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The only global contact transformations of order
two or more are point transformations

Ricardo J. Alonso-Blanco∗ and David Blázquez-Sanz

Communicated by P. Olver

Abstract. Let us consider Jk
mM as the space of k -jets of m -dimensional

submanifolds of a smooth manifold M . Our purpose is to show that every contact
transformation of Jk

mM , k ≥ 2, is induced by a diffeomorphism of M (point
transformations). It is also derived that a first order contact transformation
can not be globally prolonged to higher order jets except when it is a point
transformation. This holds true as well for jets of sections of a regular projection.
The Legendre transformation gives us an example of this property.
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Let M be a smooth manifold. The spaces of k -jets of m-dimensional submanifolds
of M , Jk

mM , are provided with a canonical structure: the contact system. As
a consequence, the natural automorphisms of Jk

mM will be the diffeomorphisms
preserving such structure. These are the so called contact (or Lie) transformations.
It is usually common as well as useful to consider the local versions of the mentioned
transformations. For instance, the transformations of the open subset Jkπ ⊂ Jk

mM
determined by the jets of sections of a regular projection π : M → B , dim B = m .

Bäcklund [2] had earlier proved that every contact transformation is the
prolongation of a first order transformation (k = 1). Furthermore, if m is different
than dim M − 1, then, every contact transformation is the prolongation of a
diffeomorphism of M (point transformations). Such a result will hold also in
the case of local transformations.

In this paper we are going to prove that every contact transformation of
Jk

mM (resp. Jkπ ), k ≥ 2, is a point transformation:

Aut
Lie

Jk
mM = Aut M, Aut

Lie
Jkπ = Aut π, k ≥ 2, ∀m.

This way, we will eliminate the exceptional case m = dim M − 1 for global higher
order transformations. In order to get our result we will prove first that each
global projectable contact transformation is a point transformation. This property
combined with the theorem of Bäcklund will lead us to the desired result. This
will be the content of Section 3.
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Previously, Section 1. covers the basic properties of jet spaces which will
be needed later on. In Section 2., we will recall some facts on the Legendre
transformation. That particular example led us to develop this paper.

Notation and conventions. For the rest of this paper, M will be a smooth
manifold of dimension n and ‘submanifold’ will mean ‘locally closed submanifold’.

The characters α , β , ..., will be reserved to denote multi-indices α =
(α1, . . . , αm), β = (β1, . . . , βm), ..., ∈ Nm . Besides, we will denote by 1i the
multi-index (1i)j = δij . As usual, |α| = α1 + · · · + αm , α! = α1! · · ·αm! and, for
each collection of numbers (or operators, partial derivatives, etc.) u1, . . . , um , the
expression uα will denote the product uα1

1 · · ·uαm .

1. Preliminaries on Jet spaces

In this section we will recall the basic notions and properties of jets of submanifolds.
For the proofs we refer to [7, 8, 4].

Let us consider an m-dimensional submanifold X ⊂ M , and a point
p ∈ X . The class of the submanifolds having at p a contact of order k with
X is called the k -th order jet of X at p and it will be denoted by jk

pX . The set
Jk

mM = {jk
pX |X ⊆ M} is called the space of (m, k)-jets of M , space of k -jets of

m-dimensional submanifolds of M or still, (m, k)-Grassmann manifold associated
to M .

The space Jk
mM is naturally endowed with a differentiable structure. Let

pk = jk
pX and choose a local chart {x1, . . . , xm, y1, . . . , yn−m} on a neighborhood

of p such that X has the local equations yj = fj(x1, . . . , xm), 1 ≤ j ≤ n−m . For
each multi-index α = (α1, . . . , αm), |α| ≤ k , let us define

yjα(pk) :=

(
∂|α|fj

∂xα

)
p

, 1 ≤ j ≤ n−m,

(if α = 0, then yj0(p
k) = yj(p)). The functions {xi, yjα} give local charts on

Jk
mM .

Remark 1.1. When M is provided with a regular projection π : M → B ,
dim B = m , the sections of π are m-dimensional submanifolds of M . This way, it
is possible to take the k -jets of sections of π so that we have a subset Jkπ ⊂ Jk

mM.
The space Jkπ is a dense open subset of Jk

mM .

For arbitrary integers k ≥ r ≥ 0, there are natural projections

πk,r : Jk
mM → Jr

mM, pk = jk
pX 7→ πk,r(p

k) := jr
pX,

which in the above local coordinates are expressed by

πk,r(xi, yjα)|α|≤k = (xi, yjα)|α|≤r.

