = fe(l)ple)p(a)p(l —e)p(1)(1 - f)
= p(e)p(e)p(a)p(l —e)(p(1) — ¢(e)) = plea(l —e)) = o(x),

so that p(eA(1 —e€)) C fB(1 — f). The remaining two cases can be handled in a
similar manner. [ |

Suppose now that V(© = ¥V = K®M— ig a vector space as before, and
VO = (Vi) @ POY 3 QW for i = 1,2,.... To obtain a I'-grading on E® =
End V@ | we decompose space V@ as VO = UO W@ according to the following
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procedure. We set U® = VO =V WO =0, and for i > 1, we suppose that
U@ — (U(ifl) ®p(i)) C (V(ifl) ®p(i)) C VO and WO = (W(ifl) ®p(i)) D
QY C (V=D @ PW) @ QW C V. Applying induction we have the following

VO — (v(i—l) ® p(i)) B QY = ((U(i—l) @ W(i—l)) ® p(i)) o QY
— (U(i—l) ® p(i)) ® ((W(i—l) ® p(i)) ® Q(i)) —UD gw®,
In particular,

U@ — V®P(1)®...®P(i)

w@ = Z QY e Pith g ... PO,
j=1

Each E® becomes I'-graded by the idempotent e which is the projection
onto U® along W® . Now, by our definition, (1) is exactly the projection of
V@ onto VY @ PO along Q@ because

(’0(1)(1) (v(i—l) R a(z) + b(z)) — 1(U(i_1)) ® a(i) — U(i—l) ® a(i).
We have
Vi1 g pl) = (U(i—l) ® p(i)) fan (W(i—l) ® p(i))
and e is the projection of V@ onto U® along W® = (W(Fl) ® P(i)) B QY.
As e~V is the projection of V=1 onto U along W01,

Thus, ¢@(1)e® = p@ (D) = Dp@(1), and by Lemma 5.1, each ¢ is a
I'-graded homomorphism. Consequently, the direct limit & of {E®, »®} can
be endowed with a natural I'-grading. In particular, a € &, 5 if and only if there
exists such 7 > 0 such that a € (E™), ;. So we have that £ is a ['-graded (simple)
associative algebra.

Now, via the same construction giving &£, we define another associative
algebra &, but starting with the initial vector space V(® = K. (This just amounts
to setting po = 1.) Thus, the spaces V(i) decompose into the direct sum of
subspaces U(i) ~ PO ... ® P% and W(i), where W(i) is the same as W —.
The direct limit £ = @{F(i),ﬁ(i)} is another I'-graded algebra.

Finally, we consider a one-dimensional extension j/ of the “initial” space
V', which we write simply as V =V & K. We endow F = EndV with the I'-
grading defined by the projection of V' on V' along the line K. Our first result in
this section will express € in terms of E and €. To do this we need to introduce
an auxiliary construction.

Given any semigroup = and two =-graded associative algebras A, B, one
can consider the vector space

C = P(Ae @ Be).
Ee=

This carries a natural multiplication by setting, for x € A¢, y € B¢, 2’ € Ag,
v €Be: (z®y)(@ ®@y') = (x2") ® (yy'). Let us denote C' by A=B.
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Lemma 5.2. C = A=B is a Z-graded associative algebra with C¢ = A¢ ® Be.

Proof. Obvious. u

Now we return to our endomorphism algebras and establish the desired
connection between the algebras &, & and E. We set & = Er&, using the I'-
grading as above. If S = EFE(Z), then the following is true.

Theorem 5.3.  For each i > 1, there is a natural ' -graded isomorphism ¥ :
SO — EW and it extends to a T -graded isomorphism

\I/ZS:EFE—>5.

Proof. For a vector space X =Y & Z, every a € End X can be written in
the form o = oy 1 + a2 + a1 + 92 With respect to the I'-grading arising from
the projection idempotent onto Y along Z. Here (End X);; can be identified
naturally with End Y, (End X);» with Hom (Z,Y), (End X)2; with Hom (Y, Z),
and (End X)2o with End Z. The products are natural, as well. For example,
Q101 9 corresponds to the composition of mappings a2 € Hom (Z,Y) and aq; €
Hom (Y, Z) and thus is an element of End Z, which corresponds to (End X ), 5.
_Applying this to the particular case of V=Va& K, we have that every
® € ' = EndV can be expressed as ® = ¢ + u + u* + A, where ¢ € EndV,
u € Hom(K, V) =2V, u* € Hom (V,K) = V* X € EndK = K. The action of ®
on U+HE‘7:VEBK, veV, kelk, is given by
(v + k) = [p(v) + Ku] + [u"(v) + Ar].

