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Abstract. In 1850, Liouville proved that any C* conformal map between
domains in R? is necessarily the restriction of the action of one element of
0O(1,4). Cowling, De Mari, Koranyi and Reimann recently prove a Liouville-
type result: they defined a generalized contact structure on homogeneous spaces
of the type G/P, where G is a semisimple Lie group and P a minimal parabolic
subgroup, and they show that the group of “contact” mappings coincides with G.
In this paper, we consider the problem of characterizing the “contact” mappings
on a natural class of submanifolds of G/P, namely the Hessenberg manifolds.
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1. Introduction

In 1850, Liouville proved that any C* conformal map between domains in R? is
necessarily a composition of translations, dilations and inversions in spheres. This
amounts to saying that the group O(1,4) acts on the sphere S by conformal
transformations (and hence locally on R3, by stereographic projection), and then
proving that any conformal map between two domains arises as the restriction
of the action of some element of O(1,4). The same result also holds in R™ when
n > 3 (see, for instance, [17]), and with metric rather than smoothness assumptions
(see [12]).

A cornerstone in the extension process of Liouville’s result is certainly the
paper [16] by A. Kordnyi and H.M. Reimann, where the Heisenberg group H"
substitutes the Euclidean space and the sphere in C" with its Cauchy-Riemann
structure substitutes the real sphere. The authors study smooth maps whose
differential preserves the contact (“horizontal’) plane R** C H" and is in fact
given by a multiple of a unitary map. These maps are called conformal by
Koranyi and Reimann. Their theorem states that all conformal maps belong to
the group SU(1,n).

A second step was taken by P. Pansu [18], who proved that in the quater-
nionic and octonionic case (here the set-up is slightly different: the mappings are
globally defined), a Liouville’s theorem holds under the sole assumption that the
map in question preserves a suitable contact structure of codimension greater than
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one. Similar phenomena have been studied in more general situations: see, e.g.,
31, [4], [13], [14].

A remarkable piece of work concerning this circle of ideas is [21], by K. Ya-
maguchi. His approach is at the infinitesimal level and is based on the theory of
G structures, as developed by N. Tanaka [19]. The crucial step in his analysis uses
heavily Kostant’s Lie algebra cohomology and classification arguments.

It is perhaps fair to say that the latest important contribution in this area
is the point of view adopted by Cowling, De Mari, Koranyi and Reimann in [6]
and [7]. They introduce the notion of multicontact mapping in the context of the
homogeneous spaces G/P. Roughly speaking, it refers to a collection of special sub-
bundles of the tangent bundle with the property that their sections generate the
whole tangent space by repeated brackets. The selection of the special directions is
not only required to satisfy this Hormander-type condition, but it is also dictated
by the stratification of the tangent space T, at each point x € G/P in terms
of restricted root spaces. If for example P is minimal, then T, can be identified
with a nilpotent Iwasawa Lie algebra and therefore it may be viewed as the direct
sum of all the root spaces associated to the positive restricted roots. Since a
positive root is a sum of simple roots, it is natural to expect that the tangent
directions along the simple roots will play a special role. Indeed, it is proved in [7]
that, at least in rank greater than one, G acts on G/P by maps whose differential
preserves each sub-bundle corresponding to a simple restricted root, or, at worst,
it permutes them amongst themselves. It is thus natural to say that g € G induces
a multicontact mapping. The main result in [7] is that the converse statement is
also true: a locally defined C* multicontact mapping on G/P is the restriction of
the action of a uniquely determined element g € G. Hence the boundaries G/P
are (in most cases) rigid. Their results have a non-trivial overlap with those by
Yamaguchi, but are independent of classification and rely on entirely elementary
techniques.

In this paper, which is part of my Ph.D. thesis, that I have written under the
scientific guidance of Filippo De Mari, we prove a Liouville-type result for a natural
class of submanifolds of G/P, namely the Hessenberg manifolds (see [1], [2], [8], [9],
[10], [11]). We show that it is possible to define a notion of multicontact mapping
(Section 3.), hence of multicontact vector field, on every Hessenberg submanifold
Hessg(H) of G/P associated to a regular element H in the Cartan subspace a of
the Lie algebra g of G. The Hessenberg combinatorial data, namely the subset R
of the positive restricted roots 3, relative to (g, a) that defines the type of the
manifold, single out an ideal n¢ in the nilpotent Iwasawa subalgebra of g, labeled
by the complement C = ¥, \ R. By means of a reduction theorem, it is shown
that without loss of generality one can work under the assumption that R contains
all the simple restricted roots (Section 4.). In order to avoid certain degeneracies,
we assume further that R contains all height-two restricted roots as well. We
prove that the normalizer of ne in g modulo ne is naturally embedded in the Lie
algebra of multicontact vector fields on Hessg(H) (Section 4.). In Section 5. the
main result is proved (Theorem 5.2). It is shown that if the data R satisfy the
property of encoding a finite number of positive root systems, each corresponding
to an Iwasawa nilpotent algebra, then the above quotient actually coincides with
the Lie algebra of multicontact vector fields on Hessg (H). This situation covers
a wide variety of cases (for example all Hessenberg data in a root system of type
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Ay) but not all of them. Explicit exceptions are given in the Cy case. One of the
main motivations for the present study is the observation that Hessz(H) can be
realized locally as a stratified nilpotent group that is not always of Iwasawa type.
Hence our work is an extension of the theories of multicontact maps developed
thus far.

2. Notation and preliminaries

We shall work with real simple Lie algebras, although most of what we do holds,
mutatis mutandis, for semisimple Lie algebras. Let g be a simple Lie algebra with
Killing form B and Cartan involution 6. Let £ & p be the Cartan decomposition
of g. Fix a maximal abelian subspace a of p, and denote by ¥ the set of restricted
roots, a subset of the dual @' of a. Choose an ordering on a’, this defining the
subsets ¥, and A = {d;,...,d,} of positive and simple positive restricted roots.
Since we shall always work with the restricted root spaces, we forget the adjective
“restricted” when it is referred to roots. Every positive root a can be written
as a = Y., n;0; for uniquely defined non-negative integers ns,...,n,, and the
positive integer ht(a) = >"'_, n; is called the height of «. It is well-known that
there is exactly one root w, called the highest root, that satisfies w > « (strictly)
for every other root a.. The root space decomposition of g is g = m@Sa® P, v o,
where m = {X €t:[X,H] =0, H € a}. The nilpotent Iwasawa algebra n is
@D, cx, 8, and we denote with n its counterpart 6(n). It is well known that
n is a stratified Lie algebra in the usual sense, that is [n;,n;] C n;y;, where
n, = @ht(v):z‘ g,y,Z' =1,... ,ht(w).

