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Abstract. Let g = n_ & h & ny be an indecomposable Kac-Moody Lie
algebra associated with the generalized Cartan matrix A = (a;;) and W be
its Weyl group. For w € W, we study the nilpotency index of the subalgebra
Sy = ny Nwn_) and find that it is bounded by a constant k=Fk(A) which
depends only on A but not on w for all A = (a;;) finite, affine of type other
than E or F and indefinite type with |a;;| > 2. In each case we find the best
possible bound k. In the case when A = (a;;) is hyperbolic of rank two we show
that the nilpotency index is either 1 or 2.

Introduction

Let A = (aij)ijer be an indecomposable generalized Cartan matrix and g = g(A)
denote the associated Kac-Moody Lie algebra over the field of complex numbers
[2]. Following the usual convention we will take the index set I to be {0,1,--- ,n}
when A is of affine type and I to be {1,2,--- ,n} otherwise. Let g=n_&hdn,
be the triangular decomposition of g with respect to the Cartan subalgebra h and
let A = A, UA_ denote the set of roots with A, and A_ denoting the set of
positive and negative roots respectively. Let IT = {a;|i € I} denote the set of
simple roots and I = {h;|i € I} be the set of simple coroots. Note that a;(h;) =

aj; for 1,5 € I. Let g, denote the a-root space, and ) = Z Zy; denote the root

iel

lattice. For a,3 € @, we define a > g if a — € @ = ZZZO% and o # 3.
iel

For a = Zkiai € @ define ht(a) = Zk’ to be the height of a. Let W be the

iel iel

Weyl group of g generated by the simple reflections {r;|i € I}. For w € W we

denote A, (w) ={a € A jwla <0} and w(nyg) = N SBA Guwo - In this paper,
+

for w € W we study the nilpotency index of the nilpotent subalgebras
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Se=nnuwin)= P g

acA 4 (w)

In [3], Billig and Pianzola conjectured that the nilpotency index of the
subalgebra S,, is bounded by a constant k& = k(A) which depends only on the
Cartan matrix A and not on w. This information helps in determining the
existence of certain subroot system within the root system of a Kac-Moody Lie
algebra. In this paper we prove the following theorem which settles the conjecture
in most cases. Although we believe the conjecture to be true in the remaining few
cases we have not been able to prove it using our approach.

Main Theorem. For w € W the nilpotency index of the subalgebras S, is
bounded by k = k(A) where

1.k is the height of the highest long root when A is of finite type.

2. k= h—1, h being the Coxeter number, when A is of affine type 1 other
than E, F or A is of type Agi) and k = h — 1, h being the dual Coxeter

number, when A is of affine type 2 or 3 other than Agl) or EéQ).
3. k =1 when A is of indefinite type with |a;;| > 2 and & = 2 when

2 —a
A= ( 1 9 ) ,a>4 .
Furthermore, in each case k is the best bound possible.

In the following three sections we prove the three parts of our main theorem
in Theorem 1.2, Theorem 2.5, Theorem 3.5 and Theorem 3.6.

1. A of finite type

Let A be of finite type and g = g(A) be the associated simple Lie algebra. Let b
be the Cartan subalgebra and 1T = {ay,---,a,} be the set of simple roots. Let
0 be the highest long root. Since —II = {—ay, -+, —a,} is also a root basis and
since W acts transitively on the root bases [1], there exists wy € W such that
wy ' (IT) = —II. Note that in this case clearly the nilpotency index has a bound.
Our interest is to find the best possible bound k.

Proposition 1.1.  Fach positive root o can be written as a;, + -+, o;; €
IT, such that each partial sum oy, + -+ + oy, s also a Toot.

Theorem 1.2.  Let g be a finite dimensional simple Lie algebra. If k = ht(0),
then S&k) =0 for all we W . Moreover, k 1is the least such integer.