/

-~ -~

ev €K
Now in the case of Ei) — EndV? for 7V = g® &3] W(i), we have
al) = ag)l + a§)2 + oz(l) + oz22 where Ozl)l € EndT" _1)2 E Hom (W(z),U(Z)),
agf)l € Hom (U(l), W(l)), ag 5 € End 7" , where for 7 € I , ) € W(Z),
a@? + @) = [ (@) + @l @) + [@f) @) + agy@?).

-~ -~

eﬁ(i) EWM

Finally, for E® = End V® we want to use

EndU® = End (Ve U(i)) = EndV ® End (T (42)
Hom (W0, 00) = Hom (WO, V @ T") (43)
=~ Hom (K, V) ® Hom (W(i)aﬁ(i))
~ V ® Hom (W(i),U(i))
Hom (U®, W®) = Hom (V @ T", W) (44)
~ Hom (V,K) ® Hom (U ,W( ))

= V*® Hom (U() l))

EndW® = EndW". (45)
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The isomorphisms in formulas (42)-(45) define the mappings \111(2, r,s = 1,2 of the
['-graded components 5’7(113) = ~T75®E£2 of 8@ to the respective graded components
EY) of EO.

The explicit expressions for the action of ¥ are displayed below. In these
formulas we give the action only on the elements of V® of the form v®@a® +w® |
veV,a" e U(i), w® € W@ for the other elements, the linearity and bilinearity
of the operations involved can be used to determine the images.

v (46)
e ay)eer o) = weaw?) e U, (47)
v @@ e n? tu?) = wag@?) e wo (43)
vk a)een? +ul?) = waiw?) e w. (49)

Again, we see that
S € B (50)

for all 7,5 = 1,2. Now it is a routine computation to verify that W@ = \115’)1 &

\115)2 @ \I/(l) @ \II(Z) is in fact a homomorphism of S® into E®. Thanks to (50)
there are only elght cases to deal with. They are especially simple if both factors
come from Sl 1 or 82 5. To demonstrate one of the “harder” cases, we check what

happens for 5172 and 52’1. If we first multiply inside S then we obtain

(u@alh)(u @ay)) = uu* @ a\yay)

where uu* € EndV is the linear transformation acting on v € V as wu*(v) =
u*(v)u. (Note u*(v) is just the matrix product u* v ) Thus the action of the
image of the product on a sample element v @u® +w® of V@ produces u*(v)u®

(aﬁlgagﬂ)(u@). The product of the images of the factors yields

Oweal) (vEa) @) = veal) (vEaha?)
= wue (alh@ @),

the same thing. All the remaining cases may be treated in a similar fashion.
Moreover, if we look at formulas (42)-(45) we can convince ourselves easily that
each U is actually an isomorphism of the respective algebras S and E® (recall
that each E® is a simple algebra). Thus, we have proved the first claim of Theorem
5.3.

To establish the second claim we need to show that the family of iso-
morphisms ¥ = {\If(i)} is compatible with the structure mappings {gp(i)} and
{1p¢(i)}, where 1 stands for the identity mapping of E and the I'-product 1r3®
has quite a natural meaning: this is the same as the tensor product but on the
I'-homogeneous components only. That is, we have to check that for any i > 1
and every r,s = 1,2 that

POUTY = U (1r5)). (51)

T8 T,
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holds on I'-homogeneous elements. Smce all mappmgs ¢ and B are I'-graded,

their restrictions <p(l) : E,gs b, E and gor’s ; E(Z R E() are well-defined.

To prove (51) we have to apply hoth sides to the elements of V=1 By
the above, it is sufficient to consider only the elements of the form

v® = @D @ g 4+ D @ p® 4 ) (52)

where v € V, u=0 € T =) € W= g pi) ¢ PO ) € QW) Tt is
important to indicate the homogeneous decomposition of v = u® + w® . We
have

u =veu" Y od® and w® =w"Y @b + 9. (53)

It is necessary to consider four cases, and in each one we apply both sides of
(51) to an element of S¢~Y to obtain two linear transformations of V. Then we
have to apply both these transformations to (52). Since their patterns are similar,
we put more emphasis on the » = 1, s = 1 case, and in the remaining cases,
simply write down the final conclusion.

Case 1: r = 1,s = 1.  The result of applying both sides of (51) to a

homogeneous element of S¢~1 of degree 1,1, i.e. to an element 1) ® @ﬁ;l), is a

linear transformation from Eﬁ Hence we only have to consider how it acts on

u® =v@utY ®a® in (53). Let us start with the left-hand side. According to
(41), we have

(((p l)qj(z 1) )(w ®a§zll )) (v ®ﬂ(1;1) ® a(i))
= (v o al; V@) ©a?,

Now if we consider the right—hand side, then we have to use (46), with the transfor-
mation (1pp®)(y @ @ 041 1 ) = p® (_(2_1)) From (41), we obtain the element

P(v) @ <OZ§Z,1 1)( ) ®a ’)> So, in this case, we are done.

