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TOEPLITZ AND HANKEL OPERATORS ON A
VECTOR-VALUED BERGMAN SPACE
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Communicated by A.R. Mirmostafaee

Abstract. In this paper, we derive certain algebraic properties of Toeplitz
and Hankel operators defined on the vector-valued Bergman spaces L2,Cn

a (D),
where D is the open unit disk in C and n ≥ 1. We show that the set of all
Toeplitz operators TΦ,Φ ∈ L∞

Mn
(D) is strongly dense in the set of all bounded

linear operators L(L2,Cn

a (D)) and characterize all finite rank little Hankel op-
erators.

1. Introduction

Let D = {z ∈ C : |z| < 1} be the open unit disc in the complex plane C and
let dA(z) = 1

π
dxdy = 1

π
rdrdθ be the area measure on D normalised so that the

area of D is 1. For 1 ≤ p < ∞, the Bergman space Lpa(D) is the space of all
holomorphic functions f in D for which

‖f‖Lpa(D) =

(∫
D
|f(z)|pdA(z)

) 1
p

<∞.

The quantity ‖.‖Lpa(D) is a norm if p ≥ 1. Thus Lpa(D) is the subspace of holomor-
phic functions that are in the space Lp(D, dA). The Bergman spaces are Banach
spaces, which is a consequence of the estimate:

sup
z∈K
|f(z)| ≤ CK‖f‖Lpa(D)

valid on compact subsets K of D. If p = 2, then Lpa(D) is a Hilbert space. Since
point evaluation at z ∈ D is a bounded linear functional [12] on the Hilbert
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space L2
a(D), the Riesz representation theorem implies that there exists a unique

function Kz in L2
a(D) such that

f(z) =

∫
D
f(w)Kz(w)dA(w)

for all f in L2
a(D). Let K(z, w) be the function on D× D defined by

K(z, w) = Kz(w).

The function K(z, w) is thus the reproducing kernel for the Bergman space L2
a(D)

and is called the Bergman kernel. The sequence {en(z)}n≥0 = {
√
n+ 1zn}n≥0 of

functions [12] form the standard orthonormal basis for L2
a(D) and

K(z, w) =
∞∑
n=1

en(z)en(w).

The Bergman kernel is independent of the choice of orthonormal basis and

K(z, w) = 1
(1−zw̄)2

. Let ka(z) = K(z,a)√
K(a,a)

= 1−|a|2
(1−āz)2 . These functions ka are called

the normalized reproducing kernels of L2
a(D); it is clear that they are unit vec-

tors in L2
a(D). Let L∞(D, dA) denote the Banach space of Lebesgue measurable

functions f on D with

‖f‖∞ = esssup{|f(z)| : z ∈ D} <∞
and H∞(D) be the space of bounded analytic functions on D.

Let L2,Cn
a (D) = L2

a(D) ⊗ Cn and L∞Mn
(D) = L∞(D) ⊗ Mn where Mn(C) =

Mn, n ≥ 1 is the set of all n×n matrices with entries in C. The space L2,Cn
a (D), n ≥

1 is called the vector-valued Bergman space. The inner product on L2,Cn
a (D) is

defined as

〈f, g〉
L2,Cn
a (D)

=

∫
D
〈f(z), g(z)〉CndA(z).

With this inner product L2,Cn
a (D) is a Hilbert space. The norm defined on L2,Cn

a (D)
is given by

‖f‖2

L2,Cn
a (D,dA)

=

∫
D
‖f(z)‖2

CndA(z).

It is a closed subspace of L2,Cn(D, dA) = L2(D, dA) ⊗ Cn. Let P denote the
orthogonal projection from L2,Cn(D, dA) onto L2,Cn

a (D). For Φ ∈ L∞Mn
(D), we

define the Toeplitz operator TΦ from L2,Cn
a (D) into itself as TΦf = P (Φf) and the

Hankel operator HΦ from L2,Cn
a (D) into (L2,Cn

a (D))⊥ = L2,Cn(D, dA) 	 L2,Cn
a (D)

as HΦf = (I − P )(Φf). For Φ ∈ L∞Mn
(D), define ‖Φ‖∞ = esssupz∈D‖Φ(z)‖. If

Φ ∈ L∞Mn
(D), then it is not difficult to see that ‖TΦ‖ ≤ ‖Φ‖∞ and ‖HΦ‖ ≤ ‖Φ‖∞.

This is so as ‖P‖ ≤ 1 and ‖I − P‖ ≤ 1.
For Φ ∈ L∞Mn

(D), we define the little Hankel operator SΦ from L2,Cn
a (D) into

itself as SΦf = PJ(Φf) where J : L2,Cn(D, dA) → L2,Cn(D, dA) is defined as
Jf(z) = f(z). The map J is unitary. There are also many equivalent ways of

defining little Hankel operators. Let L2,Cn
a (D) = L2

a(D) ⊗ Cn. For Φ ∈ L∞Mn
(D),

define hΦ from L2,Cn
a (D) into L2,Cn

a (D) as hΦf = P (Φf) where P is the orthogonal
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projection from L2,Cn(D, dA) onto L2,Cn
a (D). It is not difficult to verify that hΦ =

JSΦ.
Let L(H) be the set of all bounded linear operators from the Hilbert space H

into itself and LC(H) be the set of all compact operators in L(H).