Proof. Let wy € W such that wo(Il) = —II. Then S,, = © g
a € A+
By Proposition 1.1 there is a sequence of positive roots (y,---,0, = 6 with
ht(5;) = i. Then SSO = Z go. Hence ng)) = 0. On the other hand, if
a)>t

s < k, then [g,,, 085, = ggﬁal ;é 0 for some «; € Il with s + o; = [Bs11. Hence
Sk ) £ 0. Since wy'(IT) = —II and A, (wy) = A, it follows that S&) > S
fortzl, -k, and all w e W. Hence SW =0 for all we W. u
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2. A of affine type
Let A = (aij)ijer , with I = {0,1,---,n}, be of affine type, g = g(A) be
the associated affine Lie algebra, A = (a;), 1 < i, j < n, and g = g(A)

O

be the corresponding simple Lie algebra with Cartan matrix A. Let A and A
denote the sets of roots, W and W the Weyl groups, and II = {ag, -+ ,a,}

and II = {ay,-- ,a,} the sets of simple roots of g and E] respectively. Let the
subscripts + and — stand for positive and negative roots and let the superscripts

're’ and 'im’ stand for real and imaginary roots respectively. Thus A’¢ denotes the
n

set of real positive roots in A. Let § = Zaiai where each a; is a positive integer,
i=0

ged(ag, -+ ,a,) = 1 and A(ag, -+ ,a,)" = 0. Then AT = {jd|j € Z-o}. Since

A is W-invariant, Ay (w) = {a € Ayjw™Ha) <0} C A’¢ for each w e W,

It is known that ap = 1 unless A = Agi) in which case agp = 2. Furthermore,

if g is of type 1 or of type Aén), then 0 — agag is the highest long root in A, .

Otherwise, it is the highest short root.
The real roots for g = g(A), where A is of affine type are described in [2].

They are of the form v = 4+ j0 where § € A and j is an integer, and when
A= Agn , we also have roots of the form v = 2(8 + (2j — 1)§) where 3 is a long

root in A and j is an integer.
Let 6 denote the highest long root in A+, k = ht(f) and wy € W such

that w, (H) = —H By the description of real roots in A and Theorem 1.2 it
follows that Swlf) 2 # 0. It is known that k is related to the Coxeter number h
and the dual Coxeter number h as follows. If A is of type 1, then & = h — 1.
If A is of type AQn, then k = h —2 and k = h — 1 otherwise. For the algebras
in the Main Theorem, we will show that S& =0 for all w € W (S G = 0 for
g= AM) and that Sfuk # 0 for some w € W when g = Aézn)

For w € W, define Ny = {0,1,2,...} and

X

{B€AL|(Fj €No) B+j5 € Ap(w) or L(B+j3) € A (w)}
Y = {BeA |(FeNo) B+jd e Ay(w)or (B+5) € Ay (w)}
and —X = {—ala € X}, =Y ={—ala € Y}. Let {#;} be a sequence in X UY

such that s,, = Zﬁi € X UY for each m. The ; are not necessarily distinct.
=1

Proposition 2.1.  Let g = g(A) be an affine Lie algebra with Weyl group W
and let w e W. Then

1. XNn(=Y)=0
2. If j #r, then s; # %s,

3. No partial sum of the (3; s 0.



14 KiM, MISRA, AND STITZINGER

Proof. (1) Let 8 € XN(=Y). Then B4n:d or 3(B+nd) isin Ay (w) for some
non-negative integer n; and —(3+nsd or %(—ﬁ—l—ngé) isin Ay (w) for some positive
integer ny. Suppose 11 = 3(3+n16) € Ay (w) and 7o = (=3 + nad) € Ay (w) for
ny >0, ng > 0. Then w™'(—=B+n2d) < 0 and w™'(3(f+n16)) < 0. Hence either
0 < (2n1 +mn2)d <0 or 0 < (n; +n2)d <0, a contradiction. The other cases are
treated in the same manner. [

(2) Suppose that s; = s, for j > r. Then s, = s, + .41 + - + §; and
0= Brp1+---+3;. Thus Bry1 = —(Brgo+---+05;). But w(B4+n;0) <0, n; >0
for i =2,---,j —r. Therefore w((Br42 + -+ Bj) + (n2 + -+ + n;_)d) < 0.
If 841 € X, then 40+ ---+3; € Y and (41 € X N (=Y), a contradiction.
Similarly, if 5,41 € Y, then —(,,1 € X N (=Y), a contradiction. Now assume
that s; = —s, for some j > r. Then s, + 8,41+ -+ 5; = —s, and Bry1 =
—(28; + Bry2 + -+ B;). Thus either 4, € X N (=Y) or —f,41 € X N (-Y).
Either case is a contradiction.

