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ABSTRACT. We characterize operator-theoretic properties (boundedness, com-
pactness, and Schatten class membership) of Toeplitz operators with positive
measure symbols on Bergman spaces of holomorphic hermitian line bundles
over Kéahler Cartan-Hadamard manifolds in terms of geometric or operator-
theoretic properties of measures.

1. INTRODUCTION AND STATMENT OF RESULTS

The purpose of this paper is to extend the standard theory dealing with
boundedness, compactness, and Schatten class membership of Toeplitz opera-
tors with nonnegative measure symbols on generalized Bargmann-Fock spaces
[6,12,14-16,21,22,25 30] to Bergman spaces of holomorphic sections of hermitian
holomorphic line bundles over Kéhler Cartan-Hadamard manifolds. As an appli-
cation, we give a characterization of self-holomorphic maps whose composition
operators bounded, compact or belongs to the Schatten ideal class which extend
previous results for generalized Bargmann-Fock spaces [4,27-29, 34].

Let (M, g) be a complex Hermitian manifold and (L, h) — M be a holomorphic
Hermitian line bundle. For p €]0, 00|, define FP(M, L) the C-vector space of
holomorphic sections s : M — L such that

1
Isls = (/ sl )" < 0.
M

Let P the orthogonal projection from the Hilbert space of L?(M, L) onto its closed
subspace F2(M, L). Let K € C*(M x M,L ® L) the reproducing (or Bergman)
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kernel of P, that is

d
E s;(2) ® sj(w
Jj=1

where L is the conjugate bundle of L, (s;) is an orthonormal basis for F2(M, L)
and d = dimF?*(M, L) < occ.

The first result of this paper is a pointwise estimate for the Bergman kernel
of L in spirit of those obtained in [1,5,20] for n =1 and in [8, 18,26] for n > 2.

Theorem 1.1. Let (M, g) be a Stein Kihler manifold with bounded geometry. Let
(L,h) — (M, g) be a Hermitian holomorphic line bundle with bounded curvature
such that

c(L) + Ricci(g) > aw,

for some positive constant a. There are constants o, C' > 0 such that for all
z,w e M,
|K (2, w)| < Cedaz),

For a positive measure p, the Toeplitz operator 7, with symbol p is defined
formally by

T,s(z) = /M K(z,w) e s(w)du(w),

where z — K(z,w) e s(w) € L, is the holomorphic section of L defined

K(z,w) Z ) >, si(2).

Let fi : M — R* be the Berezin transform of pu:

i(z) = /M e () Pdja(aw),

K(w, z)
k(w) = ——=.
) [K(z,2)]

Let T : H; — H, be a compact operator from two Hilbert spaces H; and Hy and

where

Tf=> M</fien>0n f€H,
n=0

its Schmidt decomposition where (e,) (resp. (0,)) is an orthonormal basis of
H, (resp. Hy) and ()\,) is a sequence with A, > 0 and A, — 0 (see [30]). For
0 < p < oo, the compact operator 1" belongs to the Schatten-von Neumann
p-class S,(Hy, H,) if and only if

oo
1718, =S X < oc.
n=0
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Let (N,wy) be a Hermitian manifold. Let ® : N — M be a holomorphic map
and

Cp: F*(M,L) — F2(N,®*L)
s — sod

the composition operator associated to ®. We define the transform Bg (related
to the usual Berezin transform) associated to ® to be a function on M as follows:

= [ I )P w),

where vg is the pull-back measure defined as follows : for all Borel set £ C M

(B = [ Lasm ) ()

Our second result of this paper is the characterization of operator-theoretic prop-
erties (boundedness, compactness, and Schatten class membership) of Toeplitz
operators with positive measure symbols on Bergman space of holomorpic sec-
tions which extend those for generalized Bargmann-Fock spaces.

Theorem 1.2. Let (M, g) be a Kihler Cartan-Hadamard manifold with bounded
geometry and uniformly subexponentially volume growth. Let (L,h) — (M, g)
be a holomorphic Hermitian line bundle with bounded curvature such that

c(L) + Ricci(g) > awy,

for some positive constant a. Let u be a positive measure on M. Letp € [1,+0o0].
The following conditions are equivalent

(a) The operator T), : FP(M,L) — FP(M, L) is bounded (1 < p < 00).

(b) p is a Carleson measure.

(c) ii is bounded on M.

(d) There exists § > 0 such that the function z — u(By(2,0)) is bounded.

Theorem 1.3. Let (M, g) be a Kihler Cartan-Hadamard manifold with bounded
geometry and uniformly subexponentially volume growth. Let (L,h) — (M, g)
be a holomorphic Hermitian line bundle with bounded curvature such that

c(L) + Ricci(g) > awy,

for some positive constant a. Let j be a positive measure on M. Let p € [1,00].
The following conditions are equivalent :

(a) The operator T, : F*(M, L) — F*(M, L) is compact.