For each given m-dimensional submanifold X ⊆ M , the submanifold

Jk
mX = {jk

pX | p ∈ X} ⊆ Jk
mM, (1)
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is called the k -jet prolongation of X . Let yj = fj(x1, . . . , xm) be the local
equations of X . Then, Jk

mX ⊆ Jk
mM is given by

yjα =
∂|α|fj(x)

∂xα
, 1 ≤ j ≤ n−m, |α| ≤ k. (2)

and the tangent space TpkJk
mX at the point pk = jk

pX is spanned by the m vectors:

Di =

(
∂

∂xi

)
pk

+
∑

1≤j≤n−m
|α|≤k

(
∂|α+1i|fj(x)

∂xα+1i

)
p

(
∂

∂yjα

)
pk

, (3)

(observe that if |α| ≤ k − 1, the coefficient of ∂
∂yjα

equals yjα+1i
(pk)).

Definition 1.2. For a given jet pk ∈ Jk
mM , let us consider all the submanifolds

X such that pk = jk
pX . Let also Cpk be the subspace of TpkJk

mM spanned by the
tangent spaces TpkJk

mX . The distribution C = C(Jk
mM) defined by pk 7→ Cpk

is the so-called contact or Cartan distribution on Jk
mM . The Pfaffian system

associated with C will be called the contact system on Jk
mM and denoted by

Ω = Ω(Jk
mM). Alternatively, Ω can be defined as the set of 1-forms which vanish

on every prolonged submanifold Jk
mX .

It can be derived from (3) that C is generated by the tangent fields

d

dxi

:=
∂

∂xi

+
∑

1≤j≤n−m
|α|≤k−1

yjα+1i

∂

∂yjα

and
∂

∂yjσ

, (4)

where 1 ≤ i ≤ n, 1 ≤ j ≤ n−m, and |σ| = k .

In the same way, the contact system Ω is generated by the 1-forms

ωjα := dyjα −
∑

i

yjα+1i
dxi. (5)

The local expressions (3) and (4) show the following lemma.

Lemma 1.3. If pk = jk
pX then (πk,k−1)∗Cpk = Tpk−1Jk−1

m X .

Definition 1.4. A tangent vector Dpk ∈ TpkJk
mM is πk,k−1 -vertical if we have

(πk,k−1)∗Dpk = 0. The πk,k−1 -vertical tangent vectors define a distribution Q =
Q(Jk

mM).

Q is a sub-distribution of C whose maximal solutions are the fibers of
πk,k−1. In local coordinates,

Q =

〈
∂

∂yjσ

〉
1≤j≤n−m
|σ|=k

⊂ C =

〈
d

dxi

,
∂

∂yjσ

〉
1≤i≤m
1≤j≤n−m
|σ|=k

Definition 1.5. A diffeomorphism φk : Jk
mM → Jk

mM such that (φk)∗Ω = Ω
is said to be a contact transformation.
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For integers h > k ≥ 0, let us consider the diagram

Jh
mM

φh
//

πh,k

��

Jh
mM

πh,k

��
Jk

mM
φk

// Jk
mM.

(6)

Definition 1.6. (1) A contact transformation φk on Jk
mM is prolongable to

Jh
mM if there is a contact transformation φh such that the diagram (6) is commu-

tative.

(2) A diffeomorphism φh of Jh
mM is projectable to Jk

mM if there is a diffeomor-
phism φk such that the diagram (6) is commutative.

Lemma 1.7. The following properties hold

(1) When it exists, the prolongation of a contact transformation is unique.

(2) If a contact transformation φh is projectable to φk then φk is also a contact
transformation. Moreover, φh is the prolongation of φk .

(3) The prolongation φh of a contact transformation φk is projectable to φk .

Lemma 1.8. Each diffeomorphism φ : M → M can be prolonged to a contact
transformation φ(k) : Jk

mM → Jk
mM in the following way:

φ(k)(jk
pX) := jk

φ(p)(φ(X)), ∀ jk
pX ∈ Jk

mM.

The map φ(k) is called the k -jet prolongation of φ and, both of them, are said to
be point transformations.

The following theorem is due to Bäcklund [2] (see also [1, Ch. I]). A modern
proof is given in [8] (or [4, Ch. 3]) by using geometrical arguments combined with
the computation of the solutions of the contact system having maximal dimension.
Another proof can be seen in [6, Ch. 11], which is based on the Cartan equivalence
method.

Theorem 1.9. Every contact transformation φk : Jk
mM → Jk

mM is the prolon-
gation of a first order contact transformation φ1 : J1

mM → J1
mM . Moreover, when

m 6= n − 1, n = dim M , φk is the k -jet prolongation of a point transformation
φ : M → M .