P p—1
(3) Suppose that s;, = Z@] = 0. Then 3, = —Z Bi, and fB;, €
j=1 Jj=1
XN(=Y)or -3, € XN (-Y). Both cases yield contradictions.

For each E; we associate a graph using the highest long root 6. For g # DY

the graph has vertices 0y = 0, 01,---,0, = 0 where 0; = a;, + - + «;;, o, € 1,
each 6; # 0 for all j > 0 and k =ht(¢). As we have seen, SL(UIZ_D # 0 where
wo(IT) = —TII. For DS), there is an extra vertex since both oy + -+ 4+ a,,—1 and

oy + -+ o9+, are roots. The graphs and associated ¢; are as follows:
A=Ay
Op — 01— 02 -+ Op1 — 0,

b=+ +a, 1<i<n, O=a1+ -+,

1 2
A:BT(L)oqu(lJZ1
Op — 01 — 02 - Oopo — 09,1
bi=a1+-+a;, 1<i<n, O=a+2a+- - +2a,
Oprivi =1+ +ap+a,+--+a,,;, 0<i<n—2.

A=V or Aéi) or Aéi)_l
Op — 01 -+ bopo — bop
=1+ +ao;, 1<i<n, 0=201+2a5+ 420, 1+,
Opyivi =1+ +an+-+ap_(r1), 0<i<n—2,
A=DY Orn—1

90791 792 o 4&‘“ 92n—2792n—1

9n—1

~

92-:041—1-”-—1—041-, 1§i§n—1, Qn_1:Oé1+"'+Oén_2—|—Oén
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en:a1+"'+an7 Qn—i—i:a1+"'+an—1+an+an—2+'"+an—i—1 1<
1 <n—3,

0=co1+ 209+ + 20,0+ ap_1 + oy

A=GY
B — 01 — s — 05— 6, 65

=01, Or=01+0ay, O3=01+as+

94:a1—|—a2+a2+a2, 95:031+042+042—|-042—|—041:9.

A=D
By — Oy — 0y — 6O 0y 65

91:()42, 92:a2+a1, 632042+()51+Oé1

Oy=0as+or+ag+aq, s =a+a1+a; +a; +ay =10.

Note that the Coxeter numbers and dual Coxeter numbers for these algebras
are listed on page 80 of [2] and correspond to the respective heights as previously
noted.

Each root in A gives a connected directed subgraph as is seen by checking
each case using the results on p. 64-65 of [1].

Example 2.2. Let A = Aél) and let 6, =ay +---4+a; for i =1,---,5. Let
0 = 05. Then ht(f) =5 and the graph is
00_91_02_03_04_05
A typical root is # = a3 + a4 = 04 — 05 and the subgraph is
Oy 03 0,

0 uses two vertices. Generally if 3, + --- + (O, is a root for s = 1,--- | ¢,
then ¢+ 1 vertices are used. Since cycles are not permitted, only 5 §’s may occur
in a string. These remarks hold in the general case.

Suppose that g # Agi) and that S{¢Y # 0. Then there exists t roots of

the form §; + m;0 in Ay (w), 5; € A and m; € Z, whose sum is a root and the
corresponding >'_, 3 € X UY. In case g # DY, t < k+ 1 where k = ht(0)
which is seen as follows (see also the example). s; = [; contains two vertices on
the graph. Then s, = (3; + (2 forms a connection of one of the original vertices
with a new vertex since the graph is connected with no cycles using Proposition
2.1. Continuing in the manner, s, uses t+1 vertices. Hence ¢t < k+1 and -
for all w e W.

Suppose that g = DS). The number of vertices is k + 2. As in the
preceding paragraph, ¢ < k4 1. Suppose that ¢ = £k + 1. Then there are roots

J
Bioo B €XUY with s; =) € XUY for j=1,--- ¢
i=1
Let zp be the initial vertex of s;. Hence zj is the initial vertex of some f3;,,
with terminal vertex z;. Then z; is the initial vertex of some [3;, with terminal
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vertex zy. Continue this process to obtain the sequence S = {zg, 21, -+ , 2;} with
f3;; connecting z; 1 to z; and all vertices on the graph are listed in .S. To simplify
the notation we will write that 3; connects z;_; to z;.

Two vertices will be called symmetric if a subgraph joining them is of the
form

B: £2a;+ -+ 20 0+ ap 1+ ) or C: (a1 —ay) .