(b) p is a vanishing Carleson measure.

(¢) lim f(z)=0.

dg(z,20)—00

(d) There exists § > 0 such that lim  p(By(z,0)) =

dg(z,20)—00

Theorem 1.4. Let (M, g) be a Kihler Cartan-Hadamard manifold with bounded
geometry and uniformly subexponentially volume growth. Let (L,h) — (M, g)
be a holomorphic Hermitian line bundle with bounded curvature such that

c(L) + Ricci(g) > aw,
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for some positive constant a. Let p be a positive measure on M. The following
conditions are equivalent :

(a) The operator T), : F*(M, L) — F*(M, L) belongs to S, (0 < p < 00).

(b) o € LP(M, dvy).

(¢) There exists 6 > 0 such that the function z — pu(By(2,0)) € LP(M, dv,).

(d) There exists § > 0 and an r-lattice (a;) such that {(By(a;,0))} € P(N).
Moreover, there is a positive constant C' such that

1. . -
clillzeoran) < | Tulls, < Cllllzearav,).

For boundedness, compactness, and Schatten class membership of composition
operators, we have the following result which extends those for Bargmann-Fock
spaces.

Theorem 1.5. Let (M, g) be a Kihler Cartan-Hadamard manifold with bounded
geometry and uniformly subexponentially volume growth. Let (L,h) — (M, g)
be a holomorphic Hermitian line bundle with bounded curvature such that

c(L) + Ricci(g) > aw,

for some positive constant a. Let (N,wy) be a Hermitian manifold. Let ® : M —
M be a holomorphic map and

Co: FX(M,L) — F*(N,®*L)
s — sod

the composition operator associated to ®. Let 0 < p < oco. Then

(i) Cp is bounded if and only if ve is a Carleson measure for F*(M, L) if and
only if Be 1s bounded.

(ii) Cg is compact if and only if ve is a vanishing Carleson measure for F*(M, L)
if and only if Be vanishes at infinity.

(111) Cg is in Schatten p-class if and only if By € LP(M,dv,). Morever there is
a positive constant C' such that

1
5||B¢HLP(M,dvg) < ||Csls, < C|Bs||zr(a.dvy)-

Characterizations of bounded, compact and Schatten class Toeplitz opera-
tors with positive measure symbols on generalized Bargmann-Fock space or on
weighted Bergman spaces of bounded strongly pseudoconvex domains, in terms
of Carleson measures and the Berezin transform, depend strongly on off-diagonal
exponential decay of the Bergman kernel. In the spirit of [3], we establish a simi-
lar off-diagonal decay of the Bergman kernel associated to holomorphic Hermitian
line bundles whose curvature is uniformly comparable to the metric form.

This paper consists of five sections. In the next section, we will recall some
definitions and properties of Kéhler manifolds, Bergman Kernel of line bundles,
0-methods and Toeplitz operators. In Section 3, we provide useful estimates for
Bergman kernel and we prove Theorem 1.1. In Section 4, we will prove Theorems
1.2, 1.3. In Section 5, we will prove Theorems 1.4 and 1.5.
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2. PRELIMINARY

2.1. Curvatures in Kihlerian Geometry. Let (M, J, g) be a complex n-manifold
with a Riemannian metric g which is Hermitian i.e.,
g(JX,JY)=g(X,Y), VX, Y € TM ( real tangent vectors )

and a complex structure J : TM — TM i.e J> = —Idpry;. Assume furthermore
that ¢ is Kéhler i.e., the real 2-form

we(X,Y) =g(JX,Y)

is closed. In local coordinates z!, 2% -+, 2" of M
- o s V=1 P T
g= ”ZZI gi;dz" ®@dz), w= 5 ”ZZI gizdz" N\ dz7.

The coefficients of the curvature tensor R of g are given by

P95 | = 5995094
Rt = ~garga + 2. 9" 5 et

The sectional curvature of a 2-plane ¢ C T, M is defined as
K(o) =R(X,Y,Y,X)=R(X,Y,JY, JX),
where {X, Y} is an orthonormal basis of o.
Definition 2.1. We say that ()M, g) has non-positive sectional curvature if
K(o) <0 for all 2 —plane ¢ C T'M.

A Cartan-Hadamad manifold is a simply conneceted complete manifold with neg-
ative sectional curvature. Since each point in a Cartan-Hadamard manifold is a
pole, then the square of the distance function at such point is smooth.