Remark 1.10. The above theorem is local. That is, under the appropriate
substitutions, it holds when φk is only defined for an open set of Jk

mM . For
instance, if φk is just defined on jets of sections of a regular projection M → B .

2. A comment on the prolongation of the Legendre transformation

In this section we will consider the prolongation of the Legendre transformation
to the space of second order jets J2 . We will see that this prolongation is not
possible on the whole of J2 but just on a dense open subset of it.
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Let Rm+1 be coordinated by {x1, . . . , xm, u} and consider the projection
on the first m coordinates π : Rm+1 → Rm , π(x1, . . . , xm, u) = (x1, . . . , xm). The
induced system of global coordinates for J1π is given by {xi, u, pi} , 1 ≤ i ≤ m ,
where, if y1 := u then we put pi := y11i

(see the beginning of Section 1.). This
way, the contact system on J1π is generated by the 1-form ω = dz −

∑
i pidxi .

Similarly, on J2π we have the coordinates {xi, u, pi, pij} , 1 ≤ i, j ≤ m , where
pij := y11i+1j

and the contact system is spanned by ω and ωj = dpj −
∑

i pijdxi .

The Legendre transformation is the diffeomorphism

J1π
L→ J1π

given in coordinates by 
L∗xi = pi

L∗u = u−
∑m

i=1 pixi

L∗pi = −xi

(7)

By direct computation it is not difficult to prove that L is a (first order) contact
transformation. That is to say, L∗ω = λω for a suitable function λ . In addition, L
is not a point transformation because both L∗xi and L∗u involve the “first order”
coordinates pi .

Now we will try to prolong L to second order jets by obtaining a contact
transformation

J2π
L1

→ J2π

The conditions that L1 should satisfy are the following two:

1. L1 projects to L (in particular, (L1)∗ω = λω )

2. (L1)∗ωi = µiω +
∑

j µij ωj for suitable functions µi , µij .

Hence, xi := (L1)∗xi , u := (L1)∗u and pi := (L1)∗pi are completely
determined by the first condition above. The remainder coordinates, pij :=
(L1)∗pij , must be obtained from the second condition. By introducing the local
expressions for ωi we get

(L1)∗ωi = −dxi −
∑

j

pijdpj

from which it is easy to see that µi = 0, µij = −pij and

−dxi −
∑

j

pijdpj = −
∑

j

pijdpj +
∑
j,k

pijpjkdxk.

By equating coefficients we finally arrives to −
∑

j pijpjk = −δik . If we define

the matrices P :=
(

pij

)
and P :=

(
pij

)
, then the above equations can be

shortened to
PP = −I,

where I denotes the identity matrix. As a consequence, the pij ’s are obtained
from

P = −P−1
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which is possible if and only if det P 6= 0.

By summarizing,

The prolongation of the Legendre transformation L to J2π is only possible
for the dense open subset {det P 6= 0} ⊂ J2π .

Remark 2.1. As it is well known, the Legendre transformation is a very useful
tool to study partial differential equations (PDE). When we consider a second
order PDE and try to use the Legendre transformation we automatically remove
the possible solutions on which det P = 0. In the case of m = 2, that is the
equation of the developable surfaces. See [3, Vol II, pp. 32] for details.

So, it is natural to ask if this fact is due to the particular structure of the
Legendre transformation or a more general property. The answer confirms the
second possibility. Indeed, we will prove even more: there are no global higher
order contact transformations except the point transformations.

3. The main result

In this section we will prove the statement enunciated by the title of this paper.
The sequence of arguments is the following. As we will see below, from Lemmas
3.1, 3.2, it is derived that the projection φk−1 of a contact transformation φk , if it
exists, preserves the distribution Q on Jk−1

m M . This way, φk−1 is also projectable
and the induction proves that φk is a point transformation (Proposition 3.3).
Taking into account Theorem 1.9 we will get the aforementioned result.

Lemma 3.1. Let φk : Jk
mM → Jk

mM be a contact transformation which is
projectable to φk−1 : Jk−1

m M → Jk−1
m M and let X be a submanifold of M such that

pk−1 = jk−1
p X , p ∈ X , and pk−1 := φk−1(pk−1). Then there exists a submanifold

Y , pk−1 = jk−1
p Y , such that

(φk−1)∗(Tpk−1Jk−1
m X) = Tpk−1(Jk−1

m Y ).