Consider the direct sum
n∑
k=1

⊕Lk, with each Lk the same Hilbert space L2
a(D).

Define the bounded linear operators

Ui : L2
a(D) −→

n∑
k=1

⊕Lk, Vi :
n∑
k=1

⊕Lk −→ L2
a(D),

for each i ∈ {1, 2, · · · , n} as follows. When f ∈ L2
a(D) and g = {gk} ∈∑n

k=1⊕Lk, Vig = gi and Uif is the family {hk} in which hi = f and all other hk
are 0. Let L′i be the range of Ui. It consists of all elements {hk} of

∑n
k=1⊕Lk in

which hk = 0 when k 6= i. The space L′i is a closed subspace of
∑n

k=1⊕Lk and
observe that ViUi is the identity operator on L2

a(D) and UiVi is the projection
Ei from

∑n
k=1⊕Lk onto L′i. Since the subspace L′i, i ∈ {1, 2, · · · , n} are pairwise

orthogonal, and
∨n
i=1 L

′
i =

∑n
k=1⊕Lk, it follows that the sum

∑n
i=1Ei = I. Note

that Ui = V ∗i , since

〈Uif, {fk}〉 = 〈f, fi〉 = 〈f, Vi{fk}〉
whenever f ∈ L2

a(D) and {fk} ∈
∑n

k=1⊕Lk. With each bounded linear operator
T acting on

∑n
k=1⊕Lk, we associate a matrix (Tij)1≤i,j≤n, with entries Tij in

L(L2
a(D)) defined by

Tij = ViTUj. (1.1)

If g = {gk} ∈
∑n

k=1⊕Lk, then Tg is an element {pk} of
∑n

k=1⊕Lk and

pi = ViTg = ViT

(
n∑
k=1

Ekg

)
=

n∑
k=1

ViTUjVjg =
n∑
j=1

Tijgj.

Thus

T

(
n∑
k=1

⊕gk

)
=

n∑
k=1

⊕pk where pi =
n∑
j=1

Tijgj, i ∈ {1, 2, · · · , n}. (1.2)

The usual rules of matrix algebra have natural analogues in this situation. From
(1.1), the matrix elements Tij depend linearly on T. Since

ViT
∗Uj = U∗i T

∗V ∗j = (VjTUi)
∗ = (Tji)

∗,

the matrix of T ∗ has (Tji)
∗ in the (i, j) position. If S and T are bounded linear

operators acting on
∑n

k=1⊕Lk, and R = ST, then

Rij = ViRUj = ViSTUj =
n∑
k=1

ViSEkTUj

=
n∑
k=1

ViSUkVkTUj =
n∑
k=1

SikTkj.
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Thus we establish a one-to-one correspondence between elements of L (
∑n

k=1⊕Lk)
and certain matrices (Tij)

n
i,j=1 with entries Tij in L(L2

a(D)). Each such matrix cor-
responds to some bounded operator T acting on

∑n
k=1⊕Lk; indeed, T is defined

by (1.2), and its boundedness follows at once from the relations

||{pk}||2 =
n∑
i=1

||pi||2 =
n∑
i=1

||
n∑
j=1

Tijgj||2 ≤
n∑
i=1

(
n∑
j=1

||Tij|| ||gj||

)2

≤
n∑
i=1

(
n∑
j=1

||Tij||2
)(

n∑
j=1

||gj||2
)

=

(
n∑
i=1

n∑
j=1

||Tij||2
)
||{gk}||2.

In this paper we derive certain algebraic properties of Toeplitz and Hankel op-
erators defined on the vector-valued Bergman spaces L2,Cn

a (D), n ≥ 1. We have
shown that if there exists A,B ∈ L(L2,Cn

a (D)) such that ATΦB = TΦ for all
Φ ∈ L∞Mn

(D), then A = αIL(L2,Cn
a (D))

, B = βIL(L2,Cn
a (D))

, α, β ∈ C and αβ = 1 and

that the set of all Toeplitz operators TΦ,Φ ∈ L∞Mn
(D) is strongly dense in the

set of all bounded linear operators L(L2,Cn
a (D)) and characterize all finite rank

little Hankel operators defined on the vector-valued Bergman space. The layout
of this paper is as follows. In section 2, we establish that if ATΦB = TΦ for all
Φ ∈ L∞Mn

(D), then A = αIL(L2,Cn
a (D))

, B = βIL(L2,Cn
a (D))

, α, β ∈ C and αβ = 1. Fur-

thermore, it is shown that the set of all Toeplitz operators TΦ,Φ ∈ L∞Mn
(D) from

L2,Cn
a (D) into itself is strongly dense in the Banach space L(L2,Cn

a (D)). In section
3, we prove that there exists no finite rank Hankel operator HΦ with nonconstant
matrix-valued symbol Φ that is diagonal. We further establish certain elementary
properties of little Hankel operators and characterize all finite rank little Hankel
operators with diagonal matrix-valued symbols.