The Ricci curvature of g is the (1, 1)-form
1

5 Z gkl_Rijk;dziAde.

ijk,l=1

Ric(g) :=

In local coordinates

: i\~ Plogdet(g) , 5

R = —— —————="2d NdZE

ic(g) o o 05 z z
Definition 2.2. We say that the Ricci curvature of (M, g) has lower bound C' € R
if

Ric(g)(X,X) > Cw,(X,X) forall X € THOM.

Denote by d,(z,w) the Riemannian distance from z € X tow € X and B(z,7) =
{we M : dj(w,z) < r} the open geodesic ball. The manifold (M, g) is complete
if (M, d,) is a complete metric space.

Given (M, g) a Riemannian manifold, we say that a family (€2) of open sub-
sets of M is a uniformly locally finite covering of M if the following holds:
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() is a covering of M, and there exits an integer /N such that each point x € M
has a neighborhood which intersects at most N of the €2;. One then has the
following Gromov’s Packing Lemma [11].

Lemma 2.3. Let (M, g) be a smooth, compete Riemannian n-manifold with Ricci
curvature bounded from below by some K real, and let p > 0 be given. There exists
a sequence (x;) of points of M such that for everyr > p :

(1) the family (By(x;, 7)) is a uniformly locally finite covering of M, and there is
an upper bound for N in terms of n,r, p, and K,

(i) for any i # j, Bg(x;5) N By(x;,5) = 0.

Definition 2.4. We say that the volume of (M, g) grows uniformly subexponen-
tially if and only if for any € > 0 there exists a constant C' < oo such that, for all
r>0andall ze M

voly(B(z,r)) < Ce“voly(B(z,1)).

Definition 2.5. A Hermitian manifold (M, g) is said to have bounded geometry
if there exist positive numbers R and ¢ such that for all z € M there exists a
biholomorphic mapping F, : (U,0) C C" — (V, z) C M such that

(i) F.(0) = z,

(ii) By(z,R) C F,(U) and

(iii) 1g. < Frg < cge on F,*(B,(z, R)) where g, is the Euclidean metric.

By (iii)
1, _
Vwe By(z,R) + —[[F7 (w)lle < dy(w, 2) < e[ (W)l

Remark 2.6. If a Hermitian manifold (M, g) has bounded geometry, then the
geodesic exponential map exp, : T®M — M is defined on a ball B(0,r) C T®M
for any » < R and provide a diffeomorphism of this ball onto the ball B,(z,7) C
M. Tt follows that the manifold (M, g) is complete.

Remark 2.7. Tt is well known that if (M, ¢g) has bounded geometry and Ric(g) >
Kg, then (M, g) satisfies the uniform ball size condition ( [7] Prop. 14) i.e., for
every r € RT

inf vol(By(z,7)) >0 and supwvol(By(z,r)) < oo.

zeM 2eM
Also by Volume Comparison Theorem [3], there are nonnegative constants C, o,
such that

voly(By(z,7)) < Cree’", ¥r>1, z€ M.

Bounded geometry allows one to produce an exhaustion function which behaves
like the distance function and whose gradient and hessian are bounded on M [23].

Lemma 2.8. Let (M, g) be a Hermitian manifold with bounded geometry. For
every z € M there exists a smooth function ¥, : M — R such that

(’L) Cldg<.,2) < \IJZ < Cg(dg<.,2’) + 1)7

(11) |0V,|, < Cs, and

(iii) —Cyw, < 100V, < Csw,.
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Furthermore, the constants in (i), (i) and (iii) depend only on the constants
associated with the bounded geometry of (M, g).

2.2. Bergman Kernel of Line Bundles. Let L be a holomorphic Hermitian
line bundle over a complex manifold M, and let (U;) be a covering of the manifold
by open sets over which L is locally trivial. A section s of L is then represented by
a collection of complex valued functions s; on U; that are related by the transition
functions (g;i) of the bundle

s; = gjksy on U; NUy.

We say that s is holomorphic if each s; is holomorphic on U; and we write ds = 0.
The conjugate bundle of L is the Hermitian anti-holomorphic line bundle L whose
transition functions are (g;;,). A metric h on L is given by a collection of real
valued functions ®; on Uj, related so that

[fil*e™ = |s];

is globally well defined. We will write h for the collection (®;) , and refer to h
the metric on L. We say that L is positive, L > 0, if A can be chosen smooth
with curvature

C(L) = z@éCD]
strictly positive, and that L is semipositive, L > 0, if it has a smooth metric

of semipositive curvature. We say that h is a singular metric if each ®; is only
plurisubharmonic.

Definition 2.9. A holomorphic Hermitian line bundle (L,h) — (M, g) has
bounded curvature if

—Mw, < c¢(L) < Mw,,
for some positive constant M.