Let G be a Lie group whose Lie algebra is g. Let P = MAN be a minimal
parabolic subgroup of G. We may assume that the center of G is trivial. Indeed,
if Z is the center of G, then Z C P, and so G/P and (G/Z)/(P/Z) may be
identified. Moreover, the action of G on G/P factors to an action of G/Z. Among
all groups with trivial centers and the same Lie algebra g, the largest is the group
Aut(g) of all automorphisms of g, and the smallest is the group Int(g) of the
inner automorphisms of g, the connected component of the identity of Aut(g).
Any group Gp such that Int(g) € G; C Aut(g), with corresponding minimal
parabolic subgroup P, gives rise to the same space, meaning that G;/P; may be
identified with Aut(g)/P if P is a minimal parabolic subgroup of Aut(g). For the
purposes of this paper the correct assumption is that G is connected and centerless,
and hence we can assume G = Int(g) and that P is a minimal parabolic subgroup
of G.

By means of the Bruhat decomposition ([15],Ch.VII, Sec.4) the group N
may be seen as open and dense in G/P. Indeed, if we denote by b the base point
in G/P (that is, the identity coset), the Bruhat lemma states that the mapping
Y : N — G/P defined by (n) = nb is injective and its image is dense and open.
The differential v, then maps n, the tangent space to N at the identity e, onto Ty,
the tangent space to G/P at the base point. When 4 is a simple root, we denote
by Ssp the subspace 1.(gs) of T,. In Lemma 2.2 of [7] it is shown that the action
of any element p € P on G/P induces an action p, on the tangent space Tj, which
in turn induces an action 1, p,1, on n. This last action preserves all the spaces
gs for simple 0. This lemma allows us to identify n with the tangent space T,
at any point x in G/P, and to identify the subspaces gs of n with subspaces Ss,
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of T,. Indeed we may write x as gb, where g € G; then the images g.1.gs are
well defined, and independent of the representative ¢ of the coset, although the
identification gs — S5, does depend on the representative. Since we never make
use of the explicit identification, we shall always write gs in place of Ss,. This
interpretation of the tangent space to G/P allows the definition of multicontact
mapping as it is given in [7].

3. Multicontact mappings on Hessenberg manifolds

Let R be some proper subset of the set of the positive roots ¥, . We call it of
Hessenberg type if it satisfies the following property:

if « € R and [ is any negative root such that o+ 8 € ¥, , then a+ 5 € R.

Write br = a @M @ P r 8, and fix a regular element H in the Cartan
subspace a. Then

Hessg(H) = {(g9)p € G/P : Adg ' H € bg}.

Denote with m, the multiplicity of the root «/, that is the dimension of the root
space gq .

Proposition 3.1.  [9] Hessg(H) is a smooth submanifold of G/P of dimension
ZaE’R M.
Denote by C the complement in >, of R. Any Hessenberg manifold can be locally

viewed as an algebraic submanifold of N. More precisely, the intersection of N with
a Hessenberg manifold is defined by a set of linear equations of the form

pa,j(x):07 OzEC,jZL...,ma, (1)
where
Paj = a(H)z,,; + (terms containing zs,;, with ht(5) < ht(«)).

It is rather easy to check that

Ne = @ga (2)

aeC

is an ideal in n.

We ask ourselves how to relate with n the tangent space to some point
of Hessg(H). The coefficients of the polynomials (1) depend on H and more
is true: those that are not zero are in fact given by functions that never vanish
on the set of regular elements in a. Thus, the slice S of N obtained by setting
Zq; =0 if o € C is diffeomorphic to Hessg(H) NN for every regular element H .
The graph mapping ¢ : ({}pers0) — ({201} ser: {Pag (o) bacc) gives the
diffeomorphism. Consider the basis {X,;:a € X,,1 < j <m,} of left-invariant
vector fields on N, where

0

e q |
(9%(7]- e

Xaj(n) = (ln)



OTTAZZI 361

and write
My
Xag= 2 D a3
Qa,] v,k or k’
yeEX L k=1 ’
a,j : — _
where aJy are some smooth functions on N. If a =} s\ asd and = ;5 bs6

are two positive roots, we write a =< (8 if as < bs for all 6 € A. We say that
aj + -+ ay is a chain if each «o; and each partial sum o; + --- + «; is a root
for all j =1,...,n. Ordered pairs of roots can be joined by chains:

Lemma 3.2. [7] Let a and [ be distinct positive roots and suppose that « = f3.
Then there exist simple roots 01, ...,0, such that « = B+ 01+ -+, is a chain.

Lemma 3.3.  For every root « € ¥, and j =1,...,m, we have

0 ifht(a) > ht(y) and a # v
aj ) 0 ifa=yandk#j
k= 1 ifa=vand k=7

P ifht(a) < ht(y),

(3)

where P is a polynomial that does not wvanish only if o« =< ~. In this case,
it depends only on those variables labeled by those roots oy,--- oy for which
a+ o+ -+ oy =7 is a chain. This implies that

m—y o 8
Xaj = Z Z av:z O ) (4)

veC k=1

for every a € C.

Proof.  The proof of the above statements follows from a direct calculation that
arises from the left-invariance and that involves the Baker-Campbell-Hausdorff
formula. [ |

For every a € ¥, and 1 < j < m,, consider the vector field X, ; whose (v, k)
component is

Ta,j_{ afi’i ifyeRandk=1,---,m,

R0 otherwise.
The X, ; are vector fields on S, and from (4) X, ; = 0 for every a € C. Moreover,

(3) implies that the set {X,; : a € R,j=1,-++,m,} is a basis of the tangent
space at any point of S. Indeed, writing the matrix of the coefficients of {X, ; :

a€R,j=1,---,my}, ordering the roots according to any lexicographic order,
we obtain a triangular matrix with ones along the diagonal. Hence {¢.(X, ;) :
a€R,j=1,---,my} is a basis of the tangent space at all points of an open set

of Hessg(H).
Denote by X(N) the Lie algebra of all smooth vector fields on N.

