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Abstract. We show that when the methods of [2] are combined with the
explicit stratification and orbital parameters of [9] and [10], the result is a
construction of explicit analytic canonical coordinates for any coadjoint orbit
O of a completely solvable Lie group. For each layer in the stratification,
the canonical coordinates and the orbital cross-section together constitute
an analytic parametrization for the layer.

Finally, we quantize the minimal open layer with the Moyal star
product and prove that the coordinate functions are in a convenient comple-
tion of spaces of polynomial functions on g*, for a metric topology naturally
related to the star product.
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0. Introduction

Let G be an exponential Lie group with Lie algebra g, and let O C g* be a
coadjoint orbit of G. Then O carries a canonical symplectic structure, meaning
that O is equipped with a distinguished, closed two-form we with the property
that we is non-degenerate at each point of O. If (U, ¢) is chart in O with ¢ =
(p1,p2,---,Pd, 41,42, - - -, qa), then ¢ = (p1,p2,...,Pd,q1,q2,---,qa) are called

canonical coordinates on U if
d

woly = der A dgy..
r=1
A standard geometric result says that there is a chart for a neighborhood of every
point of O with canonical coordinates, and a natural question is to what extent
can such coordinates be defined “globally”.
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In the nilpotent case, the approaches to this question are based upon
the fundamental descriptions of the coadjoint orbit space and algebra of rational
G-invariant functions on g* [14]. M. Vergne shows that there is a G-invariant
Zariski open subset of coadjoint orbits having maximal dimension, and rational
functions p1,p2, ..., P4, q1,92,---,qq on g* that are non-singular on this open set
and whose restriction to each of these orbits defines canonical coordinates ([17],
Sect. 4, Théoréeme). Also building on the results of [14], N. V. Pedersen shows
in ([12], Theorem 5.1.1) that it is possible to classify orbits into algebraically
defined families or “layers”, so that within each layer of orbits, there are functions
globally defined on the entire layer whose restriction to each coadjoint orbit
within the layer are canonical coordinates. Moreover, in this case the procedure
by which orbits are classified into layers, and the construction for each layer,
are entirely explicit and algorithmic. As in the result of Vergne, the coordinate
functions are rational.

In general (i.e., for G exponential), N. V. Pedersen shows in ([11],
Theorem 2.2.1) that, for each coadjoint orbit O, canonical coordinates can be
defined whose domain is all of O. In [2], there is a method for (1) selecting
a partition of g* into G-invariant Borel subsets, and (2) on each Borel subset,
defining functions pi,p2,...,pPd, q1,92,--.,qq wWhich are canonical coordinates
on each coadjoint orbit inside. In both of these papers the results are obtained
without the benefit of a description of the orbit space which resembles that of
[14] for the nilpotent case. Because of this, the results are not as explicit as in
the nilpotent case.

Such a description of the coadjoint orbit space for exponential groups is
given in [9] and [10]. As in the nilpotent case, the orbit classification is based upon
“jump indices”, but the procedure is necessarily more refined and the resulting
picture of the orbit space more complex. Nevertheless, it is natural to ask whether
this description, which is a precise generalization of the Pukanszky description in
[14], can be used to construct explicit canonical coordinates. In particular, what
is the relationship between the partition of [2], and the (refined) stratification
of [9] and [10]7 Can the methods of [2] be combined with those of [9] and [10]
to give canonical coordinates in a more explicit form? We answer both of these
questions in this paper for the case where g is completely solvable.

In Section 1 we examine a “fine” stratification of g* as defined in [10] and
describe its relationship to the corresponding stratification of a codimension one
subgroup. In Section 2 we specialize to the case where G is completely solvable
and recall the method of [2] by which one obtains globally defined canonical
coordinates on G-invariant sets ;). We show that, in the case where G is
completely solvable, each fine layer € is contained in some €4y . In Section 3
we examine the case where g is nilpotent, and show that it is possible to carry
out the method of Vergne [17] so that the resulting Zariski-open set coincides
with the Zariski-open fine layer, and so that the coordinate functions coincide
with those of [2]. In Section 4, we recall the “ultra-fine” stratification of [9] and
[10], and the resulting orbital description by means of cross-sections. We show
that the cross-section mapping can be extended to an analytic function defined
on an explicit dense and open subset of the complexification of g*. When the
method of [2] is applied within this context, the canonical coordinates are explicit



ARNAL, BEN AMMAR, CURREY AND DALI 523

and can be also extended to analytic functions defined on an open subset of the
complexification of g*. In Section 5, for the each layer, we describe the cross-
section of [10] which is an algebraic set, but, in general, not a manifold. This
cross-section is the graph of a rational function defined on a natural algebraic
set. We state an explicit form of Théoreme 1.6 in [2] and we give two examples.
Finally, in Section 6 we recall the definition of the deformed Weyl algebra, of the
* metric and the corresponding completion. We prove a global version of a result
of [3], that for each generic coadjoint orbit, the coordinates p,, ¢, are in fact
quantizable functions and belong to the completion of an algebra of polynomial
functions.

1. The fine stratification

Let G be a connected, simply connected exponential solvable Lie group with Lie
algebra g. Let {X;, Xo,..., X, } be a basis for g and set

g; =span { X1, Xo,..., X;},1 <7 <n.

We choose the basis (X7, Xa,...,X,,) so that it satisfies

(i) for some p, 1 < p <n, g, is the nilradical of g, and

(ii) if g; is not an ideal, then g; . ; and g, ; are ideals, 1 <j <n.
Let

I={j: g;isanideal }, I'={j: jel and j—1€lI} and I"=T\I".

Denote the complexification of g by g¢, and regard g C g¢ as a real subalgebra,
extending elements of g* to g¢ in the natural way. Define elements Z; (1 < j <
n) of gc as follows: fix j in {1,...,n},if j € I' set Z; = X;, and if j € I”,
set Zj_1 = Xj_1 -+ ZXJ and Zj = Xj—l — ’l)(J We say that (Xl,XQ, ce ,Xn)
is a “good basis” for g if it satisfies conditions (i) and (ii), together with the
condition
(iii) the set {Z1,Zs,...,Z,} as defined above is a Jordan-Hélder basis for g .
Note that a good basis exists [6]. We refer to {Z1,Zs,...,Z,} as the Jordan-
Holder basis corresponding to the good basis { X7, Xo,..., X, } of g. Let s = g¢
and

s; =span{Zy,Zs,..., Z;}, 1<j<m;

then s; is an ideal in g¢ and s; = 5; if and only if j is in I’.

With a good basis for g in place, we set some more notation. Denote by
(X{,...,X}) the dual basis of g*. For ¢ in g*, X in g and x in G, let us put
[X, 0] = ad* X (¢) and z.¢ = Ad*zl. For each ¢ € g*, and for any subset b of s,
let

h'={X es (([X,Y])=0forallY b}

and
e, = {J: 55 7 5§71}~
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It is easily seen that e, is the set {j: Z; € s;_1 +s°}. Let
E={ep Leg}.

The set £ has a natural total ordering: let e = {e; < -+ < egq} and
e ={e] <---<ey,}, wesay that e < € if:

d>d
or
d=d" and e, < e, where r = min{s: e, # €.}.

For each e € &, let ¢ be the set {¢ € g*: e, =e}. Each Q, is a G-invariant
algebraic set, the collection {Qe} constitutes a partition of g*, and for each e,

the set U Qe is a Zariski-open subset of g*. As it is shown in [12], there are
e’'<e
semi-invariant polynomials Qe, € € £, such that:

Qe={leg" Qu)=0, if € <e and Qc(¢) # 0}.

Following [12], the partition {€Qe} is referred to herein as the “coarse
stratification”. As the name suggests, this partition is too coarse for some
purposes, even in the case where g is nilpotent, and various procedures have
been given for its refinement. In [12], where g is nilpotent, a refinement (the
“fine stratification”) is the first step in an explicit but rather complex procedure
for construction of “quantizable” canonical coordinates for coadjoint orbits ([12],
Theorem 5.1.1). (The definition of quantizable function will be given in Section
6). On the other hand in [1], a simple procedure for constructing quantizable
canonical coordinates for coadjoint orbits over a Zariski-open subset is given,
again in the nilpotent case. The procedure of [1] is then found to generalize
to the exponential solvable case [2] but in a somewhat less explicit form. At
about the same time a two-step refinement of the coarse layering was shown in
the exponential case to yield an algorithm for the simultaneous parametrization
of coadjoint orbits and the orbit space within each layer [9], [10]. We refer
to this doubly-refined partition as the “ultra-fine layering”. It is our aim to
reconcile these procedures in the case where g is completely solvable, producing
an algorithm for explicit construction of quantizable canonical coordinates on
coadjoint orbits across entire ultra-fine layers.

In the remainder of this section we examine the first step of layer refine-
ment as defined in [9] and [10], and the relationship between fine layers in g*
and g;_; is made explicit. It is then shown that in the case where g is com-
pletely solvable, this first step of refinement yields the same partition as the “fine
stratification” of [12].

Fix a non-empty e in £. Let 2d be the number of elements in e.
We consider the set Jo of all pairs (i,j) where i = {iy,io,...,i4} and j =
{j1,72,---,ja} are index sequences whose values taken together constitute the
index set e, and which satisfy the conditions i, < j, and i, < i,41 (1 <7 <d).
To each ¢ € e, we associate subalgebras h,.(¢) of s, r = 0,1,...,d, and a
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sequence pair (i(€),j(¢)) by the following inductive scheme: set h,(¢) = s, and
for r=1,2,....d, let

ir(0) =min{j: s;Nh,_1(0) b, (O Nh,_,(0)},
¢

br(g) = br—l(g) N (sir M br—1(£)> )

Jr(0) = min{j: s 0 h,_1(£) £ b,(0)}.
The sequence (i(¢),j(¢)) belongs to Je, ,.(¢), (0 < r < d) is a subalgebra of s of
codimension r, and h,(¥) is totally isotropic with respect to the skewsymmetric
bilinear form on s defined by /.

Put Fe = {(i(¢),j(£)): £ € Qe} and H = {(e,i,j): e € &, (i,j) € Fe}-

Then H has a total ordering:
let (e,i,j) and (€,i’,j’) be two elements in H, we say (e,i,j) < (€/,i,j) if:

e<ée
or
e =¢€ and j, < j/, where r = min{s: js # j.}.

From now on, we shall represent (e,i,j) by (e,j). Set
Nej={0 Qe jl¥) =]}

For any subset h of e (e € £, e A Q), let My(¢) be the corresponding

skew-symmetric submatrix of Me(¢):
Mn(€) = ({4, [Z;,, Z;.1)) s j.en-

We denote the Pfaffian of My (¢) by Py ().

Now fix (i,j) in Fe,

i:{zl <i2 <L ve <id}a j: {j17j27"'7jd}'

For each r, 1 <r <d, let h, = {i1,i2,...,%r, j1,J2,---,7r}, s€t

d
Pejr(0) = Po,(f) and Pej(t) =[] Pejr(0).

r=1
Set also
Qejr={0€Qe: j1(0) =i, 1 <t <7}, (1<r<d) and Qejo=e.
We know that (see [7])
Qej={l€Qe: Poy(t)=0 forall (ej')<(ej) and PFe;(¢)#0}.