We denote symmetric vertices by z; and ;.
Lemma 2.3. Adjacent vertices in S are not symmetric.

Proof.  Otherwise a root would be of the form B or (', a contradiction. |

Define z; < z; in S if 7 < j. Thus §;41 + --- 4+ (; connects z; to z;.
Lemma 2.4. z; <z, if and only if y; < y;.

Proof.  Suppose that z; < z; and y; < y;. Then some 3y, + -- -+ [, connects
y; to y;. Then Bipy + -+ B; = —(Bk, + - - + Bi,) which yields a partial sum of
0 equal to 0. This contradicts Proposition 2.1. |

The following Corollary is an immediate consequence of Lemma 2.4.

Corollary 2.5. z; <xz; <y if and only iof yi <y; <y;.

Now suppose that zp = 0 and let 2; = x;. By Lemma 2.3, y; is the final
vertex in S. Let 2o = ;. Then y; is the next to last vertex in S. Continue this
process and finally we obtain adjacent symmetric vertices, a contradiction. If the
final vertex in S is 0, this same process yields another contradiction.

Therefore, suppose that neither the initial nor final vertex in S is 0. Then
the initial and final vertices are symmetric by Lemma 2.4. Thus s; has the form B
or C' and is not a root. But s; € X UY and hence is a root. Therefore ¢t # k+ 1.
Consequently, ¢ < k+ 1 and only k roots are allowed in a non-zero sum. Hence
SW =0 for each w € W.

Now we consider the case g = g(Agi)) The existence of half roots makes
this case special. The real roots divide into the cases

1. A=A = {La+ (25— )d)|ac A, je L}
2. Ap=AT={a+jllacA, jeZ)
3. A=A = {a+2j0lael, jez}

where Ay ={£(i+- - F+a,+ - +a;)|[l <i<j<n}U {£(s+ -+ ;)1 <
i<j<n—1}and Ay ={ft(a;+ -+ a,+ - +a;)|l <i<n}.

Define A; +Aj; = Ay, if there exist v; € A;,v; € A, such that v, +7, € Ay.
If ~; +; is never a root when ~; € A; and v; € A;, then let A; +A; =0. We
obtain the following addition table.
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AW Ay, A
Ay | A UA A 0
Ay, Ag A, UA | Ay,
A 0 Ay, 0

This table is verified case by case. The material in [1, p. 64] is helpful.
Let 7 = 5(6; + (2n; — 1)8) € A, for 4 =1,2. Then 7 + 72 = 5(61 + f2 +

2(n1 +ny—1)0). If v;+; is a root, then either (3 +3;) € A, and v +7; € A,

or %(ﬁl—l—ﬁj) € &l and Y+ € A;. Hence Ay + Ay = A, UA,.
Let v = %(51 + (2711 — 1)5) < AS and Yo = 62 —|—n25 € Am Then

T+ = 3[(61 +262) + (2n1 4 2ny — 1)6]. If 41+ is a root, then B +20; € A
and v + 7 € Ag. Hence Ay + A, = A,

Let 7 = %(ﬁl + (2n1 — 1)0) € Ay and 7o = (B2 + 2n20 € A;. Then
Nt = %Kﬁl +203;) + (2n1 — 1 + 4ny)d]. But B + 203, is not a root since

B1, P2 € A;. Hence Ay + A; = 0.
Let v; = Bi+nja € Ay, for i = 1,2, Then vy +7, = (61 + F2) + (n1 +n2)0.

It is possible that (6, + B2 € A; or in A,. Hence v + 72 € A,, UA;. Therefore,
A, + A, =0, UA.
Let 7, = O + 2n10 € Ay, Yo = By + ngd € A,,. Then Y1+ Y2 =

(B1+52)+ (2n1+n2)d. If v+, is aroot, then 31+ (2 € A;. Hence vy 4792 € A,,.
So Am + Al = Am .

Let Vi = ﬁz—l—ané € Al, for 7 = 1,2. Then Y1+772 = 61 —|—ﬂz+2(n1+n2)5
But (; + (> is not a root. Hence ~; + 72 is not a root and A; + A; = 0.