Fix p € [1, +0o0]. Consider the Lebesgue spaces

1
LP(M,L) = {s:M — L : ||s],:= (/ |u|Zdvg>p < o0},
M
L>®(M,L) = {s:M — L : |s]le := sup |s(2)|n < o0},
zeM

and the Bergman spaces of holomorphic sections
FP(M,L) = {s€ILP(M,L) : 0s=0}
F(M,L) = {se€L*(M,L) : 9s=0}.
Let us note an important property of the space F?(X, L) which follows from

the Cauchy estimates for holomorphic functions. Namely, for every compact set
G C M there exists Cy > 0 such that
sup |s(z)| < Cqlls||2 for all s € F?(X, L). (2.1)

zeG

We deduce that F2(M, L) is a closed subspace of L*(M, L). One can show also
that F2(M, L) is separable (cf. [31, p. 30]).
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Definition 2.10. The Bergman projection is the orthogonal projection
P : L*(M,L) — F*(M,L).

In view of (2.1), the Riesz Representation Theorem shows that for a fixed z € M
there exists a section K(z,.) € L*(M, L, ® L) such that

- / K(z,w) e s(w)dv, for all s € F*(M, L). (2.2)

The distribution kernel K is called the Bergman Kernel of (L, h) — (M,
F3(M,L) = 0 we have of course K(z,z) = 0 for all z € M. If F 2(M, L) 75 0,
consider an orthonormal basis (s;)7_; of F*(X,L) (where 1 < d < o0).
estimates (1.1)

d
Z 2) ® s;(w) € L, ® L,

where the right hand side converges on every compact together with all its deriva-
tives (see [31, p.62]). Thus K(z,w) € C*(M x M,L ® L). It follows that

(Ps)(z / K(z,w) e s(w)dv,(w), for all s € L*(M, L),

that is K(.,.) is the 1ntegral kernel of the Bergman projection P. Since

|K(z,w)[> = ZZ<SJ ® sj(w), sp(2) @ sp(w) >p o7

=1 k=1
- ZZ<SJ ) >r. < sj(w), sp(w) >,

then K(z,w) is symmetrlc

K (2, w)| = [K(w, 2)|.
The function |K (2, z)| is called the Bergman function of F?(M, L). It satisfies

K(z,2)| :/M|K(Z,w)|2dvg(w).

2.3. 0-Methods. We recall Demailly’s Theorem [9], which generalizes Hérman-
der’s L? estimates [13] (Theorem 2.2.1, p. 104) for forms with values in a line
bundle.

Theorem 2.11. Let (X,w) be a complete Kdhler manifold, (L, h) a holomorphic
Hermitian line bundle over X, and let ¢ be a locally integrable function over X.
If the curvature c(L) is such that

¢(L) + Ric(w) + i00¢ > yw,
for some positive and continuous function~y on X, then for allv € L(0 1)(X, L,loc),
0-closed and such that

v Hv2dv, < co.
X
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There exists u € L*(X, L) such that

ou=v and /]u\idegffyl]vﬁhde.
b'e X ’

Also, we recall J. McNeal-D. Varolin’s Theorem [19] (Theorem 2.2.1, p. 104),
which generalizes Berndtsson-Delin’s improved L?-estimate of d-equation having
minimal L?-norm [2,8] for forms with values in a line bundle.

Theorem 2.12. Let (M, g) be a Stein Kdihler manifold, and (L,h) — (M, g) a
holomorphic Hermitian line bundle with Hermitian metric h. Suppose there exists
a smooth function n : M — R and a positive i.e., strictly positive Hermitian

(1,1)-form © on M such that
c(L) + Ric(g) +i00n — ion A On > ©.

Let v be an L-valued (0, 1)-form such that v = Ou for some L-valued section u

satisfying
/ lul?dv, < oo.
M

Then the solution uy of Ou = v having minimal L*-norm i.e.,
/ < ug,0 > dvy, =0 for all 0 € F*(M, L)
M

satisfies the estimate

[ tualierdv, < [ i pern,

3. ESTIMATES FOR THE BERGMAN KERNEL
3.1. Weighted Bergman Inequalities.

Proposition 3.1. Let (M, g) be a complete noncompact Kdhler manifold with
bounded geometry and lower Ricci curvature bound. Let (L,h) — (M, g) be a
Hermitian holomorphic line bundle with bounded curvature. Fix p €]0,00[. Then
for each r > 0 there exists a constant C, such that if s € F*(M, L), then

s ey [ s, (3.1)
By(z,r)
In particular, FP(M,L) C F*(M, L) and
VISPl < [ Jsdn, 32)
By(z,r)

Proof. Since (M, g) has bounded geometry, there exists positive numbers R and
¢ such that for all z € M there exists a biholomorphic mapping ¥, : (U,0) C
C" — (V,z) C M such that

(i) v.(0) = 2,

(ii) By(z, R) C V,(U) and
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(iii) 1g. < Wig < cge on W (By(z, R)), where g. is the Euclidean metric.
Consider the (1,1)-form defined on B.(0,6(R)) CC V;'(By(z, R)) C C" by
© :=Vc(L).