To begin with, our aim is to determine the relationship between the
layers in g* and those of g ;. Denote g, ; by g°, and g% by s and consider
the restriction map = : g* — g%, £ — (° = 7() = {|go. Since n is in I’,
the preceding construction for g%, using (Xi,...,X,_1) gives the same basis
(Z1,...,Zn—1) thus the same ideals s; for j < n. We define € to be the set of
jump indices for ¢9:

el — {j: 1<j<n-1 and Zj §Z5j71 + (30)60}
and we put (i%,j%) = (i°(¢°),j°(¢°)).



526 ARNAL, BEN AMMAR, CURREY AND DALI

Lemma 1.1. €° is a subset of e.

Proof. Put:
e ={r 1<r<j and Z, &s,_1 +5§j},
e’ is the set of jump indices for /. We clearly have
e={j: 1<j<n and Z; €s;4 +5£ﬂsj}.
Now s’ Ns; C 5%, thus
Z, € 85p_1 + 5" Ns; = Z, € 65— 1+5 ,

and therefore 4
Ly & 5.1 +5§J = 7, &€ 5.1 +5° Nsj.

This implies that e’ is a subset of e. More precisely we have

-1

O=elce’c---ce"t=elCce’ =e,

and ‘ ' . '
/| =&’ or |&f| =&’ +2,

where |e| is the cardinal of the set e. ]
Lemma 1.2. Put
b.(0) =5.(0)Ns", r=0,...,d
If n is a jump indez, then there is an unique k in {1,...,d} such that
Ek(@ = 6k—1(£)-

Proof. Thus
n ] n—1 _
¢ 0 I ¢ 0
d s 1 ns® =D s 4+ | Ns’.
j=1 j=1
But n is a jump index, thus X,, is not in s¢ +s° and s* C s°. Then

n—1
Z;
=) 57 =09 ().
j=1

Indeed, since:
b'r(e) = Ker <Z:L|hr(g)) 9

b, (¢) (r=0,...,d) is a subalgebra of b,.(¢) of codimension 0 or 1. On the other
hand,

(6) 2 01(6) D -+~ D hy(l) = ha_1 (£°),

= (¢
dim s°=n—1 and d im 6 (¢) = n — d. We conclude that there is an unique &
in {1,...,d} such that b,(¢) = b, ,(¢), this proves our lemma. n
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Remark 1.1. As a consequence of Lemma 1.2., we have

Bo(£) # bo(£), -, D1 (£) # br_1(6),
and 3 3 3 3
Dr—1(0) = b () = 0x(); b1 (O) = Brgr (0, 0a(f) = ba(0).
Let us choose Y1,Ys,...,Yy in s such that Y; isin h,_1(£) \h;(¢). Then
(Y1,Ys,...,Y,) is a basis of s mod §,.(¢) (r=1,2,...,d), and
br(g) = Span{YT‘-l—l? s 7Yd} ©® bd(€)7 r=20,1,... 7d - L

For r > k, by a dimension argument, we have b,.(¢) = h,.(f) C s°,
thus Yiy1,...,Yy are in s°. Since b, (¢) = h,_,(£) then Y; does not belong to
s¥. By adding, if necessary, a multiple of Y3, to Y,_1,...,Y], we suppose that
Yi_1,...,Y; are also in s°. Now we have:

Y}Eso, for j#k and Y} & s°

and

h,(0) =h,(0) ®CYy, for r<k and h.(0)=h,.(¢), for r>k.

Now the relationship between the jump indices of ¢ in g* and those of
?° in g% is given by the following:

Proposition 1.3. 1. If n does not belong to e, then for any r, 1 <r <d,
in(0) = i)(€9), B,.(0) =02(£) and i (£) = 5 (£°).

2. If n belongs to e, then n = ji € j where k is defined in Lemma 1.2. and for
1<r<k,

ip(€0) = ir(0), B(L°) =D,(¢) and () = j.(0),
while for k <r <d,

1 () = in(0), 521 (€0) =0,.(0) and G2, (£) = jr(0).

Proof. 1. In this case, e = €, ' = (s9)* @& CZ, with Z € s\ 5. We
consider:
5 =bo(€) Db (€) D+ Dhy(l)
and
"= ho(£%) DB (%) D - D ().

But h,(¢) being the Vergne polarization of ¢ relative to the basis {Z;}, hy(¢) =
b5(¢°) ® CZ and thus

b,(0) =6°(4°), forall r=1,...,d.
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Consider now
ir(0) = min{j: s;Nbh,_1(0) Z b1 () Nh,_1 ()}
But for j <n, 5;Nh,_1(£) =s; Nh,_,(¢) and thus
ir(6) = min{j: 85 NB_y () ¢ 601 ()" MBIy ()} = ().
Finally, for the j,.(¢), since j,(¢) < n,

jr(£) = min{j: s; N b, (£) £ h,(0)}
:min{j: 5jﬂf~],~_1(€) 'r( )}
= min{j: s; N by _1(£%) Z B2(£0)} = i (€°).

b
b (¢

2. For the second assertion, we claim first that if r # k then j,.(¢) < n. Suppose
Jr(€) = n, then we have

b,_1(6) = Nb,_1(¢) C b, (£), dimb,_(¢) < dimb,(¢).
But 3 3

dim br—l(é) = dim hr—l(g) or dim hr—l(e) = dim br—l(é) -1
and thus .
br—l(g) - br(g)v

which is not the case. That means that the jump index n is in fact ji(¢). Now
to complete the proof of 2, we have to consider two cases, case 1: 1 <r < k and
case 2: k< r <d.

Case 1: Let us prove by induction that
ir(6) =i (€%), jr(0) =j.(°) and B,(¢) = b (£°).
For » =1, we have

i(f) =min{j, s ¢ s} bi(0) =5,

ji(t) = min{j, s; 2 b,(0)}.
Since Z;, does not belong to h,(¢), then ji(¢) # n, indeed, if j;(¢) would be n,
then £ = 1, which is impossible in case 1. On the other hand, s’ is a subspace
of (s%)¢ with codimension 1, thus i;(¢) < 9(¢°). But if i1 (¢) < i)(¢°), then Z;,
is in (s°) and (s°)*" = s’ ® CZ;, and so for all X € s°,

<£7 [X75i1]> = <€0> [X75i1]> =0,

since 8;, C $;0 C (50)£0. This implies that s° C by (¢), but they have same
dimension, thus s = b, (¢) and so j;(¢) = n which is not the case. We thus have

i1 () =49 (¢%).
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Now we get:

h(0) ={X €s”: (£,[X,5,]) =0} = {X €5+ (°,[X,s50]) = 0} = 03(¢°),
J1(6) = min{j : s; ¢ b, ()}

Since j1(£) < n, thus for j <n, s; C hy(£) if and only if s5; C hJ(¢°), therefore,
j1(0) = min{ji s; ¢ BY(E)} = 77(E7).

The conclusion holds for » = 1.
Suppose now that, for some r = 2,...,k — 1, i,_1(f) = % ,(¢Y),

T

fN)r_l(ﬁ) = p%_ (%) and j,_1(¢) = j° ,(¢°) and prove the result for r. We

have
ir(€) = mln{ji 5;00,_1(0) € b,_1(0)" Nh,_ (0},
b,(€) = b,_1(£) N (55, N h,_1(0))",
Jr(l) = mln{J 5; N b1 () € b,.(0)}.

Consider first i,.(¢), for all j < i,.(¢), we have

5j N br—l(g) - br—l(g)e N br—l(g)

so that

5j N 67“71(6) C h”r‘fl(g)E N hrfl(g)
that is to say:
55 MY, (%) C b0 () ), (¢°).

Thus i,.(¢£) < i2(¢°). Now since Y, belongs to b,_;(¢) \ b,.(£), there exists Z in
s; Nbh,_,(¢) such that (¢,[Y,, Z]) # 0. But we have

5, N ['Jr_l(g) =55, N 6r—1(€)7

thus Z is in s; N H2_,(£9), so Z does not belong to h_,(£°)* and we have
i9(£°) < i,.(¢), we conclude then i9(¢°) = i,(f). As for b,.(¢),

b,.(£) = (si, Nb,_1(0) N B, (0)
=500 (55, 1,1 () NI, (1°)
= (520 MH0_, ()" Ny (£0) = B2().
Finally, because j,(£) < n, then
Jr(€) = min{j : s;00,_1(£)  b,(0)} = min{j : s;00,_,(€°)  h2(€°)} = j(£°).
Case 2: We prove by induction that for r > k,

ir(6) = 371 (%), 5,(0) = 0,(6) =07_1(£°) and ji(€) = j)_; ().
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Let us suppose 7 =k + 1. Since b, (£) = b,_,(£) = b2, (£°),

0 () N B(0) = b (O Nb_1(£) = bL_1 ()" NHA_, (),
but for j < n,
5; N h(0) =s;NhL) =5, N br_1(0) = s; N HY_,(£0),

thus ix41(€) = i(¢°). Let us consider now b, (¢):

B (6) = Bea(0) = (s 400 N0
= (s N-1(6) " 1 (%) = HR(60).

Finally,
Jr+1(£) = min{j: s; N h(€) & by (0}
But jr+1(¢) #n and so

Je+1(£) = min{j: 55 NhL(0) & by (0)}
=min{j: s; Nhy_; (€°) Z bR(°)} = 5 (E°).
Now we suppose that for some r > k, we have:
in(£) =371 (€7), b,.(0) =b,(0) = b7 (£7) and j,(€) = 7, (£°).
Then, for r + 1, we get

ir41(6) = min{j: 55 00,(0) ¢ b,(0)° Nh, ()}

But

5;Nb,.(0) =s5;ND,(6) =5;Nho_ (¢°)

and .
b, (0" N h,.(€) = b1 ()" NbY_,(€°).

Therefore 4,41(¢) =4%(¢°). Consider now b, (¢):
~ ¢
b, 41(6) =1b,1(6) =5,(0) N (si,,, NH,(0))
eO
= b1 (%) N (si0 N1 (€)= by(¢°).
Finally, because j,11(¢) < n, thus

Jre1(€) =min{j: s;N0b,.(€) Z b, 1(0)}
=min{j: s; b () b)) = 52(¢°).

Now let ¢ ; be any layer belonging to the fine stratification, and define
e? and j° exactly as in Proposition 1.3, according as n ¢ e or n € e. We are
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near to the completion of our goal for this section, which is to understand clearly
the relationship between ()¢ ; and the layer ng jo in (g°)*. Recall that they are
defined by means of Pfaffian polynomials:

Qej={lE€Qe: Poy(t)=0 forall (e,j) < (e,j) and Pe;(¢) # 0},

where each polynomial P ;(¢) is the product of the Pfaffians Pej,, 1 <7 <d.
Similarly

Qo j0 = {£° € Qo : P 50(£%) = 0 for all (€°,j°) < (e”,j°) and Pg j0(£°) # 0}.