Proposition 3.4.  Given X and Y € X(N), the following formula holds at
every point n € S

(X, Y](n) = [X, Y](n).
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Proof. Let X and Y € X(N) and write X = X + X, where

ZZ Blaxﬁ ZZ Wax %

BER i=1 veC k=1

and similarly Y =Y + Y. Then

X, Y](n) = [X,Y](n) + [X,Y](n) + [X, Y](n) + [X, Y](n).

—

Clearly [X Y] = [X,Y]. Moreover, [X,Y] = [X,Y] = 0, because when expanded
in terms of partial derivatives, each of the above brackets contains only coefficients
of the form (0/0x x)rs,, which vanish whenever v € C and § € R because of (3).
Finally, [X,Y] = 0, because in [X,Y] only the coefficients of components labeled
by C will appear, but they become zero once we project them on S. ]

Let g; = span{Xs; : i=1,--- ,ms}. The proposition above implies that the
vector fields in the family {@s}scar, Ar = A N R generate at each point the
tangent space of S by the Lie brackets. Let A,B be some open subsets of
Hessg(H). Without loss of generality, we can assume A, B C (NN Hessg(H)).
Let f: A — B be a diffeomorphism. We say that f is a multicontact map if

f+(04(85)) € d.(B5), for every simple root ¢ in R.

4. Multicontact vector fields

Lifting the multicontact conditions to the infinitesimal level. Since all
Hessenberg manifolds corresponding to different choices of regular H give rise to
the same slice S, the group of multicontact maps does not depend on H . Therefore,
from now on we focus our attention on the slice S of N. Fix an open set A of
S. We lift the problem to the Lie algebra level, by considering multicontact vector
fields, that is, vector fields F' on A whose local flow {1f'} consists of multicontact
maps. If § € Ar, then

SWOX)| = —£e(Xs) = (Ko, F),

where £ denotes the Lie derivative. Hence a smooth vector field F' on A is a
multicontact vector field if and only if

[F,gs] C g5 for every 6 € Ag. (5)

We write a vector field on A as

F= Z Z f%jyfm'v (6)

YER j=1

where f. ; are smooth functions on A. Condition (5) becomes

P"XgZ Z)\(;ngk, (5€AR,i:1,...,M5,
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where {Aj;} is a set of smooth functions. We can write the multicontact conditions
as the system of equations

ZZXM frs) XW+ZZ (Z 5l _sfoe M) Z)\ X5,

yER j=1 YER j=1

as 0 varies in A and i = 1,...,ms. Equivalently, F' is a multicontact vector
field on A if and only if for all ¥ € R and some functions {\;,} the following
equations are satisfied on A:

Xsilfsg) = =X
X(Sz(fvj)_o ” if’7—5€2+U{0} (7)
XM(f%j)""Z iy 6035% sfyv—s0 =0 ify—0€ Xy

for all the simple roots § in Az and 1 < 4,5 < ms. We may clearly forget the
equation Xs;(fs;) = /\sz because )‘fsz is arbitrary.

We write MC(N) and MC(S) for the Lie algebra of multicontact vector
fields on some open subset of N and S respectively. If F € MC(S) is as in (6),
then 7571- frj = Xsify,j- Thus, from now on we shall write X;; in place of 7571
whenever treating multicontact vector fields, if no ambiguity arises.

Let C be the complement in ¥, of some Hessenberg type set. We say that a
function f on N is C-independent if it does not depend on the coordinates labeled
by C. From (4) it follows that if R is a Hessenberg type set of roots and v € C,
then a (basis) left invariant vector field X, ; on N does not depend on the partial
derivative vector fields that are labeled by the positive roots in C. This implies in
particular that the system of equations

X, ef=0 for every yeCand k=1,...,m, (8)

is equivalent to the C-independence, namely to

0

8x%k

f=0 for every y e Cand k=1,...,m,. 9)

Dark zones. We split (7) into suitable independent subsystems, each defining
multicontact vector fields on some Hessenberg manifold of lower dimension, and
we show that we can focus our attention to only one of them at a time. Call a
positive root p in R maximal if p+ o ¢ R for any other root o € ¥, . Since, by
definition of R, p+a ¢ R if o € C, it suffices to check maximality for all « € R.
Denote by R, the set of maximal roots. For a fixed p € Ry, we call shadow of
i the set
Sy={aeR:a=pu}

It is not difficult to show that the union {J,cp, Sy covers R.

We partition R into the disjoint union of dark zones, a dark zone being a
connected component of R in a loose sense, that is, a maximal union of shadows
Z = UF,8,, with the property that either k = 1 or any S, intersects at least
another S, in the same dark zone. By their very definition, dark zones are disjoint.
This will allows us to reduce the problem of solving (7) to the problem of solving
several simpler systems, each naturally associated to a dark zone.
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Suppose that Zi,...,Z, is a numbering of the dark zones of R. Given
F e X(S) as in (6), we write ' = 377 | Fj, where F; = > - Do fr i X
Clearly, each F; is itself a vector field in X(S). Since F; picks the components of
F along the directions labeled by Z;, it is natural to consider the sub-slice of S
that corresponds to it, as we now explain.

Fix a dark zone Z. The set of roots contained in Z generate the positive
set of an irreducible root system, say >, (Z), and the corresponding Lie algebra

nZ)= P o

pEXL(2)

is a nilpotent Iwasawa algebra. The roots in Z play, within ¥, (Z), the role of
a Hessenberg set of roots. Also, n(Z) is a subalgebra of n and we may consider
the (connected, simply connected, nilpotent) Lie subgroup N(Z) of N whose Lie
algebra is n(Z). Thus, if Z is a dark zone we write

Sz={neN:z,, =0 if y¢Z}.

Coming back to the decomposition R = Z; U ---U Z,, we write for simplicity 5;
in place of Sz,. We prove the following reduction result.