In the graph of Agi) there are 2n vertices and k = ht(f) = 2n — 1. As in
previous cases no more than k (3;’s can exist in a given sum that is a non-zero root.
We proceed by considering how the number of summands in a sum of v; € A™(w)
translates into the number of summands in the corresponding ;. From the results
in the table and their proofs, adding a v adds one ( unless

D:y+--4+v €A, and 741 €A
or E: y+--+7 €A, and 741 € A
or Fiyi+---4+v €A, and 741 € Ay

In the first case, the number of ’s do not decrease. In the other cases, the
number of 3’s increase by at least two.

Again consider 7, + -+ + ;. Let n; be the number of corresponding (3’s
and set ng = 0. Then n; = 1. Checking cases it is seen that n, < 2 implies
no =1 and v, + 72 # As.

We claim that n; < j implies n; =j —1 and v +---+v; € A;. Assume
the result holds for j and consider «y; + - -+ + ~;41. Suppose that n; = 5 — 1. By
assumption v +---+7v; € A, UA If 7,41 € Ay, then njy > 54+10 If v & Ay,
then n;1; = j. Now suppose that n; # 5 — 1. Then n; > j implies n,;4 > j. If
Njt1 = J =nj, then v +---+7;, v541 € Ag and v +---+ 741 # A,. Hence the
result holds.
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Now if Sgil) #0,thent—1<mn; <k+1 and t < k+2. Hence S&kﬂ) =0.
It remains to show that S # 0 for some w € W. We will work with the
graph for Aéi) and the discussion of the roots of C), in [1, p. 64]. The roots are of
the form +2e; and £(e; £ e;), @ # j with base o = ej41 —e;, j=1,--- ,n—1

o

and a, = 2e,. Let wy € W such that wy ' (II) = —II. Let v = (6 + (2j — 1)d),
Yo = 50+ (2 + 1)), 13 = s(—a1 + 510), -+, Yeyo = (—ay + jid) where k =
ht(0) = 2n — 1. The first two of these roots are in Ay and v; +y, = 0+ 250 € A,.
The remaining roots are in A,, and v; +---+7; € A, for all j > 2. On the
graph, 6 goes from 6, to 0, and the second 6 does not move from vertex 6. Each
remaining -; moves one vertex to the left. Hence ~; + --+ 4+ 7441 is a root and
Sg? # 0 but v + -+ + Yo is a cycle and ngfl) =0.

Due to the relation between the heights of the highest long roots with the
Coxeter numbers and dual Coxeter numbers pointed out earlier in the paper, we
have completed the proof of the following theorem.

Theorem 2.6.  Let g = g(A) be any affine Lie algebra other than type E or F.
Then there is a smallest positive integer m such that Sim = ¢ for all w e W.
Furthermore,

1. if A is of affine type 1 or Agi) then m = h—1 where h is the Coxeter
number, and

2. if A s of affine type 2 or 3 and A # Agi), E((f), then m = h—1 where
h is the dual Cozeter number.

3. A of indefinite type

Let A = (a;5), 1 < 4,5 < n be an indecomposable generalized Cartan matrix
of indefinite type and g = g(A) be the associated Kac-Moody Lie algebra. Let
IT = {ay,as, - ,a,} denote the set of simple roots and W = (ry,rg, -+ ,75)
denote the Weyl group of g, where r; = r,, are the simple reflections. The
following lemma is well known.

Lemma 3.1. 2 . Forwe W, let w=r; ---1; be a reduced expression. Then
AL(w) = {B1, B2, , B}, where By, = 15 -1y, (i), 1 < p < t, are distinct
real positive roots.

Proposition 3.2.  Let w=r; ---1r;, € W be reduced and
6}7 - Ti1 o 'rip71(05ip>) 1 S P S t

as above. Then for 1 <k < j<t, 1 <I1<t, wehave B+ 0B; =0 =k<l<j.

Proof. Clearly [ # k,j. Suppose | < k. Then

Ty m o T Qg + i Ty Q= Ty Ty O

ij
implies

7’2'1 .. 'Tikflo‘ik + Til . 'Tij_laij = Oéz'l .
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Since 1, - -1y, _ 1, and 1y -1, 7, are reduced by Lemma 3.1 we have

k -1

Tip = Ti_ @y > 0and ry -y, o, >0
which implies that

1 = ht(a”) = ht(Tz‘l s Tik_laik + Til cee rijilaij)
== ht(ﬁ'l e 'rik,laik) + ht(’f’il s 'Tijilaij) Z 1 + 1=2 ,

a contradiction. Now suppose j <. Then [, + 3; = 3 implies

Qi = Ty Ty Qg Ty e Ty Oy
As before, since i oo Ty i and ri -1, 7y, are reduced, by Lemma 3.1 we
have
ht(rij o1y, ) > 1 and ht(nr1 --rikﬂaik) >1,
which gives a contradiction. Hence k£ <[ < 7. u

Corollary 3.3.  Letw =1 -1, € W be reduced and B, = 14 -+ -1, a,, 1 <
p <t as before. If B1 < Po < --- < [, then sY=o.