If n is not a jump index for ¢, then the corresponding Pfaffians Pe j,, and P o0 j
coincide and so we get

Qej =7 (22 50) N Qe.

Suppose then that n is a jump index for ¢. Here the Pfaffians do not coin-
cide but, with the help of Proposition 1.3, we can find a precise relationship
between them. In order to compute F.j,, one considers the space W, =
span{Z;,, Z;,, ..., 2., Z;.}, equipped with the skew-symmetric bilinear form £:

ﬁ(Xa Y) = <€7 [Xa Y]>

The matrix of § is put in the canonical form:

(i 9") 0

0 ) (QTO(E) —Qg(ﬁ))

by using a modified basis {pi—1 (Z;,, ), pt—1(Z;,,£): 1 <t <r} for W,. The
functions p;(-,€) = p:(-) and @y are recursively defined for t = 1,...,d by:

M =

¢ [pi-1(2), pr—1(Z;,)]
(G pe-1(Zi,), pe-1(Z;,)

oea(2)
pe—1(Z), pe—1(Z3,)])
1(Z5,), pe—1(Z3,)])

<<£ [ Pt— 1(ZJt)
Qi(0) = (0, [pt—1(Zi,), pe-1(Z5,)]), 1<t <d.

Then for each 1 < r < d, one has ([10], Lemma 1.5):

Pejr(l) = Pejr-1(0)Qr(f) = Qu(£)Q2(f) - -- Qr(L).

Note that for each ¢, Q; depends only upon the restriction of ¢ to s°, so we
could just as well write Q;(¢"). At the same time, for 5° we build the same

mappings p2(-,¢°) and QY(¢°) getting:

Peo jo 1 (17) = Pev jo n_1 (€)@ (€7) = Q1 (£")Q2(£°) - Q7 (¢°).
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So we must describe the relationship between the functions Q; and @Y, or what
is essentially the same, the relationship between the functions p; and p? on s°.

First of all, it is easy to check that for each t, the function p; has the
property that

(€ [pe(X), YT) = (£ [pe(X), pe (V)]) = (€, [X, pr(Y)])

holds for any X, Y € 5. Next, suppose that n = ji for some 1 < k < d, and
set Y = pp_1(Z;,). Then Y € s, Nh,_,(¢) and for any Z € s°, pp_1(2) €
s° N h,_;(£), therefore by definition of j; and the property above we have

(6, [Y, Z]) = (Y, pr—1(Z)]) = 0.
Thus Y € (5°)°. We use this observation in the following lemma.

Lemma 1.4. Suppose that n is a jump index for £ so that n = j, for some
1 <k <d. Then for each index t, 0 <t <d, one has the following:

(a) if t <k, then p(Z) = p(Z) holds for every Z € s9,

(b) if t > k, then p(Z) = p?_1(Z) mod CY holds for every Z € s°.

Proof. We proceed by induction on t. If ¢ =0, then ¢t < k and po(Z) = Z =
p3(Z) holds for each Z € s°. Suppose then that 0 < t < d and assume that the
lemma is true for t — 1. If t < k, then t — 1 < k also, and so by our assumption
and Proposition 1.3, we have

(0, [pt—1(2), pr—1(Z;,)])
6 s (Ze), e 23y )
(0, [pt-1(2), pt-1(Zi,)]) s
<€7 [pt—l(th)vpt—l(Zit)D -
<€0a [P?A(Z)a qu(zj?)])

pi(Z) = p-1(Z)

(Z;,)

=) T T G ) )
@A)
(0,100 (Zyg) s (Zg)
=} (Z)

Next suppose that ¢ = k. Then by the observation preceding the lemma we have

(€ [pt-1(2), pe-1(Z,)]) = 0,

and by our assumption the statement (a) holds for ¢ — 1. Hence

(& [pe-1(2), pr-1(Z;,)]) s
(0, [pe—1(Zi,), =1 (Z3,))

Finally, suppose that ¢ > k. Then our assumption entails that the statement (b)
holds for ¢ — 1. Combining this with our observation, we have that

(€ [pe-1(Z), pe—1(W)]) = (£°, [p4_5(Z), pi—_o(W))])

pe(2) = p}_1(Z) — (Zi,) = pi-1(Z) modCY.



ARNAL, BEN AMMAR, CURREY AND DALI 533

holds for any Z, W € s°. Now apply Proposition 1.3 to see that for any Z € s°,

(D) (Z))
oo (T pra (2, ) 1B
(€. oo (Z), por(Z2))
T U o (Z) i (o))
0 o2, Zy )
= 02D = O T Zy ) e Zy D
@) Az )
<£O [Pt Q(Z )Pt 2(20 )Dpt—2

=p? (Z) mod CY.

pt(Z) :Pt—l(Z) <<€’[

Pt—1 (Z]t)

(Zio_ )

(Z]?—l) mod CY

This completes the proof. [ ]
Now, it follows from Lemma 1.4 that for 1 <t < k, QY(4°) = Q4(¢°),
while for k <t <d, QY(¢°) = Q;1+1(£°). Hence for each 1 < r < k, we have

e

P 0 _]O 7’(60) = Pe,j,r(£)7

while for k <r <d,
PeO NER r( )Qk( ) ’J T+1<£)

Thus the formula
Pej(£) = Peo jo (£2)Qr (€)1~ FH1

holds. We sum up the preceding discussion as follows.

Theorem 1.5. Lete={iy <---<ig, j1,..-,Ja} €E:
1- if n is not in e, then:

Qej =7 " (Qo j0) N Qe
2- If n isin e, so that n = jx for some 1 < k < d, then:
(e j) = ngd-o N{° e g”: Qu(¢®) #0}

where Qi (£°) = (€°, [px—1(Zi,), pr-1(Z;,)]) and

2. Construction of canonical coordinates and the fine stratification

We begin with an excerpt from the proof of Théoreme 1.6 in [2]. Let g be an
exponential solvable Lie algebra (over R). Let g be a codimension one ideal in
g, and let 7 : g* — g% be the restriction map. For ¢ € g*, denote by O, the
G-orbit of ¢, by O, the G®-orbit of ¢* = m(¢) and by g(¢) the Lie algebra of
the stabilizer G(¢) of ¢.
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Lemma 2.1. Let Q be a G-invariant Borel subset of g* such that g(f) C g°
holds for all £ € Q. Choose X € g\ g° and choose a Borel cross-section ¥ C Q
for the G -orbits in ), with o : Q0 — X the G -invariant Borel cross-section map.
Then there is a unique (Borel) function q:Q — R such that

m(expq(£)X?l) € (92(6)0

holds for each £ € 2.
Proof. For each ¢ € (), there exists g in G such that:

{=go(l).

But g can be written in an unique way as g = exp(—¢X)g" with ¢ in G° and
q in R. Thus:

m(exp(gX)l) = m(g°0(¢)) = ¢g°0(£)° (92(5)0.
Now, if ¢ and ¢’ satisfy this relation, then there are ¢° and ¢’° in G° such that:
exp(¢X ) = g% (0)°,  exp(q'X)E° = g0 (0)°.
Then: )
exp(—¢'X)g"¢" " exp(¢X) € G(£).
But, in our case, g(¢) is of codimension 1 in g%(¢%) = g(¢°), thus G(¢°) c G°
and the above relation can be written as:

exp(q — ¢)Xg" € G({°) c G°,

which implies ¢’ = q.
Now ¢ is a well defined function on €2, it is proved in [2] that ¢ is a
Borel function. We shall not use this fact here. [ ]

Note that the definition of ¢ depends upon the choice of the cross-section
¥ with cross-section map o, as well as the choice of X € g\ g*.

From now on, we assume that g is completely solvable. We choose the
basis {Z;} real, so that g, is an ideal for all j. Let 7 : g* — g; be the
restriction map and for £ € g*, denote 7/ (£) by #. We recall the definition of
the partition {g{,; } of g* defined in [2]. For each £ € g*, and 1 < j < n, set

dj(g) = %dlm ngj,

and set (d(f)) = (d1(£),d2(¢),...,d,(¢)). For each non-decreasing n-tuple (d)

of non-negative integers set

Qay ={feg™: (d(0) = (d)}.

The non-empty €24y constitute the “dimension-based” partition of g* ; we shall
call this partition the d-partition. Note that 7/ (Qq)) = Q4 d,,....¢;,) C 95 holds
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for each j. There is a natural ordering on the layers €)4), given by reversing the
lexicographic ordering on the n-tuples (di,...,d,) ( (dy,...,d,) < (d},...,d)
if dj > d; where j is the smallest index i for which d; # d}). On the other
hand, if M.(¢) = ((¢,[Z;, Z;])) then 2d; is the rank of M;(¢) thus for any

(d),

1<i,j<t’

U 2w

(d)<(d)

is Zariski-open in g*.
Now fix €2(4). Because each g; is an ideal, it follows that Q) is G-
invariant and hence coincides with the set gf,;) defined in ([2], Définition 1.4).

The methods of ([2], Théoréme 1.6) show that, for g completely solvable,
there is a global, but non explicit, construction of canonical coordinates for all
orbits in €2(4). We shall give in section 4 an explicit version of this construction
i.e. an explicit choice of canonical coordinates. Before that, we first recall briefly
the methods used in [2]. In order to execute the method of [2], we must assume
that for each 1 < j < n, we have some cross-section ¥’ C 77/(Qy)) for G;-
orbits in 77 ((q)) . Because the cross-sections are not precisely specified in this
assumption, we shall call this method the "non parametric” construction.

Then ([2], Théoreme 1.6) provides a method for construction of a (Borel)
bijection:

’(b : (Q(d)/G) X R2d — Q(d)

with the following properties: for each O € Q4)/G, ¥(O,-) maps R?¢ diffeo-
morphically onto O, and if we write 1)~ *(¢) = (O, p(£), q(¢)), then the canonical
2-form w on O is given by

d
W= Z dpr A dgy. (*)

r=1

Observe that the existence of such a map v is equivalent to the existence of a
map ¢ : Q) — R?? with the property that for each O € Qa)/G, clo provides
canonical coordinates in the sense of (x). With this in mind we describe the
method of [2] inductively. Suppose that

n— n—1 n—1 n—1
(& :(pl 7"'7pdn717q1 7"'7an71)

is given.
Case 1: d, =d,—1.

The restriction map 7w defines a diffeomorphism from each G-orbit O
onto a (,,_1-orbit which preserves their canonical symplectic forms. Thus we

put:
pr=pltom g =q¢ tom, 1<r<d,.