2. Toeplitz operators with symbols in L∞Mn
(D)

In this section we have shown that if there exists A,B ∈ L(L2,Cn
a (D)) such that

ATΦB = TΦ for all Φ ∈ L∞Mn
(D), then A = αIL(L2,Cn

a (D))
, B = βIL(L2,Cn

a (D))
, α, β ∈

C and αβ = 1. Here IL(L2,Cn
a (D))

is the identity operator from the space L2,Cn
a (D)

into itself. Further, we show that the set of all Toeplitz operators TΦ,Φ ∈ L∞Mn
(D)

from L2,Cn
a (D) into itself is strongly dense in the Banach space L(L2,Cn

a (D)).

Theorem 2.1. If A,B ∈ L(L2,Cn
a (D)), n ≥ 1 and ATΦB = TΦ for all Φ ∈

L∞Mn
(D), then A = αIL(L2,Cn

a (D))
, B = βIL(L2,Cn

a (D))
, α, β ∈ C and αβ = 1.

Proof. Suppose A,B ∈ L(L2,Cn
a (D)), n ≥ 1 and ATΦB = TΦ for all Φ ∈ L∞Mn

(D).
Since L2,Cn

a (D) = L2
a(D)⊗ Cn, we obtain

A =


A11 A12 · · · A1n

A21 A22 · · · A2n
...

... · · · ...
An1 An2 · · · Ann

 and B =


B11 B12 · · · B1n

B21 B22 · · · B2n
...

... · · · ...
Bn1 Bn2 · · · Bnn

 , where

Aij, Bij ∈ L(L2
a(D)) for all i, j ∈ {1, 2, · · · , n}. Here Aij = ViAUj and Bij =
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ViBUj for all i, j ∈ {1, 2, · · · , n}. Further, as Φ ∈ L∞Mn
(D) = L∞(D)⊗Mn, we have

Φ =


φ11 φ12 · · · φ1n

φ21 φ22 · · · φ2n
...

... · · · ...
φn1 φn2 · · · φnn

 , where φij ∈ L∞(D) for all i, j ∈ {1, 2, · · · , n}.

Hence

TΦ =


Tφ11 Tφ12 · · · Tφ1n
Tφ21 Tφ22 · · · Tφ2n

...
... · · · ...

Tφn1 Tφn2 · · · Tφnn

 .

By considering elementary matrices of the type

0 0 · · · 0 · · · 0 0
0 0 · · · 0 · · · 0 0
...

...
...

...
...

...
...

0 0 · · · Tφij · · · 0 0
...

...
...

...
...

...
...

0 0 · · · 0 · · · 0 0


,

with just one nonzero (i, j)th entry Tφij , φij ∈ L∞(D), i, j ∈ {1, 2, · · · , n} and
using the operator equations


A11 A12 · · · A1n

A21 A22 · · · A2n
...

... · · ·
...

An1 An2 · · · Ann





0 0 · · · 0 · · · 0 0
0 0 · · · 0 · · · 0 0
...

...
...

...
...

...
...

0 0 · · · Tφij · · · 0 0
...

...
...

...
...

...
...

0 0 · · · 0 · · · 0 0




B11 B12 · · · B1n

B21 B22 · · · B2n
...

... · · ·
...

Bn1 Bn2 · · · Bnn



=



0 0 · · · 0 · · · 0 0
0 0 · · · 0 · · · 0 0
...

...
...

...
...

...
...

0 0 · · · Tφij · · · 0 0
...

...
...

...
...

...
...

0 0 · · · 0 · · · 0 0


,

it follows from [5] that ViAUj = ViBUj = 0 if i 6= j, i, j = 1, 2, · · · , n and ViAUi =
αIL(L2

a(D)), ViBUi = βIL(L2
a(D)) for all i = 1, 2, · · · , n and for some α, β ∈ C such that

αβ = 1. This implies A = αIL(L2,Cn
a (D))

and B = βIL(L2,Cn
a (D))

. The theorem follows. �
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Theorem 2.2. Let T ∈ L(L2,Cn
a (D)), n ≥ 1, Fi =

 Fi1
...
Fin

 ∈ L2,Cn
a (D), Gi =

 Gi1
...
Gin

 ∈ L2,Cn
a (D), i = 1, · · · , N. Then there exists Φ ∈ L∞Mn

(D) such that

〈TΦFi, Gi〉 = 〈TFi, Gi〉, i = 1, · · · , N.

Proof. Let f1, f2, · · · , fk and g1, g2, · · · , gm respectively be bases of the finite-
dimensional subspaces of L2,Cn

a (D) generated by F1, · · · , FN and G1, · · · , GN . We
shall find Φ ∈ L∞Mn

(D) such that 〈TΦfi, gj〉 = 〈Tfi, gj〉 for all i = 1, · · · , k and
j = 1, · · · ,m.