Theorem 4.1. If FF € MC(S), then F; € MC(S;) for all i = 1,...,p.
Conversely, given G; € MC(S;) with i=1,...,p, then ) .G; € MC(S).

The proof requires some remarks, that we state in the next lemmas.

Lemma 4.2.  Let Z C R be a dark zone and let « € Z. The (v, k) component
of the vector field X, ; is zero for every y € R\ Z.

Proof.  Suppose a € Z, v € R\ Z and suppose the (v, k)-component of the
vector field X, ; is not zero. By Lemma 3.3, there exist roots oy, ..., a, such that
a+ oy + -+ a, = is a chain, so that in particular v —ay — -+ — «; is also a
root for j =1,...,¢— 1. Now, since v € R, then v € S, for some maximal root
. Therefore « =y —ay—---—aq € 5,. This implies that both a and v belong
to the same shadow, and hence to the same dark zone, that is a contradiction. m

Lemma 4.3. The coefficients of a multicontact vector field F are determined
by its g, components, as p varies in Ry .

Proof.  The proof of this statement is analogous to the proof of Proposition 3.3
of [7]. ]

Lemma 4.4. [7] Let o, 3 € ¥ such that o+ (3 is a root, then
{[X7Y] X € gOUY € gﬁ} = Ba+8,

and {Z € gg : [ga, Z] = {0}} = {0}.

Lemma 4.3 suggests a hierarchic structure of the equations (7). In particular, if
v+0d1+---+0Js = « is a chain, there exist vector fields X; € gs,,..., X5 € gs. such
that the differential monomial X; - - - X, maps a a-component to a y-component of
a vector field whose coefficients solve (7). The next result follows from Lemma 4.4.
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Lemma 4.5.  Let F'€ MC(S) be as in (6). Then X f,; =0 for every v € S,,,
every j=1,...,m,y and every X € g, with a ¢ S,,.

Proof. If a ¢ S,, then it is either out of R or it is in some other shadow. If
a € C, then Xf, ;=0 by (8).

Assume a € R. It is enough to prove the statement for v = u. Indeed,
suppose the result true for all f, ;’s. Then, by the equivalence of (8) and (9), these
functions are (X \ S,)-independent, because S, is a Hessenberg type subset. If
v+0 + -+, = p is a chain, then by Lemma 4.3 there exist vector fields
Xi,..., X, in g5,,...,85, such that X --- X, f, ;= f,r. Each X;, i =1,...,p,
has the form calculated in Lemma 3.3, that is

where a, ; is a nonzero polynomial only if there exists a chain of roots going from
d; to . In this case af,; is a polynomial in the variables {z5,} with 8 < a.
In particular this holds for 7 = p and we show next that this forces X, f,; to be
(24 \S,)-independent. Indeed, if ay, ; depends on some variable in (3, \S,,), then
a € (34 \ S,) and therefore df, ;/0xq, =0 for all k =1,...,m =,. Hence all
coefficients f,; with ht(y) = ht(u) — 1 are (34 \ S,)-independent. By iteration,
the conclusion holds for every possible height, thus for every - .

It remains to be proved that the lemma is true for f,;. If o is simple, then
it is clear by (7) that X f,; = 0. Let now o = 6; +-- -+, be a non simple root in
R\ 'S,. Then there exists § € {d;,...,0,} such that ¢ ¢ S, for otherwise a >
and g would not be maximal. By Lemma 4.4 there exist vector fields Xi,..., X,
in gs,,...,0,, respectively, such that X = [X,,[...,[X2,X1]]...]. Then there
exists a set A of permutations of p elements such that

(X [ (X, Xl Ty = O eaXoqy -+ X)) fuwi»

for some costants cy. Let h € {1,...,p} be the largest index such that dy;-1) ¢
Su, so that clearly dyp) is in S, for all £ > h. We show that each differential
monomial that appears in the sum of the right hand side is zero on f, ;. Consider

X@) - - - Xa(p), with ¢ > h. Three possible cases arise.

(i) p—0xp)— - —0x@ =0, so that 1 = 0xp) + -+ - + dr@). In this case « is
the sum of p and some other simple roots. Hence « is a root in R greater
than pu, a contradiction.

(ii) There exists ¢ > h such that p — dxp) — -+ — x4y is a positive root and
p—0x(p)—+ - -—0x(;) is not aroot. In this case, from Lemma 4.3 and the remark
thereafter, the differential monomial X1y - -+ - Xy maps f,; into a
component that belongs to the root space associated to p1—0xp) =+ +—0x(i+1)
say g. Since pt—0xp) — -+ — —0Ox(i+1) — Ox(i) 1S not a root, Xyzg =0 by (7).

(ili) g —0xp) — -+ — Oxq) is a root for all ¢ > h. Again the differential monomial
Xan) - -- Xapp) maps f,; into a component along the root space labeled by
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o — 5)\(p) — = 5)\(h)- But m— (5)\(])) — = 6)\(h) — 5)\(h—1) is not a l"OOt,
for otherwise dy(,—1) would lie in S,. Therefore we can conclude as in the
previous case. Thus X)(,—1) ... X)) maps the function f,; to zero.

Proof of Theorem J.1.

“=". Lemma 4.5 applies in particular to each dark zone, in the sense that
a coefficient f,; of a multicontact vector field on S is annihilated by those left
invariant vector fields corresponding to the roots that do not belong to the dark
zone where v lies. Since each dark zone plays the role of a Hessenberg set of
roots,= its complement defines an ideal in n, namely

nze= P 0o

acX\Z

where Z¢ = 3, \ Z. The corresponding nilpotent Lie group admits the set
{Xas; 1 @ € ¥4\ Z} as a basis for its tangent space at each point. From (4)
in Lemma 3.3, all these vector fields depend on the coordinate vector fields labeled
by the positive roots in ¥, \ Z. Recall in particular that from (8) and (9)

X,xf=0foraly ¢ Z «— f=0forallv¢2Z.