Case 2: d,=d,—1+1.
We keep our usual notations g° = g, ;, ° = 7(£). We have the
cross-section X9 for m(Q4)). We denote by o the corresponding cross-section
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mapping. In this case, for each ¢ € Qqy, g(¢) C g°, the coadjoint orbit O, of ¢
is:
Op = {exp(—¢X,)l' +pX}: q€R, peR, £ € Oo(p0)},

and the hypothesis of Lemma 2.1 is satisfied in the obvious way. Set d = d,, and
set qq(¢) = q(¢), where ¢(¢) is the function obtained by Lemma 2.1. Then we
put pi(¢) = (¢, X,) =4{,,and for 1 <r <d,_q,

pr(0) = p} "t (exp(—q(0) Xn)l), qr(€) = ¢ (exp(—q(€) Xy)L).

Given all the cross sections X7 for 77/(§(4)), the above becomes a con-
struction of ¢: beginning with ¢' defined on 7'(Q(q)) (necessarily as a trivial
map since d; = 0), we then use the above to construct ¢? and then construct ¢?
from ¢?, and so on.

We will show that the methods of [9] and [10] can be combined with
the above construction to get explicit analytic coordinate functions. First we
establish the relationship between the d-partition and the fine layers e j of
Section 1.

Lemma 2.2. Fiz any fine layer Qe j and choose any 1 <t <mn. Set
Ri={1<r<d j, <t}={l <rb<...<rt}
i’ = {ir’i7ir57"'7iré}7

jt = {j’r’i?j’l”é?"'?jTZ}?
e ={i,, j.: re R}

and let Q. 5 be the fine layer in g; corresponding to the data €', i' and j*.
Then 7 (Qej) C Qit,jt )
Proof. Use induction on the dimension of g and Proposition 1.3. ]
In ([12], Section 4.2), N. V. Pedersen considers the sets
Q(91792 ..... en) = {K € g*t et(ﬂ) = et, 1 S t S n}
where (el,e?,..., e") is a fixed n-tuple of jump indices. The non-empty such sets

constitute what he calls the “fine stratification” of g*. With this stratification,
he gives, where g is nilpotent a method to construct canonical coordinates
for the orbits of {(e1 e2, . eny. This method is different of the non-parametric
construction of [2]. We shall see below that this stratification coincides with the
fine stratification defined by the {{e;}.

Lemma 2.3. Let {,{' € g* such that for each 1 <t <mn, e'({) =e'(¢'). Then
J(0) =i).

Proof.  Suppose that j(¢) # j(¢'). We claim that i(¢) # i(¢'). Let ro =
min{l < r < d:j,.(0) # j.(¢')}, say that j,.,(¢) < 7., (¢'). Set m = j,,(¢), and
set

R™"0)={1<r<dj.(6) <m}, R*"({)={1<r<d:j.({) <m}.
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Observe that, by virtue of our assumptions above, ro ¢ R™(¢'). Also, by
repeated application of Proposition 1.3, we find that €™ (¢) = {i,({),j-(€): r €
R™(¢)}, and similarly for ¢'. Now since e"(f) = e™(¢'), then m € e™({') so
that m = j,,(¢'), for some sg. By definition of 79 we have sg > ro. Now set
i =iy, ({); since €™ () = e™({'), i belongs to €™ (¢'), so i € {i,(¢'),j.(¢')} for
some u € R™(¢'). If i =i, (¢), then our claim is evident. On the other hand
if i = j,(¢'), then definition of ry implies u > rg, hence i,,(¢') < i, (¢) < i, so
again our claim follows.

Having established that i(¢) # i(¢'), set
ko = min{l < k < d:ip(f) # ix(¢)},

and let us assume that iy, (¢) < ig,(¢'). Set m = ix,(¢), and note that ko ¢
R™({) since ji,(€) > ik, (¢) = m. Again, €™ (¢) = €™ (¢') and now m ¢ e™({),
hence m ¢ €™ (¢'). But m € e(¢’), so m = i, (¢'). Definition of ky implies that
u > ko hence iy, (€) = i, (¢') > ik, (¢'), contradicting our assumption above. This
completes the proof. [ ]

Proposition 2.4. Let g be a completely solvable Lie algebra with a fixed
Jordan-Holder sequence {g;}, let Qe be a fine layer, and for each 1 <t <n,
let €' be defined as in Lemma 2.2 and d; = %|et|. Then

Qe,.i = Q(el,ez,...,e") C Q(d) N Q..

Proof. Let £ € Qcj;; by Lemma 2.2, £' € Qf, ;1,50 e'(£') =e", 1 <t <n—1,
hence £ € Q(e1 e2,... en)- On the other hand, if € E Qe e2,... en), then Lemma 2. 3
shows that ¢ € Qed, and for each 1 <t < n, dy(*) = L|e* | u

Remark 2.1. The dimension sequence (dy,ds,...,d,) can be obtained directly
from the data of (e ; as follows. Let r = r(j) be the increasing sequence whose
values are those of j (that is, r is the rearrangement of j into increasing order).

Define (d) = (dy < dy <---<d,) by:

di =0, 1<t<nry, di =1, r <t<rsy,
di =d, rq9<t<n.

3. The Vergne construction

In [17], M. Vergne constructs canonical coordinates for generic coadjoint orbits
in the dual of a nilpotent Lie algebra. In this section, we shall compare this
construction with the fine stratification and the non-parametric construction.

We assume that g is a nilpotent Lie algebra over R. As usual we assume
that we have chosen a Jordan-Hélder sequence {g;} of ideals in g. Let Qo be
the minimal coarse Zariski-open. Let Te = {¢ € g*: ((Z;) =0, Vj € e}. As it
is well-known, the set

Qe NTe
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is a cross-section for coadjoint orbits in €2e, and the projection onto the cross-
section is given by rational functions \;, i ¢ e, which are regular on 2. Finally,
each \; is of the form

and all G-invariant rational functions are rational combinations of the \;, i ¢
e. The same comments hold for the coarse partition of g;j, 1 <t < n —1

corresponding to the sequence {g;: j=1,...,t}, and we let

M,oidel
denote the corresponding rational functions. In [1] and [17], a construction of an
invariant Zariski-open set Q' and rational functions p1,p2,...,Pd, ¢1,42,---,qd
on ' is given so that for each coadjoint orbit O in ', pi|o,p2|o,...,pdo,
q1lo, 2|0, - -, q4|o are canonical coordinates for O.

We now show that this procedure can be carried out so that €’ coincides
with the Zariski-open fine layer

Qe,j C Qe N Q(d)o,

((do) being defined from e, j as in the above remark) and so that the functions

P1,P2s -5 Pds 1592, ---,qq are precisely those obtained by the non parametric

construction, restricted to (e j, and with the cross-sections indicated above.
Assume that, for g° =g, ;, we have

QY= et on1)

eOij -

and that
p(1)7p37' .. 7p207 Q?7Q3a = 7q20

are defined on Q° as indicated. Put = = 7"~1.

Case 1: there is a G-invariant polynomial function of the form z(¢) = a(¢)¢,, +
B(¢) where () is also G-invariant.

Let Q' = 7Y% Nn{l g a(l)# 0}. Then it is easily seen that
a(f) ¢ g° holds for all £ € €', and hence e"(£) = e !(¢) holds for all £ € O,
hence ' C Qg1 e2,.. en—1,en). This case coincides with the first case of the non-
parametric construction. For each orbit O in €, the projection 7 restricted
to O is injective, and the functions p,, g, are obtained by composing p?, ¢°
with 7.

Now we choose the function z(¢) to be

2(0) = P25 a(0)An(0)
so that a(f) = Pej ()Y, where N is chosen large enough that z is polynomial.
Then
Q = 7T_1<Q(e1,e2,...,e"—1)) N {é S g*: Pe’j,d(E) 75 0} = Qe,j-

Case 2: case 1 does not hold.
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Here there is a G,,_1-invariant polynomial function y on g°* which is
not G-invariant, and which has the property that

(e (Za)(0) = &

= y(exp(—tZ,)0)

t=0

is a non-zero (G-invariant polynomial function, say z. It is easily seen that if
2(£) # 0, then g(¢) C g°. One sets

a(0) = % o(0) = m(exp(a(0) Z,)0),

and
O = H Q) N {leg 2(0)#0).

By virtue of our assumption that /% = Qete2,....en-1y, We have 7({) € Q0 if
and only if ¢(f) € Q°, 50 @' =71 Q)N {l g 2(0)#0}.

Now since y is a rational combination of the G,_; invariants )\?_1,
j ¢ e" ! there is j such that [Zn,)\;?_l] # 0. Let i be the smallest such j.
Then [Z,,\!" '] is G,,_; invariant and depends only upon 7*~1(¢), it must be
a rational combination of the )\}I_l, j < i. By minimality of i, [Z,,\! '] = z
must be G-invariant. The point is that we can take y = )\?_1 , and we make this
natural choice so that

T

IO

Let e = e" ' U {i,n}; we claim that, with this choice of y(¢), z(£), and q(¢)
above, one has ' = Qg1 ¢2,  en-1 eny. Write il ={i] <ip < <ig, .}
and set k —1 = max{r: i, < i}. Then for any £ € 771 (Qer 02, en-1)), We
have e(f) = e" ! U {i,n} if and only if (¢, [pr_1(Zn,¥), Zi]) # 0. Recall that
pk—1(Zn, L) is of the form Z, + W (¢) where W ({) belongs to g,,_;, and that
pr—1(Zn,€) belongs to gt ;. Write

y(l) = b+ f(lr, Lo, ... Lim1) = Zi(£) + f(0).
Now since y is g,,_;-invariant, then [W({),y] = 0 holds for each ¢ belonging
to W_l(Q(el,eZ’”.’en—l)). On the other hand, since pj_1(Z,,f) € gt , we have
[Pk—1(Zn, L), f](¢) = 0 also. Hence
2() = [Zn, yl(€) = [pr—1(Zn, ), y](£) = [pr—1(Zn, ), Zi] (£).

Thus z(¢) # 0 if and only if (¢, [pr—1(Zn,¥), Z;]) # 0. Our claim follows.
We sum up the preceding as follows:

2(0) = [Zn, A7T)(0)  and - g(0)

Proposition 3.1. Let g be a nilpotent Lie algebra over R, let {gj 1 <
j < n} be a Jordan Hoélder sequence of ideals in g, and let Qg1 o2, en—1 en)
be the Zariski-open fine layer in g*. Then there is a determination of the
construction in ([17], Section 4, proof of Théoréme) whereby the Zariski-open
set obtained precisely coincides with the fine layer Qe1 o2, en-1en), and such
that the functions p1,p2,.--,Pd, 41,92, ---,qq obtained are precisely those of the

non-parametric construction. [
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4. Explicit canonical coordinates

We return to the setup of Section 2 now: g is completely solvable over R, with
the basis {Z;} chosen so that g, is an ideal for all j. For each j, 1 <j <n, let
~v; be the real-valued homomorphism on g defined by

(X, Z7] = v;(X)Z; mod span{Z},4,...,Z,},

and let p; be the corresponding positive character of G: p;(exp X) = exp;(X).

Our goal is to combine the methods of [2] with the explicit constructions
of [10] (see also [8] and [9]) in order to obtain explicit formulas for globally-
defined orbital canonical coordinates. We have seen that in the nilpotent case,
the fine layering is sufficient for this purpose, but, as it is shown in [10], the
completely solvable case requires a stratification that is further refined. We shall
now describe this so-called ”ultra-fine” stratification.