Since —Kw, < ¢(L) < Kw,, by |25, Lemma 4.1] , there exists a function ¢ €
C?*(B.(0,0)) such that

i00¢p =0 and  sup (|¢| + |dgl|,.) < M.

Be(0,9)
On By(z,m) CC U,(B(0,(R)), consider the C*-function
Y =¢oW !
. By (iii) we have
100 = (L) and  sup (j6]+[VYl,) < M

BQ(Zvn)

where M and 1 depend only on R and c.
Let e be a frame of L around z € By(z,n) and ®(w) = —log|e(w)|*. Then
100y = 100® on B,(z,n). Hence the function

plw) = ®(w) — ®(2) + 9¥(2) — ¢(w)
is pluriharmonic. Then p = R(F') for some holomorphic function F' with S(F')(z) =
0 and

sup |® —®(z) —R(F)[ = sup [ —v(2)] <C, (3.3)
Bg(zﬂﬂ Bg(zﬂi)
sup |[V(® —®(z) —R(F))|, = sup |V, <C. (3.4)
Bg(z,m) Bg(zm)
We can suppose 0 < r <. According to [17], for all z € M and all holomorphic
function f on By(z,n) and all ( € By(z,1/2)
C
fOF < / | f(w)[Pdv,,
VOI(Bg(Q??/Q)) Bg(¢,n) J

where C' depend only in K, n,7. Since g has bounded geometry Vol(By(z,1/2)) =
1 uniformly in z. Hence

fop<c / Fw)Pdu,

BQ(CJ])
Let s € FP(M, L) and s = fe on B,y(z,n). By (2.3) we have have
sP = [feF e B BE-n)-R)

< C’p|fe_% |p6—§<1>(2).
By mean value inequality

F(z)

[f(z)e™ =

— i

Pem3%) < cp/ |fe_g|pe_§¢(z)dvg
By (z,r)

e / fe @ Py,
By(z,r)
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Hence

s@h<cr [ Jsvn,
By(z,r)

By (2.3) and (2.4)

Vs, < 6—§¢(z)€—g(¢—®(z)—m(F)))|v|fe_g|p|
+ g|fe—§|pe—§q>< ) EB-9 RN (3 — B(z) - R(F),
< e 52, —B(<I>—<I>(z)—§R(F))|V|f€_5|p|
+ \ [P 2(@=2@=RED| 7 (D — d(2) — R(F))),
< Cp( HO |V femE P+ Slslp).

By mean value inequality (Cauchy formula for partial derivatives), there exists
¢, > 0 such that

VIfe 2 |P|(2)e 3% < @ / |fez|Pe 5P d,
Bg(z'r)

< Cf,’/ 5|7,
By(z,r)

From this, we get (2.2). O

3.2. Slow Growth of Bergman Sections.

Lemma 3.2. Let (M, g) be a Kdihler manifold with bounded geometry and lower
Ricci curvature bound. Let (L,h) — (M, g) be a Hermitian holomorphic line
bundle with bounded curvature. Then there exists 0 > 0 with the following prop-
erties: if z € M, s € FP(M, L), |s|l, <1, then

|s(2)|n > a = |s(w)|, > =, YV w € By(z,96).

a
2’
Proof. Let R > 6 > 0. By (3.2) of Proposition 3.1 and mean value theorem for
all w e By(z,R/2)

IA

sl = s < ([ lspas,)
BQ(Z,R)
< 0CH|Is|p.

Hence if ¢ is small enough

Vw € By(z,0) : |s(w)f, > aP —dC% > 5.
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3.3. One-Point Interpolation with Uniform L” Estimates.

Proposition 3.3. Let (M, g) be a Kihler Cartan-Hadamard manifold with bounded
geometry. Let (L,h) — (M, g) be a Hermitian holomorphic line bundle with
bounded curvature such that

c(L) + Ricci(g) > awy,

for some positive constant a. Let p € [1,+00|. If p # 2 or p # oo, suppose further
that

sup/ e’ﬁd-’?(w’z)dvg < 00,
zeM J M

for all B > 0. Then there exists C > 0 such that for each z € M and A € L,
there exists s € FP(M, L) such that

s(2) = A and [|s]l, < CIA[L..