(333'%k
This fact, toghether with Lemma 4.5, tells us that the coefficients of the vector
field F; are functions on S;, that is, they are (R \ Z)-independent. Moreover, by
Lemma 4.2, the projections X5 onto the tangent space at each point of S are in

fact projections on the tangent space of S;. Therefore F; € X(S;). Hence Fj is in
MC(S;) if and only if

{751(f'm>—0 . vy—0¢ X, U{0}
Xél(f%]>+z e Z;zy sfr—s0=0 v—=0¢€X,,

with 0 € AN Z; and v € Z;. We conclude by observing that these equations are
satisfied by assumption.

“«<". Each vector field G; can be naturally viewed as a vector field on S.
Furthermore, since each G; satisfies the system of equations (10), then the vector
field >, G; satisfies the system (7). Thus, it defines a multicontact vector field on
S. This concludes the proof of the theorem. [ |

(10)

Theorem 4.1 allows us to assume that R contains all simple roots, and that
it consists of exactly one dark zone .

A set of solutions. In [7], the authors determine the multicontact vector fields
on the Iwasawa group N, by solving a system of differential equations similar to
(7). In particular, if V. =3 5. >0 vy;X5; is a vector field on N, then V' is
of multicontact type if it satisfies the following system of equations

X(;Z(U%])—FZ T 5ngy sUy—61 = =0 1fﬂy—(5€ Yy,

where 7 varies in ¥, 0 in A, and the v, ; are smooth functions on N. Write
V= D e, Do vy X If V solves (11), then the projection V satisfies (7).
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Moreover, if the coefficients v, ; are C-independent for every v € R, then the
vector field V is tangent at each point to S. Summarizing, in this case V is a
multicontact vector field on S. In [7] it is proved that the multicontact vector
fields on N are all of the form 7(F) for some E € g, where

d
T(E)h(n) = —h(lexp(=tE)n])| (12)
=0
where [gn]| denotes the N-component of gn in the Bruhat decomposition of G/P.
We ask ourselves for which E € g the coefficients of 7(E) are C-independent.
Denote by q the parabolic subalgebra of g defined as the normalizer in g of ne

qg:=Ngne={Xe€g:[X,Y]€ne, VY €nc}.
Clearly ¢ D m @ a @ n, so that q is a parabolic subalgebra of g.
Theorem 4.6. Let R C X, a Hessenberg type set, C the complement of R,

and q = Ngne. For every E € q, 7(E) is a multicontact vector field on S. In
particular, the map

v:q— X(S) (13)

defined by v(E) = 7(F) is a Lie algebra homomorphism. If A C R, then the
kernel of v is ne. Thus v(q) is isomorphic to q/nc.

Proof.  We show first that the coefficients of 7(E) are C-independent for every
E € =q. Let E' € ne. Then

B BN = 1S X 4 3 S0 Xos 3 g0, ]

a€R i=1 Bec j=1 veC k=1

must lie in 7(n¢). By direct calculation, this happens if and only if X, 4(f.:) =0,
or equivalently if and only if %( fai) =0 for every « € R and v € C.

The map v is a homomofphism because 7 and the projection operator are
such. Hence v(q) is a Lie algebra of multicontact vector fields on S.

We now investigate the kernel of v in the case A C R. Since 7(F) =
> e S gy x Xk for every E € ne, the inclusion ne C kerv follows. We prove
the opposite inclusion by treating separetely each component of E € kerv, written
according to the decomposition g =m dadnd (nNq). Write n = exp(W) =

exp(Zaem W,), where W, € g,.

If E€nnkerv, then 7(E) = 0. Write £ =3} 5, S ay kB, and compute

HE) = o fexp(~tE)n)

%f(exp(—tE +W - %[E, Wi+...))

t=0

t=0

If £ were not in ng, there would exist 3 € R and j = 1,...,mg such that
ag;j # 0. If f:n x5, then we have that 7(F)f is a polynomial in {Za;}aes,
whose term of degree zero is ag ;. On the other hand

T(E)zs,; =0V 3 € R,
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because its decomposition on the basis of left invariant vector fields involves only
components corresponding to the roots in C. This is a contradiction.

Let E € ankerv. Recalling that we view N as a dense subset of G/P and that
exp(tE) € P, we have

HE)f(n) = o flesp(~tE)|

_ i - (exp(~tE)nexp(E))

:_fexpzeta oz

Choose now f :n +— x,;, so that

t=0

t=0

H(E)f(n) = SO, )| f(n) = —1(B)

This is zero for every v € R because F is in the kernel of v, so that v(E) = 0 for
every v € R. Since R D A and A is a basis of a*, the dual space of a, it follows
that £ = 0.

Let £ € mNkerrv. Since m normalizes every root space, if f:n— z,;, then
d —a
r(E)f(n) = % flexp(e P w)|

— e X Sy My,

acXy n=1

= ((—adE)W,);.

Whenever v € R we have ((—adE)W,); = 0 for every j. Thus (adE)g, = 0
for every v € R. In particular (adF)gs = 0 for every simple root J, and
Jacobi identity implies (adE)n = 0. Since §E = E, it follows that (adE)g_s; =
(adfFE)gs = (adE)gs = 0. Hence (adE)g =0. Thus F € Z(g) = {0}.

t=0

Let now E € ggNgqNkerr for some negative root 3, so that 7(E) = 0.
For every E' € n we have

)] = (S foiXor 3 00Xy + 303 g X

acC i=1 BeR j=1 ~eC k=1

All terms of the bracket above lie on n¢, except for summands of the form

fa,iXa,i (gﬁ,j)XﬂJﬂ

but X, (gs;) =0, for every a € C and § € R, because the coefficients gs; are
C-independent. It follows in particular that

[r(E), 7(E")] = 0,

thus [E, E'] € kerv for every E' € n. Therefore one can chose E’ such that
[E,E'] € m @ a. But this is a contradiction, because no elements of m @ a lie in
the kernel of v. [
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5. Iwasawa sub-models

The converse of Theorem 4.6 is true under the hypothesis (I) and (II) of the
Theorem 5.2 below.

Lemma 5.1.  If the vector space n* = @QES# go 1S a subalgebra of n, then it is
an lwasawa nilpotent Lie algebra.