Let (e ; be a fine layer, with d the dimension of the orbits contained in
Qe ;. For each 1 <r < d, we have the mapping

Pri65X8ej—8

as defined in Section 1, where, for each ¢ € Qe;, the functions p,(-,¢) are
used to compute Pfaffians corresponding to the alternating form (,. Define, for

1<r<d,

Vi, (pr=1(Z;,, 1))
<€7 [Zim pT—l(ije)]) .
Then b;, is a real semi-invariant rational function on 2 with multiplier u; L
and the function 0; (¢) = ¢; —b; (¢)~! depends only upon ¢1, /s, ..., ¢; —1 ([10],
Lemma 4.1). For £ € Qe ;, set ¢(¢) = {i € i:b;(¢) # 0} and for each subset ¢
of i, set

bi, (£) =

Qe,j,tp = {[ & Qe,j : (p(ﬁ) = QO}.

The non-empty layers ()¢ ;. constitute a G-invariant partition of g* that we
call the ultra-fine stratification corresponding to the basis {Z;} chosen.

Now fix an ultra-fine layer Q = Q¢ . We employ the results of [10],
as described in, and with the notation of [8], with simplifications appropriate for
the completely solvable case. Write e = {e; < ea < --- < ea4}, Then functions
rp: 2 — g,1 < b < 2d, are defined so that for each ¢ € 2,

t — exp(t171(£)) exp(tara(l)) - - - exp(tograq(f))? ()

defines an analytic diffeomorphism of R?¢ with the coadjoint orbit of £. If e is
a value of the sequence i, say e, = i,, then r,(¢) € g has the form

p"“*l(ZjTJ g)

rp(€) = 0,1 Zi,, pr-1(Z;.,0)]) .
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If e, = j,, the formula for r, is the same but with the letters “i” and “j”
reversed. A substitution procedure (described in the proof of Lemma 4.1 below)
transforms (%) into a G-invariant map P* : Q — Q whose image ¥ is a cross-
section for the coadjoint orbits in 2. Write P*(£) = >, P;(¢)Z; . Then for each
1 < j <n, explicit, real-valued functions p;(¢) and y;(¢) are constructed on (2,

so that
i (05 + y3 (€), jge
Pi(l) =14 0, jEejdp
sign(b; (£)) +y;(0), Jj€eg
It is shown ([8], Corollary 1.3.14) that for each ¢ € Q, p;(¢) and y,(¢) depend
only upon f1,0s,...,4;_1. Let V = span{Z; : j ¢ e or j € ¢}. The orbital
cross-section ¥ = P*(Q)) C Q is precisely the set

S={lecQnV ) =1, ificp)

If © is not the minimal layer in the ultra-fine stratification, then it is not an open
subset of g*, and may not even be a submanifold. With the following lemma,
we extend the construction of P* to an open set containing 2.

Lemma 4.1. Associated to the index data e,j,p, there is an explicit, dense
open subset U of s* = (g*)c, and an explicit analytic function o : U — s* whose
restriction to €0 is P*.

Proof. For each ¢ € s* let po(Z,0) = Z, set
U = {E SE <€7 [ZiNZjl]) 7é 0}

and m; = span {Z;,,Z;,}. For each ¢ € Uy, we have my Nm{ = (0), and
we let p1(Z,£) be the projection of Z into m{ parallel to m;. Set Us = {f €
U (4 [Ziy; p1(Z)y, 0)]) # 0} and ma({) = mui+ span {p1(Zi,, 1), p1(Zj,,0)}
For each ¢ € Uy, let pa(Z,f) be the projection of Z into my(¢)* parallel to
my(¢). Continuing in this way, we obtain a Zariski open set U; of s* and for
0 <r < d-1, arational projection function p, : s xU; — s. (We abuse notation
slightly here, as the restriction of p,. to s x  is also called p, above.) For each
1 =1, €1iand ¢ € Uy, we set

_ vler—1(Z,.0)
) = e (2 O]

For each i € ¢, b;({) is a rational function that is non-singular, hence analytic,
on U,g. Set
U={lelUy;: Re(bj(£)) #0,i € ¢}

It is clear that € C U. The first step in the construction of o is to extend
certain functions that are used in the construction of P* to the set U. (We
have already done this for the functions b;.) For each 1 < b < 2d, we define
ry(€), £ € U by exactly the same formula as above; it is clear from this formula
that ¢ — r,(¢) is analytic at each point of U. Also for each i =i, € i we have
that 0;(¢) = ¢; — b;(¢)~! is analytic on U.
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Now fix j,1 < j < n, and let a be the smallest subindex b such that
ep > j (if 7 > eaq set a =2d+1). For each multi-index ¢ € {0,1,2,...}¢7! set

u3(q,0) = (€;pj—1(ad(ra—1 (€)™ - ad(ra(€)) 2 ad(r1(0)" (Z;)))

where p;_1 : 5§ — 5;_1 is projection parallel to span{Z,,..., Z,}. It is clear that
for each multi-index ¢, u3(g,¢) is analytic at each ¢ in U. For each t € RO,
set

q
peo= Y Tl
q#(0,0,...,0) *
To prove convergence of this series, we let s and s* have the Euclidean metrics
obtain by their identifications with C" via their respective bases {Z;} and {Z}.
Let B be any compact subset of &/. For each 1 < b < a— 1, we have M, > 0
such that ||ad ry(¢)|| < M holds for all £ € B. Thus

Ipi—1 ((ad(ra— (€)%= -+ ad(ra(€) = ad(ry (0™ (Z;) ) | < M{* Mg - - M=

holds for all £ € B. Now let N > 0 such that ||¢| < N holds in Bj; then for
each multi-index ¢ and £ € B we have |u$(q,0)| < N M{* M3 --- M;*}'. Now

for all t € C* ! and ¢ € B we have

td o td q1 g2 da—1
Z |auj(q,€)|§N |_,|M1 My® - My™
q#(0,...,0) q#(0,...,0) *

= N( eltilMugltz|Ma | plta—1|Ma—1 _ 1).

Hence the power series for y7(t,£) converges absolutely on each set c* ! x B.
In particular, y(t, /) is analytic at each point of ctxU.
Finally, set

pj(t, £) = exp (i ty v (%(@)) :

b=1

It is clear that p;(¢,¢) is also analytic at each point of C* ! xU (and that it is
defined by a convergent power series of a similar form as y3 (¢, ¢) ). This completes
the first step of the construction. We pause to remark that the restrictions of
the functions above to © have a number of special properties ( see [8], [10]) that
do not necessarily continue to hold for the extended functions.

The second step is to define a function @; : C** x U — s* whose
restriction to R* x Q parametrizes each orbit: Oy = {Q(t,¢) : t € R**}. Write
Q(t,0) =321, Q;(t,0)Z;, and fix 1 <j < n. Then Q; is defined as follows. If
j ¢ e set

Qj (t7 E) = Ky (tv E)Ej + y;) (ta E)'

If j € e, then set

Qj (t,ﬁ) = My (t7£) (EJ + ta) + y;(t7£)7
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if j ¢ ¢ while if j € ¢ set
Q;(t, ) = (. €) (b, (0) 7" + 0,(0)) + w5 (¢, 0).

It is clear from the preceding that for each j, @Q); is analytic on C** x U. Now

consider the restriction of Q; to R*? x Q. An examination of ([8], the proof of
Lemma 1.3.12, and Proposition 1.3.13), shows that for each ¢ € Q,

Q(t,0) = exp(t1r1(€)) exp(tara(¥)) - - - exp(tagraa(f)),

and () parametrizes each orbit as claimed.

The next step is to define substitution functions ®,(¢),1 < a < 2d.
For each € € {—1,1}¥, set U, = {¢ € U : sign(Re(b;({))) = €i,i € ¢} so that
U = U U, . Choose a branch of the logarithm on C that is analytic on Re(z) > 0.
For a =1,if j = e; ¢ ¢, then set ®1(¢) = —¢;, while if j = e, € ¢, then for
0 €U, set ®1(€) = (vj(r1(€)) " log(e;b;(£)). It is clear that these functions are
analytic at each point of U. Assume that for 1 < b < a — 1, () is defined
and anaytic on U. Set y;(¢) = y;(®(¢),£). Then y7, being the composition of
the analytic functions £ — (®1(£), ®2(f), ..., Pe—1(£),£) and y;(t,£), is analytic
on U. Similarly we set p;(€) = p;(®1(¢), ®2(¢),...,Pe—1(¢),£) and we see that
p; is analytic on U. Now if j =e, ¢ ¢, set

o () = —y; (Opg ()1 = 4

while if j = e, € ¢, then

() = 7;(ra(0) " log (15 (£)""e;b; (6)) -

In light of the preceding we have that ®,(¢) is analytic at each point ¢ in U.
We are now in a position to construct the mapping o: set

o;(0) =Q;(®(0), L), Leld.

It is clear from our work thus far in this proof that o is analytic at each point /¢
in U. To see that the restriction of o to €2 is P*, we rely upon the description of
the construction of P* in [10] (or [8] for a description with notation more closely
matching the present notation). By a substitution procedure, explicit functions
D,(21,22,...,24,0),1 < a < 2d are obtained so that Q(t, /) is transformed into
a function P(z1,22,...,224,%):

P(z,0) = Q(@1(2,0), ..., Boa(z,1),1).

The function P* is then defined as P*(¢) = P(z*,{) where 2z} = 0 if e, ¢ ¢
and 2z} =¢€; if j =€, € p, { € Q. For the functions ®,(¢) defined above,
an examination of the functions ®,(z*,¢) from [10] shows that for each ¢ € Q,
b, (2*,0) = D,(¢). Thus for each £ € Q,

P*(0) = P(*,0) = Q(8(2", ), ) = o(0). -
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Remark 4.1. For every 1 < j < n, the complex function o; has the same
form as its real-valued restriction P} to Q: for £ € U,

s (0); + y5 (€), j¢e
a;(0) =1 0, jEe iy
sign(b;(£)) +y;(€), Jj €.

where, in the case j € ¢, y;(¢) = p;(€)0;(€) + y5 (£).

We observe that for each 1 <t < n, this procedure can be carried out
for the Lie algebra g,, with respect to the basis Z;,1 < j < t, yielding the
ultra-fine layers Qgt’jty ot and for each layer, the associated Zariski open set U?,

the cross-section map o?,

parametric construction of [2], we must verify that the projection
ultra-fine layer € into the corresponding layer Q.

Fix t, 1 <t <n—1, and recall the index set R' = {r; <ry <--- <71y, }
from Lemma 2.2, so that, with i defined by ¢ =i, , 5 =j,.., 1 <a <d;, and
e’ the union of the values of i’ and j*, we have 7'(Qej) C QL ;.. We also have
the mappings p!, : g, X Qgt’jt — g,, and in light of Lemma 2.2, we shall describe
the relationship between the maps p, and p%. First we set some additional
notation for convenience. Having fixed ¢ € Qe j, we write p,(Z) = p,(Z,¢) and
pi(Z) = pt(Z, ") (Z € ;). For 1 <r <d put

and the cross-section . In order to apply the non
t maps each

Yr - pr—l(Zir)a Xr - pr—l(er%

and for 1 <a <d;, put

Then for each 1 < r < d one has

r

ZZE[ZXYS . z,

)/197X X87Y]>

s=1

and similarly for p! (7).