Consider the operator R : L∞Mn
(D) → Ck×m, defined by (RΦ)ij = 〈TΦfi, gj〉,

i = 1, · · · , k and j = 1, · · · ,m. Suppose u ∈ Ck×m is orthogonal to the range of
R. That is, let

k∑
i=1

m∑
j=1

(RΦ)ijuij = 0

for all Φ ∈ L∞Mn
(D). This implies (taking Φ = In×n, the identity matrix)

k∑
i=1

m∑
j=1

〈fi, gj〉L2,Cn
a (D)

uij = 0.

Hence
k∑
i=1

m∑
j=1

〈fi(z), gj(z)〉Cnuij = 0

almost everywhere on D. Since the left hand side is obviously continuous on D,
this equality holds, in fact, on the whole of D. Thus the function

Ω(x, y) =
k∑
i=1

m∑
j=1

〈fi(x), gj(y)〉Cnuij

which is analytic in D× D, equals zero when x = y. By the uniqueness theorem
[11], this implies that Ω ≡ 0 on D× D. Because, functions fi, i = 1, 2, · · · , k, are
linearly independent, we obtain

m∑
j=1

uijgj(y) = 0

for all y ∈ D, i = 1, 2, · · · , k; but gj, j = 1, 2, · · · ,m, are also linearly independent,
and so uij = 0 for all i, j; i.e., u = 0. This means that the range of R is all of
Ck×m and the result follows. �

Theorem 2.3. The set of all Toeplitz operators TΦ,Φ ∈ L∞Mn
(D) is dense in

L(L2,Cn
a (D)) in the strong operator topology.
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Proof. From Theorem 2.2, it follows that the collection N = {TΦ : Φ ∈ L∞Mn
(D)}

is dense in L(L2,Cn
a (D)) in the weak operator topology. As N is a subspace,

i.e., a convex set, its weak operator topology and strong operator topology clo-
sures coincide. Hence N is dense in L(L2,Cn

a (D)) in the strong operator topology.
Let T ∈ L(L2,Cn

a (D)). Then there exists ΦN ∈ L∞Mn
(D) such that TΦN → T in

the strong operator topology. This can also be verified as follows: Let T =
T11 T12 · · · T1n

T21 T22 · · · T2n
...

... · · · ...
Tn1 Tn2 · · · Tnn

 where Tij = ViTUj ∈ L(L2
a(D)). From [6] and [7], it

follows that {Tφ : φ ∈ L∞(D)} is dense in L(L2
a(D)) in the strong operator topol-

ogy. Thus there exists a sequence Tφijm that converges to Tij strongly for all i, j ∈
{1, 2, · · · , n}. Let Φm = (φijm)ni,j=1. Then for F = (f1, f2, · · · , fn)T ∈ L2,Cn

a (D), we
obtain

‖TΦmF − TF‖2 =

∥∥∥∥∥∥∥∥


Tφ11m − T11 Tφ12m − T12 · · · Tφ1nm − T1n

Tφ21m − T21 Tφ22m − T22 · · · Tφ2nm − T2n
...

... · · · ...
Tφn1m − Tn1 Tφn2m − Tn2 · · · Tφnnm − Tnn




f1

f2
...
fn


∥∥∥∥∥∥∥∥

2

=

∥∥∥∥∥∥∥∥


(Tφ11m − T11)f1 + (Tφ12m − T12)f2 + · · ·+ (Tφ1nm − T1n)fn
(Tφ21m − T21)f1 + (Tφ22m − T22)f2 + · · ·+ (Tφ2nm − T2n)fn

...
(Tφn1m − Tn1)f1 + (Tφn2m − Tn2)f2 + · · ·+ (Tφnnm − Tnn)fn


∥∥∥∥∥∥∥∥

2

≤
n∑

i,j=1

‖Tφijmfj − Tijfj‖
2 → 0

as m→∞. Hence the set of all Toeplitz operators {TΦ,Φ ∈ L∞Mn
(D)} is dense in

L(L2,Cn
a (D)) in the strong operator topology. �

3. Hankel operators with matrix-valued symbols

Suppose Φ ∈ L∞Mn
(D). In this section we show that HΦ ≡ 0 if and only if Φ ∈

H∞Mn
(D) and that there exists no finite rank Hankel operator HΦ with nonconstant

matrix-valued symbol Φ that is diagonal. We further establish certain elementary
properties of little Hankel operators and characterize all finite rank little Hankel
operators with diagonal matrix-valued symbols.

Theorem 3.1. Let Φ ∈ L∞Mn
(D) and Φ =


φ11 0 · · · 0
0 φ22 · · · 0
...

... · · · ...
0 0 · · · φnn

 , where φii ∈

L∞(D), 1 ≤ i ≤ n. The following hold:

(i) The operator HΦ ≡ 0 if and only if Φ ∈ H∞Mn
(D).
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(ii) The operator Hφjj 6= 0 for all j ∈ {1, 2, · · · , n} if and only if kerHΦ =

{0}. Further HΦ ≡ 0 if and only if kerHΦ = L2,Cn
a (D).

(iii) If in addition, Φ ∈ H∞Mn
(D), then the operator HΦ∗ is a finite rank Hankel

operator if and only if Φ is a diagonal matrix with entries in C.