Proof. Let z € M and fix a smooth function y with compact support on By(z, Rc™!/2)
(R and c¢ are constants in Definition 2.3) such that
Ho<x<1,
(i) X |B,(z,Re-1/9= 1,
(iii) [Ox|, = 1.
Let so be a holomorphic section of L around B,(z,n) such that so(z) # 0. Since
(L, h) is g-regular, for all w € B,(z,n)
O(w) ~ O(z) + R(F(w)).

Let A € L, = {z} x C. Consider the local section

s.(w) = Nw)ePETREW) g ()
and the (0, 1)-form with values on L

v(w) = d(x-5:)(w) = 0y(w).5:(w)
Let @, € C*(M) as in Lemma 2.8 and choose € > 0 small enough such that
c(L) + Ricci(g) — ed0®, > g on M.
By (iii) in Definition 2.5 of bounded geometry
¢ ?dv, < VUidv, < *dv, on U H(B,y(z,1)).
Hence
Vol,(B(z,n)) < 1 uniformly in z € M.

Since M is Cartan-Hadamard (., z) is smooth. By comparison theorem for the
Hessian [10] the function w € M — ¢.(w) := logd}(z, 2) is plurisousharmonic on

M.
/ |,U|2€e<bze—2n¢zd,ug
M

|,U’2€2€‘I>Z

/351(2777/2)\35;(2,77/4) dg(-a z)%n
IN2Voly(By(z,n/2) \ By(z,1/4))

APe™™ = AL,

PN

dv,

LA TA
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Since a Kéhler Cartan-Hadamard manifold is Stein [32], by Lemma 2.8, there
exists u such that du = v and

|u(w>|262e<bz(w)
2n

dv, < [M? .
g =

Since w — d;*"(w, 2) is not summable near z, we have u(z) = 0. Let
s(w) = x(w)s.(w) — u(w).
Then s(z) = A and ds = 0. Since (2n)le! > 2" if t > 0 and @, =< d,(., 2),

|u| dv Mdv = |\
g 9('7 ) ! b

/ 15[2dv, < 2/ ]XSZ|2dvg+2/ ulPdv, < CIALL.
M M M

Thus

Also
[ IstwPert o, / () Pe®le(w) P,

Ju(w) Pe<=)
m dg(w, 2)*

Since ®(w) ~ ¢(2) + R(F(w)) and ¥V, (w) =< dy(w,z) < 1 uniformly on the
support of v and dg”(w, 2)e®=(®) < 1 uniformly in z € M, there exists C' > 0
independent of z such that

/M [x(w) e =5, (w) Pdvy < CIA[.

A2 (w, z)e™* =) gy (w).

and
u(w) et

d2n 7e<I>z(w)d < A 2 )
v dg(w,z)Q" g (w,z)e Ug(w> — C| |LZ]

Hence
/M () 2= du, (w) < CIAL.

Since ||00®. ||« is uniformly bounded in z € M, the line bundle (L, he‘®:)) has
bounded curvature. By (3.1) of Proposition 3.1

[s)I* = |s(w)[?e®

< /B 15(C) e Oy ()

/r (OO, (0

CIALL..

PN

IN
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Hence [|s||c < C|A|L.. Also

() e

IN

Cr / [5(0)[2e* Oy (¢)
Bg(w,R)

Cn / (026 ©du, (¢)
M
< Cg|M7..

P
/ |s|Pdv, = / <|S|266‘1’2) fem 2Py,
M M

< pr/ e 5%y,
M

IN

Thus

< ORI, [ e A )
M
< CPIM..
Finally, there exists C' > 0 independent of z € M and p € [1, +oc] such that
Isllp < ClAlL..
]

3.4. Diagonal Bounds for the Bergman Kernel. As a consequence of (3.1)
Proposition 3.1 and Proposition 3.3, we obtain the following proposition.

Proposition 3.4. Let (M, g) be a Kdihler manifold with bounded geometry and
lower Ricci curvature bound. Let (L,h) — (M, g) be a Hermitian holomorphic

line bundle with bounded curvature. There is a constant C' > 0 such that for all
ze€ M : |K(zz2)| 2 C. Therefore |K(z,w)| < C, for all z,w € M.