Lemma 4.2. Fiz { € Qo; with ' =7'({). For 1 <a<dy, set
Vi =span{Y, : 7 ¢ R',r <r,}.

Then one has the following.

(a) Vi C st

(b) If rq—1 <71 <rg, then for Z € s, p.(Z) = pt._1(Z)mod)t .
(c) For Z € sy, 1 <a<dy,

<€7 [Z7 YraD = <£t7 [Z7 Y;Dv <€7 [Za XraD = <£t7 [Z7 Xé]>7
pro(Z) = po(Z) mod V.



ARNAL, BEN AMMAR, CURREY AND DALI 545

Proof. We proceed by induction on 1 < a < d;; first suppose that a = 1. Let
Z be any element of s;. For each r < r1, we have t < j, so by definition of j,,

s¢Nb,_1(6) C b, (0).
Now p,_1(Z) € 5, N h,_1(£) so we have
(12, Y:]) = (¢, [pr—1(2),Y:]) = 0.

Hence s; C {Y,} so Y, € (s¢)*. We conclude from the preceding that V! C (s;)*.
It follows that for r» < r,,

_ ~ (L1ZX) ., _ |
pT(Z) =7 ; <€’ [YS,XS]>Ys_pO(Z) mod yl'
Now we apply this formula to Z;_ and Zj;, to get
<£’ [Zv Y7‘1]> = <€’ [Zv pﬁ—l(Zirl )]> = <€7 [Z7 pf)(Ziq«l )]> = <€7 [Z7 Ylt]>7
as well as ((,[Z, X,,]) = ({,[Z, X}]) (in a similar way), and then

B (€12, X.,) (€12,Y,,))
pr(2) =P ) = R D T W Yn )

WX o LY t

=) - vexm N T iy e

= p1(Z) mod ).

The lemma is now verified for a = 1.

Suppose then that a > 1 and that the lemma holds for @ — 1. Let
Z €5, and r,_1 <r <r,. Again by definition of j,. it follows that Z € {Yr}e
so Y, € (s¢)°. Having V! | C (s;)* by induction, we conclude that V! C (s;)".
Hence

pr(Z) = pro_,(Z) — Z MYS— Z MXS

VXD T A X))
_ .t - <£7 [Z7 X5]> t
N pa_l(Z) - s—rz_rlq <€7 [Y97XS]> YS mod ya_l

= ph_1(Z) mod Y.
As in the case a = 1, we apply this formula with r =7, —1 to Z; and Zj
to get
<£7 [27 YTaD = <£7 [Za pra—l(Zira )]> = <£7 [Z7 pZ—l(Zim )]> = <€7 [Zv Yat]>7
similarly (¢,[Z, X,.]) = (¢,[Z, X!]), and finally
12, X)),  &1Z2,Y,])
Y, X0 ]) 7 ([X,, Y]
_t _ <€7 [Z7X£]> t <€7 [ZaYatD t t
~re e e T g vy e ot e
= pe(Z) mod V.

pra (Z) = pT'a_]-(Z) - XTa

This completes the proof. [ ]
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We observe that for each 1 < a < d;, Y. C Ker ~;, . With this in mind,
an application of Lemma 4.2 (b) and (c), when Z = Z;and with r, = r},, shows
that for £ € Qe j,

bt(gt) — /Y'L‘ra (pfz—l(eraﬂgt)) — ’yi'ra (prafl(er(L?g)) _ b(g)
‘ <€t7 [Ziravpg—l(zjravﬁ)b <£7 [Zira7pra71(era7£)]> ’

The following is now immediate.

Proposition 4.3.  Let g be a completely solvable Lie algebra over R, choose
a real Jordan-Holder basis for g, and let Q0 = Q¢ ; , be an ultra-fine layer in g*.
Fix t,1 <t <n and set

o' =i"Ne.
Then () C Qe jt ot and 7 (X) C X*. Hence the associated cross-section map
ot is defined and analytic on the neighborhood 7t (U) NU of m(Q). n

Lemma 4.4. For the data e, j and ¢ associated to the ultra-fine layer 2, let U
and U™ be the open sets associated with e, j,¢ and e™ 1, j*=1 "1 (resp.)
via Lemma 4.1. Suppose that n € e, so that we are in the situation of Lemma
2.1. Set n = ji, i =i, and set 1 = 7"~ 1. Define q(f) on U N7 YU ) as
follows:

(D) If i ¢ e,
_ o (n(6))
1O = SO o1 2 0,20
o h i (0)
<£7 [pk‘fl(va K), ZZ]> N?_l(ﬂ-(g))(fv [pk—l(Zng)v Zl]) .
(2) If i€ o,

o) = JBlebi(0)  log(py " (m(4)))
Yi(or-1Zn,0))  vi(pp-1(Zn,0))

Then q(€) is analytic on UNT~H{U™Y), and its restriction to Q is precisely the
function of Lemma 2.1, associated to the cross-section 3.

Proof. It is clear from the proof of Lemma 4.1 that ¢(¢) is analytic on
UNa YU 1), so we need only prove that its restriction to ) satisfies the
conditions for the function described in Lemma 2.1.

Let ¢ € Q; then o(¢) = P*(¢) and we use the simpler notation o(¥)
here. Recall that o(f) belongs to the cross-section X, while 0™"~1(¢) belongs to
the cross-section Y"1 for G,,_;-orbits in Q"~!. We begin by observing that
the function ¢(¢) of Lemma 2.1 must satisfy

ot <7T (exp(q(ﬂ))Z,J)) ="t (7?(0” (E)))
By Proposition 4.3, ¢"~*(w(c™(£))) = w(c™(¢)), and hence q(¢) satisfies

o1 (w (exp(q(e))znz)) - 77(0"(2)).
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Since pr—1(Zn,t) = Z, modg,,_,, it follows that

0" ((exp(a(0)Z0)0) ) = 0" (w(expla(Dpr-1(Z0, 0)0) ).

SO

0" (m(exp(a(Opr1(Zn, 0) 0)) = 7(o"(0)).

Put ¢ = exp (q(ﬁ)Zn)K, we compute the above in the i-th direction. Observe
first that the left hand side is

i~ () G+ g (m (L)),

and since py_1(Zn,¢) € g¢_,, then t: =1¢;,1 < j<i,and hence

pi T w()) = N (w(0), y T () = yi (D).

Now suppose that we are in case (1). Then

0o =10 — q0) (¢, [pr—1(Zn, L), Z;])
so we have

PN (0) (6 = q(0) < 0, [pr—1(Zn, 0), Zi])) + v (w(£)) =
= (0" H(m(exp(q(O)pr—1(Zn, £)) L)), = 0.
)

Solving for ¢(¢) in the above gives the result for case (1).
In case (2), one has

g; — eqw)%‘(l?k—l(Znaé))bi(g)—l + 91(5)

T () (O D ()7 4 0,(0)) + g ((0)) =

= [b:(O)1b:(6) ™" + yi* ((€)).
Now by ([8] Proposition 1.3.13), we have
Y (0) = p = (m(0)0:(6) + g~ (m(0)). (*)

On the other hand, using the formula for o' and the formula above one computes
that

o7 (€) = [bi(O)]b: (O™ + 7' (£) = o7~ (7 (0))

- W ) O B (07 0 0) + ().
Combining the two equations (x) and (x*) gives
4 ((0) 8O s (ZeDp (1)1 = (D[ (6) .
Now again solving for ¢(¢) gives the result for case (2). [

The following theorem summarizes our results thus far.
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Theorem 4.5. Let G be a completely solvable Lie group with Lie algebra
g, choose a real Jordan-Holder basis {Z;}. Let P be the corresponding ultra-
fine stratification of g*, and let Q) be a layer belonging to P. Then there is
an explicit construction of an open set V in gr, and complex-valued functions
P1yP2s -3 Pds G1,G2,---,qq4 on V', such that V contains 2, and such that for
each coadjoint orbit O in €1,

pilo,p2lo, .- pdlo, alo,elo, - 9o

are real-valued, global canonical coordinates for O. Moreover, for each 1 <
j<mn, 0<r<d, there is an entire function «;,(o(f),-) such that for each
1<j<n and { € one has

G=Y" ajr(0(0),q0)p(0) + ajo(a(t),q(0)).

T Jr<j

Proof. Let e, j,¢ be the index data associated to the ultra-fine layer (2,
and let U be the open set associated with this data via Lemma 4.1. Suppose

that p?_l, e pgn__ll , q?_l, ce qgn__ll have been constructed explicitly so that for

some open set V"1 C U, each is analytic on V"~ !. If n ¢ e, then we are done,
so suppose that n € e, so that d,—1 =d—1. Set ps(¢) = ¢,, and define ¢4(¢) as
in Lemma 4.4, according as iy ¢ ¢ or iy € ¢. Recall that £ — g4(¢) is analytic
on U Nm~ U™ 1). Define

V={tcuUnatu"1: exp(qa(€)Z, )l € vy
and for €V and 1 <r <d-—1, set

pr(0) = pp "t (exp(qa(0) Zn)€)  and  g,(£) = g " (exp(ga(€) Zn ).

Then V is open, and p, (resp. ¢.) is a composition of the function ¢ —
exp(qd(f)Zn)Z, which is analytic on V with values in V"~ !, followed by the
function p?~1 (resp. ¢”~ '), which is analytic on V"~ 1.

The last formula is obtained by induction from the definition of the

functions ¢, and p,,1 <r <d (see [2]). ]

5. Global Parametrization of a Layer

Let Q = Qe j,, be an ultra-fine layer with ¥ = P*(Q2). Recall that, if ¢ # O,
then for each e € {—1,1}¥, Q. ={£ € Q : sign(b;({)) =€;,i € ¢}, s0 ¥ =J, =
where ¥, =YXNQ. ={f € X: b)) =¢,i € p}. Set Vo =span{Z/: i ¢ e}
and V, = span{Z;: i € ¢}. Let my be the projection onto Vj parallel to the
vectors Z7,j € e. Similarly let 7, be the orthogonal projection onto V,. We
claim that X is in fact the graph of a rational function fe : mo(Xc) — V.

Before proving this claim, we outline some important features of the
constructions of [10] (again using notation from [8]).
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(i) For £€ 9 and j € o, 4;(0) = u;(00;(0) +43(0).

(ii) For £ € ¥, ®,(¢) = 0,1 < a < 2d (since o(¢) = £ in this case).