Proof. It is not difficult to see that HΦ =


Hφ11 0 · · · 0

0 Hφ22 · · · 0
...

... · · · ...
0 0 · · · Hφnn

 where

Hφii ∈ L(L2
a(D)) is a Hankel operator with symbol φii ∈ L∞(D).

Suppose φ ∈ L∞(D). Before we begin the proof of the theorem, the points to
note are the following:

(a)If φf ∈ L2
a(D) for all f ∈ L2

a(D) then φ ∈ H∞(D).
(b)Hφ ≡ 0 if and only if φ ∈ H∞(D).
The statement (a) can be verified as follows: Suppose φL2

a(D) ⊂ L2
a(D). Then

Tφf = φf and therefore φ(z) =
Tφf(z)

f(z)
. Hence φ is analytic on D−{ zeros of f}.

Each isolated singularity of φ in D is removable, since φ is assumed to be bounded.
Thus φ is analytic on D. Since φ ∈ L∞(D), we have φ ∈ H∞(D).

To establish (b), suppose Hφ ≡ 0. Then Hφf = 0 for all f ∈ L2
a(D). That is,

Tφf = φf . From (a) it follows that φ ∈ H∞(D). Conversely, if φ ∈ H∞(D), then
φf ∈ L2

a(D) for all f ∈ L2
a(D). Hence Hφf = 0 for all f ∈ L2

a(D). Therefore
Hφ ≡ 0.

Now (i) follows from (a) and (b) since HΦ ≡ 0 if and only if Hφjj ≡ 0 for all
j ∈ {1, 2, · · · , n}. That is, if and only if φjj ∈ H∞(D) for all j ∈ {1, 2, · · · , n}.
Thus HΦ ≡ 0 if and only if Φ ∈ H∞Mn

(D).
To prove (ii), suppose φ ∈ L∞(D). Then

kerHφ = {f ∈ L2
a(D) : (I − P )(φf) = 0}

= {f ∈ L2
a(D) : φf ∈ L2

a(D)}.

Now if kerHφ 6= {0}, then φ ∈ H∞(D) (proceed as in (a)). This implies Hφ is
equivalent to zero and kerHφ = L2

a(D). Thus if Hφ 6= 0, then kerHφ = {0}.
Further, if kerHφ = {0} then it follows that φ /∈ H∞(D) and Hφ 6≡ 0. To prove
(ii), let Φ ∈ L∞Mn

(D). Then kerHΦ is equal to(f1, f2, · · · , fn) ∈ L2,Cn
a (D) :


Hφ11 0 · · · 0

0 Hφ22 · · · 0
...

... · · · ...
0 0 · · · Hφnn




f1

f2
...
fn

 =


0
0
...
0




= {(f1, f2, · · · , fn) ∈ L2,Cn
a (D) : Hφjjfj = 0 for all j ∈ {1, 2, · · · , n}}.

Thus it follows that kerHΦ = {0} if and only if kerHφjj = {0} for all j ∈
{1, 2, · · · , n}. But kerHφjj = {0} for all j ∈ {1, 2, · · · , n} if and only if Hφjj 6= 0
for all j ∈ {1, 2, · · · , n}.

To prove (iii), we shall first show that if φ ∈ H∞(D), then Hφ is a finite rank
Hankel operator if and only if φ is a constant. This can be verified as follows:
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Sufficiency is obvious. For the necessity, suppose that Hφ is a finite rank
operator, where φ is analytic on D. Then

kerHφ = {f ∈ L2
a(D) : (I − P )(φf) = 0} = {f ∈ L2

a(D) : φf ∈ L2
a(D)}

has finite codimension and is invariant under multiplication by z. By the result
of Axler and Bourdon [1], there exists a polynomial q whose roots lie in D such
that kerHφ = qL2

a(D). Let φ(z) =
∑
ckz

k; then φ(z)q(z) ∈ L2
a(D) implies that

either φ is a constant or q = 0. If q = 0 then kerHφ = {0}. This implies

(RangeH∗
φ
)⊥ = {0}. Hence RangeH∗

φ
= L2

a(D). This implies Hφ is not of finite

rank. Hence q 6= 0 since Hφ has finite rank, so the claim is verified.
Now if Φ ∈ H∞Mn

(D) then HΦ∗ is a finite rank Hankel operator if and only if

Hφjj
is of finite rank for all j ∈ {1, 2, · · · , n}. That is, if and only if φjj is a

constant for all j ∈ {1, 2, · · · , n}. That is, if and only if Φ is a diagonal matrix
with entries in C. �

Definition-3.1 A function G ∈ L2
a(D) is called an inner function in L2

a(D) if
|G|2 − 1 is orthogonal to H∞.
This definition of inner function in a Bergman space was given by Korenblum and
Stessin [10]. If N is a subspace of L2

a(D), let Z(N) = {z ∈ D : f(z) = 0 for all f ∈
N}, which is called the common zero set of functions in N. Hence if z1 is a zero
of multiplicity at most n of all functions in N, then z1 appears n times in the set
Z(N), and each z1 is treated as a distinct element of Z(N).