Case 2: r = 1,s = 2.  This case involves applying both sides of (51)
on a homogeneous element u ® oz(z Y of SG=1 of degree 1,2, then computing
the action on w® = wi=Y @ p® + c() in (53). The final result on both sides is
wealy” (wi =) © o).
Case 3: 7 = 2,s = 1.  The effect of applying (51) to a homogeneous
—(i—1)

element u* @ @y, * of S~V of degree 2,1 and computing the action on u(? =
v@u Y ®a in (53) is u*(v) ® 04(1 Y(@=1) @ a® for both sides.

Case 4: 7 = 2,5 = 2.  The result of applying both sides of (51) to an
element n@&éfgl) € S0 of degree 2,2 and then acting on w® = w=D @b 40

n (53) gives Iﬁ@g;l)(w(i_l)) ® b on both sides.

We have shown that the sets {¥®} and {¢@} have the desired prop-
erties. Finally, we conclude that the family {\If(i) li=1,2,.. } is a I'-graded
isomorphism of algebras S and &£, as required. This completes the proof of The-
orem 5.3. [ ]
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Now we are in a position to formulate a “Coordinatization Theorem” for
one-sided direct limits of special linear Lie algebras. It was mentioned earlier that
if £ is such a limit, then £ is a Lie subalgebra of the associative algebra &£ studied
above regarded as a Lie algebra under the commutator product. Viewed as a
module over its subalgebra g = sl(V), £ is a g-submodule of £. We can apply
Theorem 5.3 and write £ as € = § = (End \7)F2 Then expressing EndV as
EndV @V @& V* @ K produces a decomposition for &,

E = ((End V) ® 31,1) P(VRELD(V*RE1) D (K®Egs). (54)

It is convenient to express the multiplication in £ in terms of the decom-
position in (54). Using the notation from the proof of Theorem 5.3, we list all the
nonzero products:

(1) Woa)W B ,) =y @ab,
(2) (W@a)(u@ar,) =Pu@aians
(3) (U@ (v ®Ag1) = uv* ® Q120021
(4) (U@ 1) (k ®Qg2) = Ku ® O 2002
(5) (v"®@02) (¥ ®a11) = v @101,
(6) (v* @ To)(u@T1o) = VU @ Wg 101 9
(7) (K ®a22)(v* ® Qo) = KU* @ Q90021
(8) (k®@T2)(A® Bay) = KA ®Tz2fy5.

Recall that the products 1, Yu, v*1) are just matrix multiplication, so
for example, the linear function v*¢ is defined as (v*¢)(u) = v*yu for u € V.

The algebra €, has an identity e, which is the limit of the idempotents
e . Moreover, the image of £ = EndV in S under ¥~' can be identified with
EndV ®e. Indeed, for any 1 € £ and v = v®@a® +bV) with v € V', oV € P1)
b € QW | we have

(T (@ @eM)) (veaV + b)) = y(v) @ aV = e (Y) (v @ a? + bM).

Thus,
W(EndV @ V) = oM(End V)
and
EndV @ e = ((1)D) 1M (End V).

Applying 1 ® @ to both sides of the latter equation and using (51), we obtain
EndV ®e® = (1@ @ (W) )eW(End V) = W(End V).

Continuing in this fashion, we find that End V' can be identified in the limit with
EndV ® e as claimed above.

Foreach 7, ; € 3171, the subspace End V' ®7, ; is a natural End V' -bimodule.
In addition, V ®7; 5 is a natural left End V' -module for each 75 € 31,2; V*®Ta,
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is a natural right End V' -module for each 75, € 32,1; and 32’2 is annihilated by
End V.

These remarks enable us to describe the structure of the direct limit Lie
algebra £ as a module for g = sl(V). First, we decompose EndV as g & K
and let I denote the identity element of End V' and 1 the identity element of the
ground field K. Thus,

£ = <(g e K)® 31,1> D(VRELD(V ®E)®(1®E22) (55)

= &) (VRE) (V' ®Ey) ((I ®E&11) B (1 32,2))

We digress to provide an alternate realization of £ via traces. Recall from
(2) of Section 1, that there is a trace function t on &£ defined as follows. When
ac &, say a=A¢c€ED then t(a) = (po---pi_1) 'trA, where “tr” denotes the
ordinary trace in End V. It is immediate that £ is precisely the subset of elements
of trace 0 in £. In entirely the same way (in fact, just by setting py = 1), there is
a trace function t on &£, and the following holds.