(iii) For any £ € 3, y5(¢) = 0 and p;(¢) = 1, hence y;(¢) = 0;(¢) if j € . Recall
that 6;(¢) is a rational function depending only upon the restriction 77=1(¢) of
£ tog;_q-

Write fe(€) = > ic, fei(€)Z] where fc; is real-valued. For each 1 <
j<mnletw =nlomg, ml, = ml om,, V) = 79(V,) and V] =n(V,). We
construct f7 : 776(25) — Vg, 1 < j < n inductively, so that its graph coincides
with 77 (%,).

Suppose that j = 1. If j ¢ e, Vi = RZ}, and we define f! = 0 on
75(3e). It is obvious that the graph of f1 Commdes with 71(2,). If 1 € e then
1€ p,s0 V] =RZ; and 75(X) = (0). So we set f(0) = €; in this case, and it
is clear that (%) = €127 = graph fl.

Now suppose that we have a rational function f7=1: ) '(Z,.) — vt
such that graph (f/=1) = 7771(X,), that is

w N ) = {m (O + fHm (0) w0 € mg (S}

Case 1: j¢e.
Here VJ = VJ~" and n/, = 7J~!. Define f7 : T (2e) — VJ by

L@ (0) = fI7H (g7 ().
Let ¢/ = 79(¢) € 79 (3.). Then 7)(¢) € ©(X.) and by induction
m,(0) =7l N (0) = f7H(mg T (0) = f(mp(0).
Hence (7 = 7)) (€)+ f3 () (¢ )) € graph(f7). On the other hand, if g € graph(f?),

then for some £ € X, g = 7} (£)+ fZ(m3(¢)). Now with the induction assumption
we have

w7 (g) = 70 (m(0) + () (0)) = MO + 7 () = 7N
and g; = ¢;, hence
g=1(g) =m"g) +g;Z; = 7 (0).

Case 2: jce)p.

Here by construction of ¥, we have that 7/ (¢) = 7/ ~1(¢) holds for every
{ €Y. Also, V] =VJ~! and Vi =VJ™", so we define fJ : 7)(%.) — V] by

f=f

By induction, graph (f?) = graph(f/=!) = 7/~ 1(2,) = 77 ().
Case 3: j €.
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Here we have m)(£) = 7} ~'(¢) for every £ € Sigma.. For i € ¢, i < j,
set fl; = fg;l and define

F5(m(0) = ¢ +0; (g (0) + 171 (w71 (1)),

Let 7/ (¢) € 7 (3.). By induction we have 7~1(¢) = Wé_l(ﬁ) + Y7 0).
Since ¢ € ¥, then by (iii) above and the definition of f; we have
4 = Py () = sign(b;(0)) +y;(6) = ¢ + 6; (771 (0)) = fL (w3 (0)).

Hence
I (0) = 7771 (0) +4; 77
=) () + fIHTHO) + £ (7 (0) 25 = 7 (0) + £ (x5(0)

On the other hand, if g € graph (f7), so that for some ¢ € X, g = ) (f) +
fi(m(6)), then

w7 g) = 7 (w0 + fL(m(0)) = w50 + FITH TN 0) = 70,
But since ¢ € X,

95 = J2;(m(0) = ¢ +0;(x' "1 (0)) = P} (0) = 4.

Thus g = 7/ (g) = 77 (), and the claim is proved.

Observe that the restriction of 7y to 3. is injective. Set W, = m(2).
It is now clear that W, is precisely the set of all ¢, € V such that f. is defined
at £y and such that o+ f.(fy) satisfies the algebraic conditions that define (..
We sum up the preceding in the following

Proposition 5.1.  Let Q = Qe be an ultra-fine layer, with ¥ = J_ X, the
cross-section defined in [10]. Set Vo = span{Z; : j ¢ e} and V, = span{Z} :
j € p}. Then for each € € {—1,1}%, there is an algebraic subset W, of Vi and
a rational function fo: We — Vi, such that X, is the graph of f.. The set W,
is explicitly described as follows. Set D(fc) = {ly € Vo : fe is defined at £y} .
Then

W, = {EO € D(fe) : by + fe(g()) € Qe} [ |

Next we state an explicit version of ([2], Théoreme 1.6) for completely
solvable Lie algebras.

Proposition 5.2.  Let g be a completely solvable Lie algebra over R, choose
a real Jordan-Holder basis {Z;} for g and let Q = Qej., be an ultra-fine layer
with cross-section Y. as defined in [10]. Then Q is parametrized as follows: for
any £ in Q, let Op be the orbit of £ and P*(¢) = ONX. Choose ¢ so that
P*(¢) € ¥ and write P*(€) = XN{) + fe(A(£)) where A(£) € W,.. Then the map

w : QE — We X de
C— (A(0),p(0), (1)),

is a bijection and a global parametrization of Q¢ in the sense of ([2] Théoréme
1.6). u
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The following example shows that the cross-sections > need not be a
submanifold if g*. Let g be the nilpotent Lie algebra with basis

(Z11, Za2, Z13, Z31, Y1, Y2, Y3, X1, X2, X3)
and the non-vanishing brackets:
(X1, Y1) = Z11, [Xo,Yo] = Zoo, [X1,Y3] =Z13, [X3,Y1] = Z31.

We look for the (ultra) fine layer Qe ; with e = {5,6,8,9} and j = {8,9}. Then
Q¢ ; is defined by the following relations:

A1 = (€, Z11) #0, Xaa = ({, Za2) # 0, Az1 Mz = (¢, Z31)({, Z13) =0
and X is
E={leQej: (,X1)=({,Xp)=({{,Y1)=((Y2) =0}
The points £ in ¥ such that A3; = A13 = 0 are singular.

Remark 5.1. In [15] M. Saint Germain built a formal Weinstein local chart for
any £ in the dual g* of a nilpotent Lie algebra g. That means, he gave formal
series:

Zly+++y&n—2d; 41,---,4d, P1,..-,Pd,

such that formally:
{zi, 2} = pi (2), {205} = {2, 4} = {pi,pj} = {¢i,¢;} = 0, and {p;,q;} = di;.

Any /' in an open set containing ¢ can be expressed as a formal series of the
pj, q; and z;. All these formal series belong to the projective limit S (g) of the
space of polynomial functions on g* with respect to the successive powers of the
ideal Ip of functions vanishing on the orbit O of /.

The construction of Proposition 5.2 is explicitly computable rather than
formal, but it does not give a Weinstein chart. Indeed, although the functions
pi, q; are defined on an open set V, A is only defined on the ultra-fine layer €.
Even if A(¢) is a regular point in QN Vg, and (A, p,q) gives a local chart in 2,
there is no natural extension of this chart to a local chart in g*. For instance, we
consider the nilpotent Lie algebra g with basis (Z,Y, X, W) and non vanshing
brakets:

W, X|=Y, [X,)Y]=7Z

fl=C(Z2"+~Y* + X" + uW* belongs to the layer

Q={({=0, y#0}
then ¢(¢) = B p(l) = p, Vo = span{Z*,Y*}, but QN Vy = {(0,7v): v # 0}

-
and A(¢) = v. The open V in Theorem 4.5 is V = {{: v # 0}, the extension

A(¢) =~ to V does not give a Weinstein chart. Instead, we can set

A(€) = sign(y)v¥? + 2uC.

This gives a local Weinstein chart extending (A, p,q).
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Remark 5.2. The situation is much better for the minimal layer €2 because
Vo N is now an open set in Vg which provides coordinates for the manifold X
and Proposition 5.2 gives us a global G-invariant Weinstein chart for 2.

6. Star algebras

In this section we restrict ourselves to the minimal Zariski-open layer (¢ ;. Let
us denote it by 2, and let ¥ be the cross-section in €2 as constructed in [10] and
described above. Recalling the spaces Vy and V,,, the set W, is now an open
set in Vy and . is the graph of a rational mapping f. from W, to V.

Now, it is easy to define a G-invariant local chart around each point
o in Q.. We choose on the vector space Vj the Euclidean norm associated
to the basis (Z])s¢e, there is 7 > 0 such that the ball B(m (P*(4y)),n)
centered in my (P*({y)),with radius 7 is included in W,. Let us put h(f) =
7o (P*(¢) — P*({y)). The domain of our chart is
U={l:m(P*(¥)) € B(mo(P*(4p)),n)}, it is diffeomorphic to
B (mo(P*(fo)) 1) x R*" by W(£) = (hs(£), gi(£), pi(0)) with
h(€) =3 gge s(O)Z;, and 1 < v < d.

As an application of Theorem 4.5 and Section 5, we shall now extend
results of [3] to the global parametrization of Y. We consider thus deformed
structure related to the problem of quantization not only for a particular orbit
in g* but globally, for the minimal ultra-fine layer €2.

Let us recall briefly the general setup of geometric quantization for a

Poisson manifold like U (see [18]). First, by construction, the Vergne polarization
at P*(£) (L €U) is (see [2]):

I(X oW1

hUP () = X €5
I 0)

=0, 1§i§d}.

This (algebraic) polarization allows us to define the space of “polarized” functions
on U:

C= (U)o = {u € C®U) : X~ u(l) = dyulexp(—tX))|—o = 0, X € bd(P*(ﬁ))}

O(uo ¥t
opi

:{uecm(u): =0, 1§i§d}.

We identify the function v on U with the function v o =1, Let us define:
-the Liouville form 6 = ). p;idg;,
-the Hamiltonian vector field X, =), Op,v0,, — 04,00, of v,

- the Poisson bracket {v,u} = X,u of v and u.
The geometric quantization of v is an operator @, defined on C*°(U), by:

Qy(u) =vu + ?{U, u} —6(Xy)u,
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where h is the Planck constant. The operator ), is well defined if and only if
v is “quantizable” i. e. v € C*°(U)1, where:

() is thus a linear map from the space C*°(U); to the space L (C*(U)y) of
linear endomorphisms of C'*°(U)q such that:

h Ou

Qiru=u, Qgu=qju and iju_;a—qj

Moreover () satisfies, for quantizable functions v and v,
Q%{u,v’} - QU o Qv’ - Qv’ o Qv~

Such a quantization can also be described, without operator, as a formal
associative deformation of the ususal pointwise product in C°°(U) whose the
first non trivial term is given by the Poisson bracket (see [4]). More precisely, we
define the Moyal star product by the formal series:

u*v=i<%)sélﬁ(u o), (%)

s=0

where P* is the s*"-power of the Poisson bracket. On R" ~ Vj & R?? with
coordinates (z1,...,x,) = (hs, g, p;), we consider the bilinear skew-symmetric

form:
d
)= pid} — qp}-
=1

Let A = (AY)1<; j<n be the matrix of w, then

n
. o o"u o0"v
Plluv) =wv, Pruo)= 3 AW Ao o
i1, ie=1 le e x"»r 'rjl e m]r
J1aegr=1

The series (*) is considered as a formal series in & and * is an associative product
on C*(U)I[[n]].