Theorem 3.2. Let Φ = (φij) where φij ∈ L∞(D), 1 ≤ i, j ≤ n. Suppose φij = 0 if
i 6= j and let SΦ ∈ L(L2,Cn

a (D)) be the little Hankel operator with symbol Φ. The
following hold:

(i) The operator SΦ ≡ 0 if and only if Φ ∈ (L2,Cn
a (D))

⊥
.

(ii) The operator S ∈ L(L2,Cn
a (D)) is a little Hankel operator if and only if

T ∗zIn×nS = STzIn×n where In×n is the identity matrix of order n.
(iii) If Ψ ∈ L∞Mn

(D), then the subspace kerSΨ is an invariant subspace of TzIn×n .

(iv) Let Ψ = (ψij), ψij ∈ L∞(D) and ψ+
ij(z) = ψij(z), 1 ≤ i, j ≤ n. Then

S∗Ψ = SΨ+ where Ψ+ = (ψ+
ij)1≤i,j≤n.

(v) If for j ∈ {1, 2, · · · , n}, kerSφjj = {f ∈ L2
a(D) : f = 0 on bjj} where

bjj = {bkjj}∞k=1 is an infinite sequence of points in D, then there exists an

inner function G ∈ L2
a(D) such that kerSΦ = GL2,Cn

a (D) ∩ L2,Cn
a (D).

(vi) If SΦ is a finite rank little Hankel operator on L2,Cn
a (D) then kerSΦ =

GL2,Cn
a (D) for some inner function G ∈ L2

a(D) and the following hold: (1)
G vanishes on a= {aj}Nj=1, a finite sequence of points in D. (2) ‖G‖L2 = 1.
(3) G is equal to a constant plus a linear combination of the Bergman ker-
nel functions K(z, a1), K(z, a2), . . . , K(z, an) and certain of their deriva-
tives.(4) |G|2 − 1 is orthogonal to L1

h, the class of harmonic functions in
L1 of the disc.

Proof. To prove (i), assume φ ∈ L∞(D). We shall first verify that Sφ ≡ 0 if and

only if φ ∈ (L2
a(D))⊥. Suppose Sφ ≡ 0. Then Sφf = 0 for all f ∈ L2

a(D). Thus

PJ(φf) = 0 and hence φf ∈ (L2
a(D))⊥, for all f ∈ L2

a(D). Since 1 ∈ L2
a(D),
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φ ∈ (L2
a(D))⊥. Now suppose φ ∈ (L2

a(D))⊥. This implies 〈φ, g〉 = 0 for all
g ∈ L2

a(D). Hence 〈φf, g〉 = 〈φ, fg〉 = 0 for all g ∈ L2
a(D) and f ∈ H∞(D). Thus

〈hφf, g〉 = 〈P (φf), g〉 = 0 for all g ∈ L2
a(D) and f ∈ H∞(D). Thus hφf = 0 for

all f ∈ H∞(D). Since H∞(D) is dense in L2
a(D), we obtain hφ ≡ 0. That is,

Sφ = Jhφ ≡ 0.
Now to prove (i), notice that SΦ ≡ 0 if and only if Sφjj ≡ 0 for all j ∈

{1, 2, · · · , n}. This is true if and only if φjj ∈ (L2
a(D))⊥. That is, if Φ ∈ (L2,Cn

a (D))
⊥
.

Now we prove (ii). Let S ∈ L(L2,Cn
a (D)). Since L2,Cn

a (D) = L2
a(D)⊕L2

a(D)⊕· · ·⊕

L2
a(D), the operator S =


S11 S12 · · · S1n

S21 S22 · · · S2n
...

... · · · ...
Sn1 Sn2 · · · Snn

 for some Sij ∈ L(L2
a(D)), 1 ≤

i, j ≤ n. Suppose T ∗zIn×nS = STzIn×n . This implies T ∗z Sij = SijTz. From [8],
it follows that Sij = Sψij for ψij ∈ L∞(D), 1 ≤ i, j ≤ n. Thus

S =


Sψ11 Sψ12 · · · Sψ1n

Sψ21 Sψ22 · · · Sψ2n

...
... · · · ...

Sψn1 Sψn2 · · · Sψnn

 .

That is, S = SΨ where Ψ =


ψ11 ψ12 · · · ψ1n

ψ21 ψ22 · · · ψ2n
...

... · · · ...
ψn1 ψn2 · · · ψnn

. Conversely, suppose

S ∈ L(L2,Cn
a (D)) is a little Hankel operator. That is, S = SΨ where Ψ ∈ L∞Mn

(D).
Let Ψ = (ψij)1≤i,j≤n. Then SΨ = (Sψij)1≤i,j≤n. From [8], it follows that T ∗z Sψij =
SψijTz. This implies T ∗zIn×nSΨ = SΨTzIn×n .

To prove (iii), let f ∈ kerSΨ. Then SΨTzIn×nf = T ∗zIn×nSΨf = 0. That is,
TzIn×nf ∈ kerSΨ.