Proof.  Since {f,} is an increasing sequence, it follows from Proposition 3.2
that B; + B; & A*(w), 1 <4, j < t. Hence S& =[Sy, Su] = [g5, & - &
985 Gﬁl@"'@gﬁt]zo- [ ]

Lemma 3.4.  Let A = (a;;) with |a;;| > 2, 1 < i, j < n. Then for § €
Q+a Tzﬁ > ﬂ:> Tk( 6) > Tiﬁ fOT’ all k 7éZ

Proof. Let 3=} " zjo; € Q7. Then r;8 > (3 implies 3(h;) < 0, which
implies 2z; < > ,(—a; ) . To show that r4(r;5) > 7;3, we need to ShOW that
(6 = B(hi)ai)(h ) B(ln) — Blhi)ax; < 0. We have

Blhi)ar; — B(hi) = (22 + 32, 4 aig)xs)aw: — (2 + 32 (ak;) ;)
= iy + (Qirari — 2)T + ;54 i (Qijak — ag;)z;
> 5 2 (i) aniwy 4 (awars — 2)xy + 3254 (aijar — ags)z;

(@inari — )Tk + D25 24 (i 0k — 2ak;)2;

N =

Vv
o

9

since |a;;| > 2, hence (ajzar; —4) > 0 and (a;jar; — 2ag;) > 0. Therefore, the
result follows. [ |

Theorem 3.5.  Let A = (a;;) with |a;;| > 2, 1 <14,5 <n. Then S =0 for
all we W.
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Proof. Let w = ryry, -7, € W be reduced. Then AT (w) = {81, 82, , 3}
where 38, =r;, - -Tip_l(aip),
1 <p <t. Consider

Bpt1 = Bp = Tiy o i Qi = Ty T, QG
= 7’i1"'7’i,,,15,

where 8 = (—ai,i,,, — 1)y, +a;,., € Q4 since a;,;,,, < —2. Now

tp+1

Tip71/6 - /8 = _/8<h7:p71)a7;p71
= (=i = D(=ai_1i,) + (=i, i) i, s

Since —a;; > 2 for i # j, we have r; 8 — (3 >0, hence r;, ,3 > 3 . Therefore,
by Lemma 3.4, we have 3,11 — B, =1y - -1y, 2> 3> 0for 1 <p<t. This
implies that (6, < B < --- < f; and hence by Corollary 3.3 we have SW=0. m
2 —a
—b 2
hyperbolic GCM. If a > 2 and b > 2, then by Theorem 3.5 we have st =0
for all w € W. Hence without loss of generality assume b = 1 and a > 4.
In this case the Weyl group W is an infinite dihedral group with presentation
W = {(rir2)?, r2(rire)?|j € Z}. We define the sequence of integers {4;};cz by
the recurrence relations

Now consider the case A = < ) , ab >4, a,b > 0, any rank two

A() = 0, A1 = 1, A2j+2 = A2j+1 - Agj and A2j+1 = aAgj — Agj_l .
Note that, A_; = —A; for j € Z and
TQ(Oél) = AlOél + A2a2 .

Assume that

ro(r1ma)? (1) = Agjr10q + Agjioas .
Then , .
ra(rire) () = (rori)ra(rire)’ (on)
= (rory)(Agjrion + Agjaas)
= —A2j+1(061 + @2) + A2j+2(aoz1 + acy — 042)
= (aAgjra — Agjr1)on + (aAgjro — Agjp1 — Agjia)an
= Agjrzon + (Agjys — Agjpa)on = Agjigan + Agjiaay .

Hence by induction for j > 0 we have

ro(rire)’ () = Agjrion + Agjya .