Let us restrict ourselves for a moment to the functions v(h,q,p) which
are restriction to R™ of entire functions on C". We shall just say v is an entire
function. If u(h,q) is a polarized entire function, we define Tu as the function:

Tu(h,g,p) = exp(— ij(b (, 2q).
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Then a direct computation shows that T is one-to-one with range the space of
entire functions w such that w«¢q; =0 for all j and if

d
v(h,q,p) = > _v;(h,q)p; +vo(h, q)
j=1

is quantizable and u polarized, both entire functions, then we claim v x Tu is
defined by a series (x) converging for any value of i # 0 and:

vxTu =T (Quu).

Indeed, if v(h,q) is polarized,

|
= 27 s!
e8] s d 2
h 1 0%v O%einP-4d
=S (5) 5 Y () s u(h,2
=0 (22) s! il,...,is_l( ) aQil B '8%‘5 ( ,Q) 5’]%1 B .8272'8 U( ) q)

d
0°v
— ¢in P4 Z; Z qi, ...qism(ha@ u(h, 2q)

Similarly:

(pj xTu) (h,q,p) = pj(Tu)(h,q,p) + %%(TU)(h, 4,p)

2 h 2
= pj(Tu)(h,q,p) — pje™" u(h,2q) + ieﬁp@%(h, 2q)

d;
h Ou
=T (?8_%> (h,q,p).

This proves our claim since * is associative and any quantizable function v can
be written as:

Zd Zd Zd h Ov;
o j=1 R EAECRE =1 21 0q; '

=1

Thus the Moyal star product allows us to extend the definition of the quantization
v — Q, to a larger class of functions by putting Q,u = T~ (wxTu) and we
get, by construction:

le*w2 = le © ng-

We consider now the space C[[h, q]][p] of polynomial functions in the
variables p; with coefficients formal power series in the variables hy; and ¢;. The
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Moyal product is in fact a finite sum if u and v are in C[[h,¢]][p] and, in this
case, ux v is an element of C[[h, ¢]|[p], for any value of h.
Let ® be the mapping:

®: S(g) — Cl[[h, q]l[p]

which associates to each polynomial function ¢ — U({), on g*, the Taylor
expansion in 0 of the analytic function U o W~1(h,q,p). Since (U, V) is a chart,
® is injective. Let us put A = ®(S(g)). We consider among the elements of .4
the polarized and the quantizable ones:

Aoz{ueA: Ou EO},
Op;

0%u

In order to globalize the study beginning in [3], we shall prove that our coordi-
nates functions h, ¢, p are in a convenient completion of the spaces Ay and Aj; .

Definition 6.1. Let u — Zmb’c aa,b,ch“qbpc be in A, here we use the usual
notations for a = (a,) in N{b--mh\e g = Dosge Usy B =T g0 hs, for b= (b;)
in N¢, |b| = Z =105, ¢* = H;i 1 q]' and similarly for the variables p;. We define
1. the (h, q)-valuation of u by wvalp 4(0) = +o0 and:

valp,q(u) = min {|a| + |[b]: T e agpe # 0},

2. the *-valuation by wval,(0) = +00 and:

val,(u) = val, (Z uc(h,q)p ) = min{(valh’q(uc) —le]): ce Nd},

3. the metric d, on A by:
d*(u, f()) = d*(u —, 0) — e—val*(u—v)‘

In fact, x is continuous on the metric space (A, d,) and can be extended
to the completion A of A for d,. We define Ag, A; as the completions of Ay,
A; with respect to d,. Due to the continuity of «, it is easy to prove that Ay
is an algebra for the usual pointwise product and A; is an Ag-module. See [5]
for a detailed study of these properties.

Theorem 6.2.  Let (hs,q;,p;) be the coordinate functions defined above. Then
1. for all s not in e, hy belongs to Ay,

2. foralli, 1<i<d, ¢ belongs to Ay,

3. forall i, 1<i<d, p; belongsto A;.

Proof. Let g; C --- C g,, = g be the increasing sequence of ideals used to
define recursively the variables (h,q,p). Denote by QY W' hl, ¢!, pt, A*,
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Al and so on the objects constructed for gf. We shall prove the result for all
intermediate variables (h',q*,p%). For t = 1, this is trivial and to prove Theorem
6.2 by induction on ¢, it is enough to prove it at the last step. As usual, 7 is the
restriction map from g* onto g ;. Let us suppose the result holds for g,,_;.
There is two cases.

Case 1: n¢e.
By definition the set W, is

We={Le Vi ' ORZ;: Pej(l+ f(0) # 0, sign(b; (L + fe(£) = ¢j, j € p}.
We saw that in this case:
Pej(0+ fe(0)) = PLThju s (007 4 fe(77))
and

b0+ fo(0)) = by(0" " + fo(" ).

Thus
We=at(Wr ) =W xR

Fix ¢y in ¢, choose n > 0 such that B (mo(P*({y)),n) is included in
W, then
Bn—l (Trn—l(P*n—l(gg—l))’n) C Wen—l‘

There is a new invariant function, h,(¢) = P}(¢) — P ({y), the other coordinate
functions ¢; : £ +— (¢, Z;) do not change:

V() = (hy=H(m(0), ha(0), af = (m(0)), p;~ (n(£))).

Thus, by definition, AJ ™' can be viewed as a subspace of Ay and A" as a
subspace of A;, moreover A7, for s <n, ¢ and p}' are in Ap, respectively Aj .
The only function to consider is h,, = h]'.

Thanks to Theorem 4.5, we have:

d
en o \Ij_l(hv Q7p) = Z ai(hv Q)pz + Oéo(h, q)

=1

But the functions a;(h, q) are analytic on B (mo(P*(£)),n) x R?**. We can write:

a;i(h,q) = Z Oéi,a,bhaqb-
a,b

Since each hg, g; is in Zo_and val,(hs) = vali(q;) = 1, each of these series
converges to an element in Ay. Since p; is in Ay,

d
ao(h,q) = Lo U (h,q,p) = Y ai(h, q)p;

=1
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is in A;. But ag does not depend upon p;, thus it is in Ay. Now by definition,
ao(h,0) = £, o U1(h,0,0) = P*(¢) = P*(ly) + hn.

We can write:

Oéo(h, q) = P;(eo) + hn + Z Z&o’a’bhaqb.
bl>1 a

The same argument as above prove that h,, is in Aj.

Case 2: n=j; €e.

In this case, we define the function g4 as in Section 2. The cross-section X is the
subset of the cross-section ¥,,_1 defined by h?k_l(ﬁ) =0. Thus V" ! = VoRZ]
and the chart centered in ¢y € 2 is defined as the function W:

() =
= (n2 7 (ex(aa(0) Z0)D) gy 4" (exP(aa(D)Z0)0) 7~ (explaa(t) Zn)0) ).
Let u be in Ag_l. That means there is a polynomial function U in the
variables ¢1,...,4,_1 such that at the step n — 1, u = U o (" 1)~1. We shall

write "1 = U o (U"~1)~1. But we can consider the function U as an element
in S(g) and u as the function u™ = Uo W™, Let us define Z, U as the function:

Z7U() = LU (exp(—12,)0) 0.

" dt

Since by construction,

U (Z W =Z, Uo¥ ! = 9

e " oqqa

Thus:

un(hn n n) _ Z <_qd)mqln—l(z—) un—l(hn—l n—1 n—l)
7q ’p m! * n ’q 7p

m>0

where

h?’:l =0, AP =h" (s #1y), q?il =q;', and p?il = pr.

Let us define 271 as ¢! if a = i,, p?~ ! if a = j, and h?~! otherwise. Then,

thanks to Theorem 4.5, we get:

or
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Especially, if r = j5 > a, 8p?_1€3_1 =0 and if Cj , are the structure constants
of g:

Oyn—1(Zyla) =0y | D _Ch 071 =0
b<a
Thus 9,n-1(Z, q¢'~ 1) =0 if t < s. But the vector field Z, preserves the Poisson
bracket on U™ 1, thus:

0= 2 {0 = {(Zya" )™ + (e (Zo )}
= O (Zr ) — 0 (Zyg) ),

hence 0,n-1(Z; g~ 1Y =0 for all . Now:
0 = exp(—qaZ, {aq}" " u" '} = {exp(—qaZ,, )¢ ", exp(—qaZ,, Ju" '}
={q",u"}

then u” is still in Ap .
Let us compare the valuations of "~ and u”. Let X be an element of
9,,_1- We have:

X o \Ij_l(hn,qn,pn) — Z (—

m=0

z;i)m (ad Zn)m(X) ° (\Dn—l)—l(hn—17qn—l’pn—1)

where
Wil =0, ROV =R (s £ dy), @ =g P =l

’L

If the (h, q)-valuation of X o (¥"~1)~1 i5 0, then the (h, q)-valuation of X oW1
is still 0 and if the (h, q)-valuation of X o (¥"~1)~! is strictly positive, then the
(h, q)-valuation of X o ¥~ satisfies:

valp (X o \If_l) > valp ¢(X o (\I/"_l)_l).

Indeed,

—\7.n— n— —(1,n— —d4d n—
0= exp(-auzi " = W aaZg () + 3 S ),

m>2

But Z; (h?k_l) # 0, thus the (h, q)-valuation of hz-;_l is at least 1.

. —n—l1 . .
Let now u be in 4, , then u is the sum of a series:

where v 1 = U, o (¥""1)~1 U, is a polynomial function in the variables ¢,

and lim valh’quZ’1 is +00. We consider each u,, as a function in A, then:
m—0o0

valy qutt > valy qut, lim valy gul’, = +00
m—00
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and u belongs to Ay . Moreover valy qu™ > valy qu™ " .
Consider now the new coordinate function ¢};. We saw it is an analytic
G—1 -invariant function on U™~ !, thus it depends analytically on the variables

— . . —n—1 . .
h’t ! only. But these variables are in Ag , we can see them as functions A} in
Ay and:

valp,q(A}) > valz:llh;-‘_l = 1.

The power series defining ¢; thus converges in Ap, this coordinate function
belongs to Ajp.

. . ... —n—1 .
With the same argument as above, if u”~! is in .Ag (respectively

. —mn—1 . . . . —n—1
in A, ") then, if u™ is the function u"~! viewed as an element of Ay

(respectively in 7\711_1), W, (Z7)(u") is in Ay (respectively in A}). Now, if
w1 is either h?il or qf“*l or pfﬁl, then the new coordinates h}, ¢;' and p}
have the following form:

oo

fn _ Z % (\I/*Z;)m (un)

All these functions are in the spaces Ay (respectively A; ). Finally, by construc-
tion the coordinate p} isin A;. [ ]

Remark 6.1. As it is proved in [3], if g is an exponential, non completely
solvable Lie algebra, then for some orbit it can be impossible to put the ¢
coordinates in Ay. In fact, examples indicate that a natural parametrization
of €2 needs to use complex coordinates.

Remark 6.2. If g is nilpotent, the analytic functions used become rational,
with invariant denominators. Thus we can introduce a new metric dj, defined
only from the h-valuation, in this case the h and ¢ functions are in the closure
of Ay for dj and the p functions in the closure for dj; of A;. Since the topology
defined by dj, is stronger than the topology defined by d, on Ay, this gives a
better localization of these coordinate functions. We recover the result of [15] for
the minimal layer.
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