To prove (iv), we shall first verify that if ψ ∈ L∞(D) then S∗ψ = Sψ+ where

ψ+(z) = ψ(z̄). Let f, g ∈ L2
a(D). Then

〈S∗ψf, g〉 = 〈f, Sψg〉
= 〈f, PJ(ψg)〉
= 〈f, (Jψ)Jg〉
= 〈Jψf, Jg〉
= 〈ψ+f, Jg〉
= 〈J(ψ+f), g〉
= 〈PJ(ψ+f), g〉
= 〈Sψ+f, g〉.

Thus S∗ψ = Sψ+ . Now if Ψ = (ψij)1≤i,j≤n then SΨ = (Sψij)1≤i,j≤n. Then S∗Ψ =
(S∗ψij)1≤i,j≤n = (Sψ+

ij
)1≤i,j≤n = SΨ+ .

Now we prove (v). Notice that for 1 ≤ j ≤ n, kerSφjj is an invariant subspace of
Tz. If kerSφjj can be expressed in terms of its common zero set, i.e., if kerSφjj =
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{f ∈ L2
a(D) : f = 0 on bjj}, then by [3],[4] and [9], kerSφjj = GjjL

2
a(D) ∩

L2
a(D) for some inner functions Gjj ∈ L2

a(D) formed by the corresponding zeros
{bkjj}∞k=1, j = 1, 2, · · · , n. Let G be the inner function formed by the union of zeros
of the functions Gjj, j = 1, 2, · · · , n counting multiplicities. It is not difficult to
see that kerSΦ = GL2,Cn

a (D) ∩ L2,Cn
a (D) as kerSΦ is an invariant subspace of

TzIn×n .
To prove (vi), first we shall verify that if φ ∈ L∞(D) and Sφ is a finite rank

little Hankel operator on L2
a(D), then kerSφ = GL2

a(D) for some inner function
G ∈ L2

a(D).
Since Sφ is a little Hankel operator on L2

a(D), hence T ∗z Sφ = SφTz. So kerSφ is
invariant under multiplication by z and kerSφ has finite codimension since Sφ is
of finite rank. Let a = {aj}Nj=1 be the common zeroes (counting multiplicities) of

functions in kerSφ i.e., Z(kerSφ) = {aj}Nj=1. Let G be the extremal function for
the problem

sup{Ref (k)(0) : f ∈ L2
a, ‖f‖L2 ≤ 1, f = 0 on a},

where k is the multiplicity of the number of times zero appears in a = {aj}Nj=1(k =

0 if 0 /∈ {aj}Nj=1). It is clear from [2],[3], [4] and [9] that G satisfies the conditions

(1)-(4) and G vanishes precisely on a in D counting multiplicities. Moreover, for
every function f ∈ L2

a(D) that vanishes on a= {aj}Nj=1 there exists g ∈ L2
a(D)

such that f = Gg. Hence kerSφ = GL2
a(D).

Now suppose Φ ∈ L∞Mn
(D) and Φ =


φ11 0 · · · 0
0 φ22 · · · 0
...

... · · · ...
0 0 · · · φnn

 , φjj ∈ L∞(D)

and SΦ is a finite rank little Hankel operator on L2,Cn
a (D). Then

SΦ =


Sφ11 0 · · · 0

0 Sφ22 · · · 0
...

... · · · ...
0 0 · · · Sφnn

 and each Sφjj , 1 ≤ j ≤ n is a finite rank little

Hankel operator on L2
a(D). From the argument above, it follows that kerSφjj =

GjjL
2
a(D), 1 ≤ j ≤ n where Gjj ∈ L2

a(D) is an inner function and each Gjj

vanishes on a finite set of points in D, ‖Gjj‖L2 = 1 and each Gjj is a linear com-
bination of the Bergman kernels and some of their derivatives and |Gjj|2 − 1 is
orthogonal to L1

h. Let {γ1, γ2, · · · , γl} be the union of the zeros of the functions
Gjj, 1 ≤ j ≤ n counting multiplicities. Let G ∈ L2

a(D) be the inner function
formed by the zeros γ1, γ2, · · · , γl taking multiplicities into account. It is not dif-
ficult to verify that kerSφ = GL2,Cn

a (D) and G is formed by a linear combination
of ( see [2],[3], [4] and [9]) the Bergman kernels and some of their derivatives and
G satisfies the conditions (1)-(4). �

Theorem 3.3. If Ψ = (ψij) ∈ L∞Mn
(D) where ψij = 0, i 6= j and SΨ is a finite

rank little Hankel operator on L2,Cn
a (D) then Ψ = Φ + χ where Φ = (φij), φij ∈

L∞(D), 1 ≤ i, j ≤ n, φij = 0, i 6= j and each φjj is a linear combination of
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the Bergman kernels and some of their derivatives and χ = (θij) where θij ∈
(L2

a)
⊥ ∩ L∞(D) and θij = 0, i 6= j.