PI‘OpOSitiOIl 5.4. ]f r = w X @1,1 +u® 5172 +u*® 6271 +1® 62’2, then

t(x) = tr(y) @) + H(azz). (56)

Proof. Since both t and t are stable under the structure homomorphisms of
the respective direct limits, it is sufficient to establish (56) on a finite “level” 4
where all the components belong. Since u ®@§f)2 and u* ®6g)1 contribute nothing
to the trace, we only have to compute the trace of 9 ®6§f)1 +1 ®6§f)2, which gives
the desired expression in (56). ]

Now set

D= {I & 5171 + 1 & 5272 c (I & 31’1) ) (1 (024 32,2) ’ nf(am) —+ {<5272) = O} .
(57)

Then D is the centralizer of g in £, and we have the main result of this section.

Theorem 5.5.  Let p = {(pi,q:)} where the p; are positive integers, qo = 0,
and the q; are nonnegative integers, and let q = {(p;,q;)} where q; = q; for
all i >0, p; = p; forall i > 1 and py = 1. Set VO = K0 and let
VD — (V@OYor ¢ K®% for all i > 0. Similarly, assume A K®o | and
let VTV = (V(i))@f’i ® K% for all i > 0. Then the direct limit L of the family
of special linear algebras sl(V®),i = 0,1,..., with the structure homomorphisms
0 defined in (41) decomposes as a module for g = sl(V) (V. =V ) as

L=@RE1)D(VREL DV ®E) D, (58)

where € = £(q) is the I -graded simple associative algebra, which is the direct limit

of the algebras End V" with similarly defined structure mappings 3, and D is
as in (57). The bracket in L is completely determined by (1) - (8) above.
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The explicit form of the bracket in £ can be derived from the formulas in
(19) using (1) - (8). We simply have to compute the Lie bracket in £ viewed in the
form £ = (End ‘7)1@. The circle o and bracket [, | operations have their usual
meaning in the sense of derived operations on the associative algebra £. Thus,
using our standard notation in this section, we have

YOm0 ©F] = [04]@ 5@, 0B) + @ ow) ® @Bl
+HW W) ® (@11, By,4]

Wea,u@a = Yu@a 10 =—[u® a2, & aq ]

V" @01, Y @a11] = VY Q@ i0n) = —[Y @0, v ® Al
1

[U & 51’2, U* X 6271] = <UU* — Etr(uv*)]) & 5172@2,1

—|—%tr(uv*)] ® Q2001 — tr(uv™)l @ G119
= —[V" @1, u®a,).
Nowif d=1®a;;+1®ay,, then
[d, Y ® 31,1] = Y® [51,1731,1] = _W ® Bl,l? d]

[dyiu @@ 5] = u® (A1 019 — Q1 2022) = —[u ® a19,d]
[’U* ® 62,1, d] = 0F (%9 (62,16171 — 62725271) = —[d, v* X 5271]
[d,d'] €D for any d,d’ € D.

It is easy to see from last four equations that each element d = I ® a1 +
1®dy, € D induces a derivation of the algebras 3171 and 3272 and a derivation of
the bimodules 3172 and 32,1. All these transformations are induced by the inner
derivation of £ by the element Qyq + Qoo

6. Concluding Remarks

In our first paper [3], we studied irreducible highest weight representations of
locally finite simple Lie algebras. Our results in this paper allow us to construct
an entirely different kind of representation for some of the direct limit Lie algebras
considered here. More specifically, for the universal covering algebras L from
Section 3., we have the following:

Theorem 6.1.  Let L be a Lie algebra of the form L = (g® A) ® {A, A}, with
g = sl, for n > 3; A a unital associative algebra; {A, A} = (A® A)/J, where
J the subspace spanned by the elements a @b+ b® a,ab®@ c+bc®a+ca®b,
a,b,c € A; and with product as in (18). If M is a module for M, and W is a
left A-module then M @ W becomes an L -module under the action

(z®a)(vew) = v aw
{a,d}(v@Ww) = v&[a,d]w.

We leave this theorem without proof, since it is simply a direct verification
of the definitions, and also because we believe more general results can be achieved.
We postpone this until a subsequent paper.
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Recall from Theorem 3.2 that sb,(9,,) = sl, (M) = sl, = limsl,,. The

significance of Theorem 6.1 for the representation theory of sl,, can be seen because
of the vast number of irreducible modules for A = M, (this is true of any

infinite-dimensional simple associative algebra [15, 16]). A good candidate for
an irreducible sl,-module comes from taking the tensor product of irreducible
modules M = K" and W.
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