Similarly, ‘
(7’1?”2>J (Oél) = A2j+1a1 + A2j0[2 .
Note that
7"2(7”17“2)7]'(@1) = —(7"17’2)]'71(@1) = —Agj101 — Agj_o0ry
= Ayj)+100 + Ag—j)4202 ,
and , .
(rira) (1) = —ra(rira)’ " (an)

= —Agyj1aq — Agjon = Ay_jjp100 + Ayjyas .
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Therefore, for all j € Z we have

7"2(7”17“2)j(041) = Agjpion + Agjioas
(7’17”2)] (Oél) = A2j+1a1 + A2j0[2 .
Similarly, A
7"2(7”17”2)](042) = —GA2jOé1 - A2j+1042 )
(r17r2)? (@) = —aAya; — Agj_10y .
Theorem 3.6. Let A = ( _21 —2a > , a>4. Then S # 0 and s2 —

forall we W.

Proof. 1In this case W = {ry(rim2)?, (rira)?|j € Z}. We consider the case
w = ro(rire)?, j > 0. The proof for the other cases are similar. For w =
ro(rire)?, l(w) =25+ 1 and

A+(w) = {51752, T 752j+1}
where

_ -1, _ s
ﬁprl = (7"27”1)p Qg = (7“17“2) Py = —@A72p+2061 - A72p+1042
= aAgp_o0 + Aoy,

forp=1,2,---,7+1and for p=1,2,--- 7,
Bap = (7'27“1)%17’2(061) = 7’2(7'17”2)%1(041) = Ay 109 + Agpas .

Note that since 8, € AL, 1 <p <2541, we have A, > 0. Observe that since
a > 4, we have

54:A3041+A4oz2:(a—l)a1+(a—2)oz2>a1+042:ﬁ2.

Assume
Bop = Agp_101 + Agparg > PBop_o = Agp_zay + Agp o0y .
Hence
Agp1 > Agp_g and Ay, > Ay, o .
Then
Agpi1 — Agp1 = algy — 245, 1 = aAy, — 2(Agy + Agy_2)
= (CL — 2>A2p — 2A2p,2 > 2<A2p — AQP,Q) 2 0 >
and ,
Agpro — Agy = Agpy1 — 249, = Agpiy — 2(Agpyr + Agp1)
= 2 ((a—=2)Ag1 — 245, 1)
> 2(Agprr — Azpo1) 2 0.
Hence,

Bopta — Pop = (Agpi1 — Agp_1)or + (Agpio — Agp)ae > 0
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Therefore, by induction the subsequence {5217};)=1 is an increasing sequence. Simi-
Jj+1

larly, the subsequence {f2,-1}5-;

is also an increasing sequence. Also since a > 4
Bi—0F1 = (a—1)as + (a—3)ay >0,

and (a—1)(a—3) > (a—1). Note that fopio0— Fop—1 = (ra71)(B2p — Pop—3). Hence
using induction we have Bopio0 — Bop—1 > 0.

Bop + Bopra = (Agp1 + Agprr1)aq + (Agp + Agpra) s
= aAgpar + A0 = Popia

Therefore, st # 0 and also fBop—1 < Bopr2 < Popp1 for p = 1,2,--- 7 — 1.
Observe that

Bop—1 + Popr1 = a(Agp_o + Agp)ag + (Agp1 + Agpi1) s
= CLAgp_lOél + CLAQPOCQ = aﬁgp g A+(U))

Furthermore, since {f,} and {f,_1} are increasing sequences and [y, 1 <
Bapra < Popy1 for p=1,2,---,j —1, by Proposition 3.2 we have Bor_1 + fop+1 &
AL (w), Bor + Bops1 & Ap(w), Bog—1 + Bop & Ay(w) and Po, + Bop # Bom for
k<m< p. For example7 if 62k—1 + ﬁ2p+1 = ﬁgm then ﬁgm > 52;)—}-1 > /82p+2 which
is a contradiction since {f,,} is an increasing sequence. If Fo_1 + By = Boym—1 for
some k < m < p then since B9, > (2,—3 the only possibility is m = p. However,
Bok—1 + Bop = Bop—1 = Pap—2 + Bop will imply Bor1 = By,» which is not true.

Therefore,
Jj+1

Sz(ul) c @gﬂzpq
p=1

and hence by Corollary 3.3, S = [Suws Sz(ul)] = 0, since {f,—1} is an increasing
sequence. ]
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