Proof. Let (s;) be a orthonormal basis of F2(M, L). By definition of the Bergman

Kernel
K(z,w) =) si(2) @ s;(w)
J
By (3.1) Proposition 3.1 the evaluation
ev, : F*M,L)— L,
s — s(2)

is continuous and
|K(z,2)] 21

uniformly in z € M. Therefore

|K(z,w)| < Z’SJ )55 (w

< %lK (2, 2)[VIK (w, w)] < 1.
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The following result gives bounds for the Bergman kernel in a small but uniform
neighborhood of the diagonal

Proposition 3.5. Let (M, g) be a Kdihler manifold with bounded geometry and
lower Ricci curvature Bound. Let (L,h) — (M, g) be a Hermitian holomorphic
line bundle with bounded curvature. There are constants d,Cy,Cy > 0 such that
for all z € M and w € B,(z,9)

Proof. Let z € M. Fix a frame e in a neighborhood U of the point z and consider
an orthonormal basis (s;)7_; of F?(X, L) (where 1 < d < oo). In U each s; is
represented by a holomorphic function f; such that s;(z) = fi(z)e(x). Let

Then
js.(w)| = ((fjfxz)sz-(w))@%
= ‘isi(w)(@sz(z)’
= |K(w,?)
and

[ IsFauw) = [ K2R

= |K(z,2)| X1
Hence, by Lemma 3.2, there exists C,§ > 0 independent of z such that
| K (w, 2)| = [s:(w)] = Cls.(2)| = C|K(z, )],
for all w € By(z,9). O]

3.5. Off-Diagonal Decay of the Bergman Kernel. A key tool we use is the

following off-diagonal upper bound exponential decay for the Bergman kernel of
L.

Theorem 3.6. Let (M, g) be a Stein Kihler manifold with bounded geometry. Let
(L,h) — (M, g) be a Hermitian holomorphic line bundle with bounded curvature
such that

c(L) + Ricci(g) > awy,
for some positive constant a. There are constants o, C' > 0 such that for all
z,w e M,

|K (2, w)| < Cedalz),
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Proof. Let z,w € M such that d,(z,w) > ¢ where 6 > 0 as in Proposition 3.4.
Fix a smooth function y € C§°(By(w,§/2)) such that

Ho<x<1,

(i) x = 1in B,(w,5/4),

(iii) |Oxg = x.

Let s, € F?(M, L) defined by

z)| sti(w)

where (;)1<i<q is an orthonormal basis of F2(M, L) and ¢ is a a local vframe of
L arround z. Then |s,(w)| = |K(w, z)| and ||s.||s = |K(z,2)| < 1. Also

By (3.1) Proposition 3.1
[s:(w)[* = /( 6/2)X(C)!sz(é)\2dvg = 15172 xauy)

We have ||s.||r2(xav,) = Sup, | < 0,5, >12(yav,) | Where o € F?(By(z,9), L) such
that |0 L2(yav,) = 1. We have

- /M < x(w)o(w), s:(w) > dvg(w)

<o0,S, >L2(

d
xdvg) C

Since ¢(L) + Ricci(g) > ag, by Theorem 2.11, there exists a solution u of du =

Jx.o such that
/ lul?dv, < / 0x[2|o|*dv, < oo.

Let u, = xyo — P(x0o) be the solution having minimal L?-norm of

ou = 0x.0
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Since x(z) =0

<05 > | = IPOOE = lus(2)]..

Since B(z,0/2) N B(w,§/2) = 0, the section u, is holomorphic in B,(z,d/2). Let
e €]0,2/6], By (3.1) Proposition 3.1

w2 [ Qe s [ (Ol (5)
By(2,6/2) By(2,6/2)
Let n := —e®, where @, is as in Lemma 2.8 and © = ew,. Choose ¢ small enough
such that

¢(L) + Ricci(g) — i€00®, — ie?0®, A 0D, — ew, > 0.
By Theorem 2.12

| e huolin, < [ e oo,
M M

Since C1dy(.,z) < &, < Cy(dy(., z) + 1), we obtain

)l = [ OO P,
Since ¢ € B,(w,6), we have

dg(C7z) dg(z?w) - dg(w>C>

dy(z,w) — 0 = dy(z,w).

Y 1V

Finally
|K<z7 w)| j Sup |UO—<Z)|LZ j e_adg(sz)‘

(e

O

3.6. Boundedness of the Bergman Projection on F?(M, L). The following
proposition is a consequence of Theorem 3.6.

Proposition 3.7. Let (M, g) be a Kihler Cartan-Hadamard manifold with bounded
geometry such that

sup/ e_ﬁdg(w’z)dvg < 00,
zeM J M

for all 5> 0. Let (L,h) — (M, g) be a Hermitian holomorphic line bundle with
bounded curvature such that

c(L) + Ricci(g) > awy,

for some positive constant a. Let p € [1,+00]. Then the Bergman projection is
bounded as a map from LP(M, L) to FP(M,L).
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Proof. 1f p = 0o, we have

1Pslle = H/ K (2, w).s(w)duy (w)]|_
< s Hoosup/ K (2, 0) oy ()
< ||s||oosup/ e dg (z,0) dvg(w)
zeM J M
< [sle.