Proof. Since Ψ = (ψij)1≤i,j≤n ∈ L∞Mn
(D) and ψij = 0, i 6= j, we have

SΨ =


Sψ11 0 · · · 0

0 Sψ22 · · · 0
...

... · · · ...
0 0 · · · Sψnn

 . The operator SΨ is a finite rank little Hankel

operator if and only if each Sψjj is a finite rank little Hankel operator on L2
a(D)

for all j ∈ {1, 2, · · · , n}. Now let 1 ≤ j ≤ n. Since for each j, Sψjj is a finite
rank little Hankel operator on L2

a(D), there exist inner functions Gjj ∈ L2
a(D)

such that kerSψjj = GjjL
2
a(D). Thus ψjjGjj ∈ (L2

a)
⊥. So 〈ψjjGjj, h̄〉 = 0 for all

h ∈ L2
a(D), that is, 〈Gjjh, ψjj〉 = 0 for all h ∈ L2

a(D) and so ψjj = φjj + θjj where

θjj ∈ (L2
a)
⊥, the orthogonal complement of L2

a(D) with respect to L2(D, dA)

and φjj ∈ (GjjL
2
a)
⊥, the orthogonal complement of GjjL

2
a(D) with respect to

L2
a(D). Suppose the function Gjj vanishes precisely at dj = {dj1, d

j
2, · · · , djmj},

a finite number of points in D counting multiplicities. Since Kdj1
, Kdj2

, . . . , Kdjmj

and their derivatives (where if the point α ∈ D occurs k times in dj then we
include the functions (1− ᾱz)−2, z(1− ᾱz)−3, . . . , zk−1(1− ᾱz)−k−1 ) form a ba-
sis for (GjjL

2
a(D))⊥, j ∈ {1, 2, · · · , n}, hence φjj is a linear combination of the

Bergman kernels and some of their derivatives and θjj ∈ (L2
a(D))⊥ ∩L∞(D) since

ψjj, φjj ∈ L∞(D). Thus Ψ = Φ + χ where Φ = (φjj), χ = (θjj) and φjj is a
linear combination of the Bergman kernels and some of their derivatives and
θjj ∈ (L2

a(D))⊥ ∩ L∞(D). �

Now let b = {bj}∞j=1 be an infinite sequence of points in D. Let I = I(b) =

{f ∈ L2
a(D) : f = 0 on b}. Let Gb be the solution of the extremal problem

sup{Ref (n)(0) : f ∈ I, ‖f‖L2 ≤ 1}, (3.1)

where n is the number of times zero appears in the sequence b (i.e., the functions
in I have a common zero of order n at the origin). The natural question that
arises at this point is to see if it is possible to construct a little Hankel operator
SΦ,Φ ∈ L∞Mn

(D) whose kernel is GbL
2,Cn
a (D) ∩ L2,Cn

a (D). In the case that b=
{bj}Nj=1 is a finite set of points in D, it is possible to construct a little Hankel

operator SΦ,Φ ∈ LM∞n (D) such that kerSΦ = GbL
2,Cn
a (D) as follows:

Theorem 3.4. Let b = (bj)
N
j=1 be a finite set of points in D and I = I(b) =

{f ∈ L2
a(D) : f = 0 on b} and let Gb be the solution of the extremal problem

(3.1). Let

φ̄ =
N∑
j=1

mj−1∑
ν=0

cjν
∂ν

∂bj
νKbj(z),

where cjν 6= 0 for all j, ν and mj is the number of times bj appears in b. Then
kerSΦ = GbL

2,Cn
a (D) where Φ = (φrs)

n
r,s=1 and φrs = φ if r = s and 0, if r 6= s.
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Proof. The set of vectors {Kb1 , . . . ,
∂m1−1

∂b̄
m1−1
1

Kb1 , . . . , KbN , . . . ,
∂mn−1

∂b̄mn−1
N

KbN} forms a

basis [9] for (GbL
2
a(D))⊥. By the Gram-Schmidt orthogonalization process we

can get an orthonormal basis {ψj}lj=1 for (GbL
2
a(D))⊥. If φ̄ ∈ (GbL

2
a)
⊥ then

〈φ̄, Gbt〉 = 0 for all t ∈ L2
a(D), i.e., 〈t̄, φGb〉 = 0 for all t ∈ L2

a(D) and so
Gb ∈ kerSφ. Since kerSφ is invariant under the operator of multiplication by z
we have that

GbL
2
a(D) ⊂ kerSφ. (3.2)

Suppose f ∈ kerSφ; then 〈φf, h̄〉 = 0 for all h ∈ L2
a(D), so in particular 〈φf,Kbj〉 =

0 for all j = 1, 2, . . . N. Therefore, 〈φ̄f̄ , Kbj〉 = 0 for all j = 1, 2, . . . N. Thus

φ(bj)f(bj) = 0 for all j = 1, 2, . . . N. Since φ(bj) 6= 0 for all j = 1, 2, . . . N, hence

f(bj) = 0 for all j = 1, 2, . . . N. Thus f ∈ I. Since Gb is the solution of the
extremal problem (3.1) therefore, f ∈ GbL

2
a. Hence

kerSφ ⊂ GbL
2
a. (3.3)

From (3.2) and (3.3), kerSφ = GbL
2
a(D) = I. Now let Φ = (φrs)

n
r,s=1 where

φrs = φ if r = s and 0, if r 6= s. It is not difficult now to verify that kerSΦ =
GbL

2,Cn
a (D).

�
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