Proof. Let pk be the k -jet of X at the point p and let us consider the following
commutative diagram of tangent spaces and maps

TpkJk
mX

(φk)∗ //

(πk,k−1)∗
��

(φk)∗(TpkJk
mX)

��
(πk,k−1)∗

��
Tpk−1Jk−1

m X
(φk−1)∗

// (φk−1)∗(Tpk−1Jk−1
m X)

Then, (φk−1)∗(Tpk−1Jk−1
m X) has dimension m because (φk−1)∗ is an isomor-

phism. On the other hand, if φk(pk) equals jk
pY then (πk,k−1)∗Cpk = Tpk−1Jk−1

m Y

(Lemma 1.3). In addition, (φk)∗(TpkJk
mX) ⊂ Cpk . It follows that

(φk−1)∗(Tpk−1Jk−1
m X) ⊆ Tpk−1Jk−1

m Y.

The spaces involved in the above inclusion have the same dimension and so the
inclusion is an equality.

The following lemma characterizes the vectors in Q amongst those of the
contact distribution C .
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Lemma 3.2. Let pk ∈ Jk
mM and denote by Spk the set

⋃
jk
p X=pk TpkJk

mX. Then,

(1) {0} = Qpk ∩ Spk and (2) Cpk = Qpk ∪ Spk .

Proof. (1) If Dpk ∈ Qpk then (πk,k−1)∗Dpk = 0. On the other hand, given
a submanifold X with pk = jk

pX , the projection (πk,k−1)∗ defines an isomorfism
when restricted to TpkJk

mX . As a consequence, Dpk 6= 0 cannot be in TpkJk
mX .

(2) Let Dpk ∈ Cpk , Dpk 6= 0, Dpk /∈ Qpk (so that (πk,k−1)∗Dpk 6= 0).

We choose coordinates around p such that xi(p
k) = yjα(pk) = 0. In such a

local chart we have

Dpk =
m∑

i=1

ai

(
∂

∂xi

)
pk

+
n−m∑
j=1

∑
|σ|=k

bjσ

(
∂

∂yjσ

)
pk

,

for appropriate ai, b
i
jσ ∈ R (see (4)). In addition, at least one ai is non zero because

(πk,k−1)∗Dpk =
∑

i ai

(
∂

∂xi

)
pk−1

6= 0. A linear change (of the type x′
i =

∑
r λirxr )

allows us to assume

Dpk =

(
∂

∂x1

)
pk

+
n−m∑
j=1

∑
|σ|=k

bjσ

(
∂

∂yjσ

)
pk

.

The submanifold X defined by

yj =
∑
|σ|=k

bjσ
xσ+11

(σ + 11)!
, 1 ≤ j ≤ n−m,

satisfies pk = jk
pX and Dpk ∈ TpkJk

mX (see the expressions (3)).

Proposition 3.3. Let φk : Jk
mM → Jk

mM be a contact transformation which is
projectable to φk−1 : Jk−1

m M → Jk−1
m M . Then, φk is the k -jet prolongation of a

diffeomorphism φ : M → M .

Proof. Let us assume k ≥ 2 (if k = 1 there is nothing to say). According
to Lemma 3.1 we have (φk−1)∗Spk−1 = Sφk−1(pk−1) , for all pk−1 ∈ Jk−1

m M . As a
consequence of Lemma 3.2 we derive

(φk−1)∗Q = Q.

Thus, φk−1 sends each fiber of Jk−1
m M → Jk−2

m M to another one, because
they are the maximal solutions of Q . This shows that φk−1 is projectable to
φk−2 on Jk−2

m M . The induction proves that φk projects to a point transformation
φ : M → M . By Lemma 1.7-(1), φk has to be φ(k) .

Theorem 3.4. If k ≥ 2, every contact transformation φk : Jk
mM → Jk

mM is
the k -jet prolongation of a point transformation φ : M → M .
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Proof. According to Theorem 1.9, φk is the prolongation of a first order contact
transformation. In particular, φk is projectable to Jk−1

m M . Proposition 3.3 applied
to φk finishes the proof.

The following statement is a direct consequence.

Corollary 3.5. If a first order contact transformation φ1 is not a point trans-
formation, then φ1 can not be prolonged to second or higher order jets.

Taking into account their proofs, Theorem 3.4 and Corollary 3.5 can be
generalized to the case of contact transformations

φk : π−1
k,k−1(U) → π−1

k,k−1(U),

where U is an arbitrary open set U ⊂ Jk−1
m M . As a particular instance, we can

consider U = Jk−1π ⊂ Jk−1
m M so that π−1

k,k−1(U) = Jkπ and, this way,

Theorem 3.6. Let π : M → B be a regular projection. The only contact
transformations

φk : Jkπ → Jkπ, k ≥ 2

are the point transformations.

Moreover, a first order contact transformation φ1 : J1π → J1π can not be
prolonged to second or higher order jets except when φ1 is a point transformation.
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