Proof.  The algebra n* coincides with the nilpotent algebra generated by the
root spaces corresponding to the simple roots in §,. Hence it is the Iwasawa
Lie algebra canonically associated to a connected Dynkin diagram, toghether with
admissible multiplicity data [20]. ]

Theorem 5.2.  Let g be a simple Lie algebra of real rank strictly greater than
two and R C X a subset of Hessenberg type satisfying

(I) each shadow in the Hessenberg set defines a subalgebra of n,
(II) each shadow contains at least two simple roots.

Then the Lie algebra of multicontact vector fields on Hessg(H) is isomorphic to
q/ne, for every reqular element H € a and where q = Ngne.

If (IT) is not true, then R defines a rank one Iwasawa subalgebra. In this case,
the finite dimensionality of the Lie algebra MC(S) is no longer guaranteed!.
Proof of Theorem 5.2.

We must show that if F € MC(S), then F = 7(E) for some E € q. We
look again at the system of differential equation (7). If F € MC(S), then its
coeflicients solve all the subsystems that we can extract from (7). In particular we
consider a subsystem for each shadow, namely:

Xsi(fy) =0 y if y—0¢%, U{0}
X(;’i(f%j) + Z e ngy 5f'y—6,l =0 ify— o€ DI (14)
X&i(f'm) - 0 §é S;u

for every root v in S,. We want to interpret (14) like the system of differential
equations that defines the multicontact vector fields on nilpotent Iwasawa Lie
groups. Indeed, Lemma 4.5 tells us that the functions f, ;, as 7 varies in S, are
(X4 \ S,)-independent. Hence

Xs5i(fyi) = ngi(f%j), for every 7,6 € S,,,

where X%, is the vector field that is obtained from Xj,; by setting all the compo-
nents that are labeled by roots that are not in S, equal to zero . We then consider,
in place of (14), the equivalent system

{ X5ilfr5) =0 ify—6¢%, u{0}=A8
X5 (fr) + S Cgl]v sfy—60=0 ify—0€X,,

'Personal comunication by the authors of [7], who intend to clarify this matter in full detail
in a forthcoming paper.

(15)




370 OTTAZZI

where 7,0 € S,,. Define n* as in Lemma 5.1. Using hypothesis (I) of Theorem 5.2,
Lemma 5.1 implies that the Lie algebra n* is an Iwasawa nilpotent Lie algebra. The
system of differential equations above coincides with the multicontact conditions
for a vector field on N# = expn*, because the vector fields X gf , are exactly the
left—invariant vector fields on N#. This latter assertion is a consequence of a direct
calculation .

Lemma 5.3.  Let F € X(S). Then ' € MC(S) if and only if its projection
Fr = Eaesu Yo faiXai s a multicontact vector field on N* for every mazimal
ro0t .

Proof. “=7". By Lemma 4.5, any multicontact vector field on S can be natu-
rally viewed as a vector field on N* for every maximal root p. If the coefficients
of F' solve the system of differential equations (7), then in particular they solve
all subsystems (15), that is any projected vector field F* is in MC(N*).

“<”  If F has the property that each F* solves (15), then F solves all
the equations in (7), so that it is in M C(S). [

Write gt = n* + On* + m* + a, where m# = m N [n*, On#|, and a* = a N [n*, On#].
From [7] it follows that the multicontact vector fields on N# are all of the form
7,(E), where
d
7uB) () = 2 F(lesp(~tB)n))|
with E € g, n € N* and some function f on N*.

Lemma 5.4. The set of vector fields {T(E)*, E € gt} generates the Lie algebra

MC(N#), where
T(EF =3 fuX,;,

vES, j=1

whenever T(E) = 37 o5 S [ Xy In particular, if E € q, it follows that
T(E)* # 0 if and only if E € g\ {0}.

Proof. Let E € g*. We show that E € b, the normalizer in g of the nilpotent
ideal consisting of all the root spaces labeled by S; = 3, \S,, namely b = Ngnse .
Since gf = m* +a* +n*+0n* and m* +a*+n* C b, we can suppose that £ € On*.
Write £ = > Ejs (here [ varies in a subset of negative roots) . If E ¢ b, then
there exists 3 € ¥_ such that Ez ¢ b. Since b normalizes, there would exists
o € 8¢ such that a + ¢ SS. Hence (I) implies o = (a4 3) + (=) € Sy, a
contradiction. Theorem 4.6 applied to S, implies that 7(E)* € MC(N#).

We now show that 7(E)* # 0 for every E € gt \ {0}. Suppose that
there exists £ € g' such that 7(E)* = 0. Write £ = H + K + ) E,, with
H € o* and K € m*. Since Y +— Y* preserves (homomorphic images of) root
spaces, the hypothesis 7(E)* = 0 is equivalent to assuming 7(H)* = 7(K)* =
and 7(E,)* = 0 for every a. Proceeding as in the second part of the proof of
Theorem 4.6, we get H = K = F, = 0.

Finally, let £ € q. Then 7(E) € MC(S),and 7(E)* € MC(N*). If E ¢ g*,
then the latter assertion is true only if 7(E)* = 0. [
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Corollary 5.5. Let T =
Then:

uee S with € a subset of mazimal roots in R.

(i) the nilpotent Lie algebra n* = @ ;9o is an Iwasawa Lie algebra.

(ii) Let g% denote the Lie subalgebra of g generated by wr and On®, and let
NZ = expn?. The vector fields of the type

T(E)I = Z Z f%ij'?
acZ j=1
with E € g*, are in MC(N?).

(iii) If E € q, then E € g% \ {0} implies that T(E)* #0.

Proof. (i) Let @ and /8 two roots in Z such that a + [ is a root. Then by (I)
follows that a+ 3 € S, for every pu € €. Hence a+ € Z, and n’ is a subalgebra

in n. By Lemma 5.1, n? is an Iwasawa nilpotent Lie algebra. ]
Fix a numbering py,...,p, of the maximal roots and write g° for gti. By
Lemma 5.3, we can associate to each F' € MC(S) a vector (F*,... FP), where

each F' = F* € MC(N#) is the natural projection. Moreover, Lemma 5.4 implies
F' = 7(E") for some E' € g, so that (F*',..., FP) = (r(EY, ..., 7(EP)?). If we
prove

El=...=F' =F, for some F € q, (16)

then the theorem follows.

The proof of (16) needs a technical result (Lemma 5.7) that characterizes
q in terms of roots, and in particular its “negative” part g =" 5 ga, with
DcX_.

Given a root a = Y 5.1 ns()0 we denote by V() the subset of A con-
sisting of those 0 for which ns(«) # 0, and we call it the simple support of «.

Proposition 5.6. [5] (i) Let o € . Then Y(«) is a connected subset of the
Dynkin diagram associated to 3.

(ii) Let Y be any connected non empty subset of a Dynkin diagram. Then
> ey B is a root.
We say that a simple root § is a boundary simple root if there exists a maximal
root v in R whose simple support is a connected diagram that does not contain
but to which § is adjacent, i.e. such that there exists ¢’ € Y(v) with the property
that ¢ + ¢’ is a root. The set of all the boundary simple roots will be denoted by
B.

Lemma 5.7. LetqNu =) _.pda-
(i) If § is a simple root, then —§ ¢ D if and only if § € B.

(i) If v is any positive root, then —a ¢ D if and only if the simple support of
a contains a simple root in B.
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Proof. = We prove (i) first.

“<”. Let 0 € B and let v be a maximal root to whose shadow ¢ is
adjacent. Proposition 5.6 implies that Zeey(u) e+ 6 =o0+46 is a root. Moreover,
it does not lie in R. Indeed, if 0 + 0 € R, then it would belong to a shadow
containing S,, contradicting the maximality of v. On the other hand, o itself
is a root, again by Proposition 5.6, and it lies in R, because it is sum of simple
roots in a same shadow &,. Thus, we found a root in C, namely o + ¢, such that
(04 60)— 06 ¢ C. Therefore —0 ¢ D.

“=”_ Suppose § ¢ B. Let @ € C with 6 < « and consider its simple
support Y(a). We shall show that & —§ € C whenever a« — § € ¥. Take a
maximal connected set F of simple roots in ) (a)) with the following properties:

o 0 eF,
¢ there exists a shadow containing F.

This means that 6 € F C S, for some v, but no larger connected subset of YV(«)
containing ¢ is contained in any other single shadow. Necessarly F is a proper
subset of Y(«), for otherwise a would lie in R. Take ¢ € Y(«) adjacent to F.
Then two cases arise.

(a) V(o —9) does contain §. In this case Y(a — J) contains both F and e.
Thus o — 9§ ¢ R, for otherwise F U {e} would be a connected set contained
in a single shadow (namely any shadow containing « — ) and it would be
larger than F.

(b) Y(a—9) does not contain §. Then Y(a—¢) is connected and ¢ is adjacent
to it. If « —¢§ € R then § would be a boundary root because Y(a—4§) C S,
for some maximal root v, and § ¢ S, (for otherwise « = (a« — )+ € S,,
which is impossible). Hence ¢ would be adjacent to the simple support of

S, , contradicting 0 & B. Therefore o« — 6 ¢ R.

We have seen that in all cases —0 € D. This concludes the proof of (i).

As for (ii), take a non simple root —a ¢ D. Then Y(«) contains at least
one simple root ¢ ¢ —D. Indeed, since q is a subalgebra, if J(a) were contained
in =D, then « itself would lie in q. Thus Y(«) contains a boundary simple root.
Conversely, if a € X, is such that Y(«) contains a simple root in B, then it
contains a simple root that is not in —D, so that —« is not in D. |

We can now prove (16). Write E* = >° sy Bo, with X' = S, U (=S,,,).
By definition, 7(E?)" € MC(N*) if and only if 7(E’)" € MC(N*) for every
a € XU{0}.

Recall that ¢ = m @ a®n® (nNq), and write q = P, g da, Where
G =3, U{0} UD. We shall prove the following two claims:

(a) a € G= E! = F/, for every i,j;
(b) a¢G= B, =0.

These two facts allows us to define an element £ =" s 15y Ea by

[ E ifaeg
E“_{o ifagg,
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forall i =1,...,p. In particular, F € q and (16) follows.

(a) If « € G, then E' € q for every i@ = 1,...,p. By Theorem 4.6,
7(EL) € MC(S) and, by Lemma 5.4, 7(E') € MC(N*) for every maximal root
. Moreover, Lemma 5.4 also implies that 7(E’)? # 0 if and only if E! € gti.
Suppose that E!, belongs to gt/ with j # i and let Z = S, NS, (Z is not empty,
otherwise g and g/ would not have a common element). Then statement (iii)
of Corollary 5.5 implies that the components of 7(E")" labeled by Z do not vanish
identically. This forces FV # 0, because

() = 7(EL)" #0.

Moreover, since gs C q, the identity 7(EJ — E')* = 0 holds only if E! = EJ,
again by (iii) in Corollary 5.5. This proves (a).

(b) Let a ¢ G, and suppose that E’ # 0. We show that this hypothe-
sis takes us to a contradiction. In particular, we shall show that in the vector
(F',..., FP) appears one component that is not of multicontact type, there im-
plying that F' itself is not a multicontact vector field.

By definition of G, the root a must be negative. Furthermore, by (ii) of
Lemma 5.7, there exists 6 € B such that § + 6, +---+J, = —a. Let S, be a
shadow to which ¢ is adjacent. Then there exists at least a shadow to which §
belongs that intersects S,,;. Indeed, if this does not happen, then § would belong
to a dark zone disjoint from S,,;, which is impossible. Call S, such a shadow and
J =8, NS, # . We show that a multicontact vector field corresponding to
the root a cannot be identically zero in its components labeled by the intersection
J (S, NS, ). In short, we prove that

T(EL)Y #£0. (17)

If the equation above holds, then the relation 7(E:)7 = 7(E%)7 forces F/ =
7(E7)7 to be non-zero because 7(£7)7 # 0. On the other hand —a ¢ S,,,, for
otherwise § would lie in S,,;. This implies that 7(EJ)’ is not in MC(N*) by
Lemma 5.4. This, in turn, implies that F*i hence F', is not a multicontact vector
field, that is the contradiction we expected.

It remains to prove equation (17). Suppose 7(E")7 = 0. This will give that
7(E®5)7 = 0 which, in turn, implies that § is not a boundary root, a contradiction.

First, by 7(E.)7 = 0, it follows that for every E’ € n is
My My My3
[T(E%)vT(E/)] = [ Z Z.f’Yl,iX’h,i» Z Zg"/Q,J'X"/QJ + Z Zg’wJﬂX%,k]'
7eJe i=1 72ed j=1 Y3€T ¢ k=1

All terms of the bracket above lie in X(NY), except

f’y1 ,iX71,i (9727j)X727j7

but X, i(g+,,;) =0, for every 7, € J¢ and 72 € J, because the coefficients g,,
are (X4 \ J)-independent. Indeed, J is a Hessenberg set and its complement J°¢
defines an ideal nz. in n whose normalizer contains n. Therefore, since E' € n,
it also lies in Ngnzc, so that the coefficients of 7(E’)7 are (X, \ J)-independent.
Hence [r(E%),7(E")] € X(N7°) , that implies

r([EL, BN = [r(EL), (E)T =0
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for every E’ € n. The same argument can be iterated for showing that

r([[Bs B, BV = [[(BL), 7(E), .., (B =0 (18)
for every collection of elements E’,..., E(™ in n.

Let 61, ...,0d, simple roots such that a+6; +---+ 6, = —¢ is a chain, and
Ei € g5,,...,E, € g5, such that

HE;’ El]? S ’Eq] =Lk €95 \ {O}

We apply (18) to the bracket above, there obtaining 7(E_5)7 = 0. Since E_s € n,
(18) together with Prop 6.52 in [15] gives

0=[1(E_s),7(0E_5)]Y = B(E_s5,0E_;)7(Hs)”. (19)

By Lemma 5.7, since 6 € B, there exists a simple root ¢’ € S,,; such that § + ¢’
is a root. This implies that (J,0") # 0, because § — ¢’ is never a root. Hence
§'(Hs) # 0, so that Hs € gt N gtt. By Corollary 5.5, it follows that 7(Hs)7 # 0,
contradicting (19). This concludes our proof. [

Remarks. One can easily see that if the root system corresponding to g
is A,, then hypothesis (I) holds for every subset R C A, of Hessenberg type.
Nevertheless, it is also easy to build counter-examples to Theorem 5.2. Indeed, it
is enough to consider g = Sp(2,R) with corresponding positive roots {«, 3, +
3,2a+ f} and Hessenberg structure given by R = {a, 3, a+ $}. Here hypothesis
(I) does not hold and a direct calculation of the Lie algebra of multicontact vector
fields gives a larger space than q/nc¢.

Finally, we note that by [7] it follows that all the results we proved are true
under the assumption that the multicontact mappings are C?.

6. Multiconformal mappings

Consider N¢ = expne . Since N¢ is a normal subgroup of N, the quotient N/N¢
is a nilpotent Lie group. We identify the Lie algebra of N/N¢ with n/ne, and
we define a natural multicontact structure on this quotient simply considering the
subbundles {(gs)n. : 0 € A}, where (E),. denotes the coset of E in n/nc. Let
f be a diffeomorphism between open subsets of N/N¢. Then f is a multicontact
mapping if for every simple root ¢

fe({85)ne) C (G5)nc-

The coordinates system on the slice S define the analytic structure on N/Ne.
Thus, N/N¢ and S are diffeomorphic by the assignment

X {({Taitaen, )INe = ({Taitaer; 0),

where (n)y, denotes the coset of n € N in the quotient group. The differential x.
maps the left-invariant vector field (X, )n. to Yw-, therefore the multicontact
structure on N/N¢ is mapped onto the multicontact structure on S. Let Q =
Int(q). We have Int(q) C Int(g), because Int(q) = €49, Int(g) = €*!® and q C g.
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Lemma 6.1. The action of every element q € Q on N induces a well-posed
action on the quotient N/N¢, namely

qA<<n>Nc) = <[qn]>Nc7

where [qn] is the N-component of qn in the Bruhat decomposition.

Proof. Let n € N and ne € Ne. Then n and nne both represent (n)n, €
N/N¢. We show that [gn] and [gnnc] represent the same element in N/N¢, that
is [qn][gnne]™ € Ne. Let p € P such that [gn] = gnp. Since N¢ is a normal
subgroup of Q, there exists n; € N¢ such that [gnne] = [npqn| = ni[gn] = npgnp.

Then [gn][gnnc]™ = qnp(njqnp)~ = (nl)~' € N¢, as required. ]

Proposition 6.2.  Let ) be as above, and A an open subset of N/N¢. For
every q € Q, the map

G:ACN/Ne— N/Ng

18 a multicontact mapping on A. Furthermore ¢ =id4 for every q € Ne¢.

Proof. Since ¢ € G = Int(g), it is a multicontact mapping on G/P. Thus,
¢:(gs) C gs for every simple root § ([7]). Let E € gs, for some 6 € A, and
consider a representative in n/ne of (E),., say £+ E’, with E' € ne. Then

Q*(<E>M) = <(lq)*<E + El»nc'
By definition
(1).(B) = S (aexp(tE)

t=0

Since [q,n¢] C ne, a straightforward calculation implies that (I,).(E') € nc.
Therefore there exists E” € ne such that

G+ ((E)ne) = (Ug)e(E + E))ne = (¢:(E) + E")ne C (85 + ne)ne C (85)ne-

Since (nen)n, = (n)n., it follows that ne maps (n)y, in itself, for every n € N.
Hence the proposition holds. [ |

Now, the inner product on n derived from the Killing form may be propagated to
the tangent space of any point of G/P using the G action: the result is determined
up to the action of an element of A ([7]). Let (X)n. and (Y)n, € (gs)n. and let
X and Y € g5 be left invariant vector fields on N representing (X),, and (Y),..
Such representatives are unique. Then By((X)u., (Y)n.) := Bp(X,Y) defines a
well-posed conformal structure on each stratus (gs)n., whenever ¢ is a simple
root. We then say that a multicontact map f is multiconformal if the restriction
of f. to (gs)n. is a multiple of an isometry, for every simple root §. A direct
calculation shows that the left action of Q) is multiconformal. Since the action of
N¢ induces the identity map, we then have that Q/N¢ is a group of multiconformal
mappings.
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