P is bounded from L*(M, L) to F>°(M,L). If p € [1, 0],

/M |Ps(2)Pdvy(w) = / | / K (2, w).(w)du, ()| dv, (2)

/1] |s<w)|f<<z,w>|dvg<w>)pdvg<z>
< [ ([ wewiinw)™

X /M |3(w)|p|K(z,w)|dvg(w)>dvg(z)( Jensen inequality)

e

< [ 1P w)ldoy(w0)) ey 2),

IN

A

Thus
[ ipseran) < [ istope i)
< [ Istw)pdny o
and then P is bounded from LP(M, L) to FP(M,L). O

4. BOUNDEDNESS AND COMPACTNESS FOR TOEPLITZ OPERATORS

Let (M, g) be a Kéhler manifold. Consider the following conditions:
(1) (M, g) is a Cartan-Hadamard manifold.
(2) (M, g) has bounded geometry.
(3) (L,h) — (M, g) is a Hermitian holomorphic line bundle with bounded cur-
vature such that

c(L) + Ricci(g) > aw,,

for some positive constant a.
(4) For all 5> 0

sup/ e Pds(w3) gy (w) < oo.
M

zeM
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Remark 4.1. Let (M, g) have bounded geometry and Ricci(g) > Kg. Since

/ e—ﬂdg(w,z)dvg(w> — / e_BrUOZ(Bg(Z7 r))dr,
M 0

if the volume of (M, g) grows uniformly subexponentially, then it satisfies the
condition (4). In particular, this is true if the volume of (M, ¢g) grows uniformly
polynomially.

4.1. Carleson Measures for F?(M, L).

Definition 4.2. A positive measure p on M is Carleson for FP(M, L), 1 <p <
oo, if the exists C),, > 0 such that

VseFP(M,L) : / |s|Pdp < C,L’p/ |s[Pdv,.
M M

If p = oo, the measure p on M is Carleson for F>°(M, L) if there exist C,r > 0
such that p(B(z,r)) < C.

The following is a geometric characterization of Carleson measures established
earlier for classical Bargmann-Fock space by Ortega Cerda [22]| and for generalized
Bargmann-Fock space by Schuster-Varolin [23].

Theorem 4.3. Let (M, g) be a Kihler manifold which satisfies (1),(2) and (3).
Let 1 be a positive measure on M. Let p € [1,00[. If p # 2 or p # 00, suppose
further

sup/ e P2 gy, (w) < oo,
zeM J M

for all 8 > 0. The following are equivalent:

(a) The measure p is Carleson, for FP(M,L).

(b) There exists ro > 0 such that u(By(z,7)) < C,,, for any z € M.

(¢) For each r > 0 there exists C, > 0 such that u(By(z,1)) < C, for any z € M.

Proof. (¢) = (b) is trivial. For (b) = (c), fix r > ry and an ry-lattice (ay) in
M. There exists an integer /N such that each point z € M has a neighborhood
which intersects at most N of the By (ax,ro)’s. Hence

N
M(B(Zar)) < ZM(Bg(Gk,To)) < NCTO
k=1
(b) = (a). Let s € FP(M, L). By (3.1) of Proposition 3.1

[ sk < pBlar/2) s (s
Bg(ag;ro/2)

w€By(ag,r0/2)

= sup  [s(w)]?
wEBgy(ag,r0/2)

[ lstwras,
Bg(akJ’O)

A
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Hence

sy = / siPdp
/J\/[ Z By(ak,r0)
= Z/ S‘deg
By(ak,ro)

< [ Jspas,
M

(a) = (b). Let z € M. By Proposition 3.3, there is a section s, € FP(M, L)
such that

|s.(z)] =1 and /M |s.[Pdv, < C,

for some C' > 0 independent of z. Also, by Lemma 3.2, there exists 0 < 0 < R
such that

1
Vwe By(z,0) @ |s,(w)] > 5
Hence
W(B,(2,0) < / 52 Pd
By(z,9)
< [l
= /‘5z| dvg
=< 1. (by Carleson condition)

OJ

4.2. Vanishing Carleson Measures for F?(M, L). Recall that a bounded lin-
ear operator T' : F*(M,L) — L*(M,L,du) is a compact operator if for all
sequence (s;) C F?(M, L) converging weakly to zero section i.e.,

VoeFHM,L) : lim [ <o(w),s;(w)>dv, =0.

j—00 M
We have
lim/ |Ts;|Pdp = 0.
Jj—=oo s

The following lemma is a consequence of Proposition 3.1, Montel’s Theorem and
Alaouglu’s Theorem.

Lemma 4.4. Let (s;) be a sequence in F*(M,L). The following are equivalent.
(a) (sj) converges weakly zero.
(b) There exists C > 0 such that

sup/ |s;|%dv, < C
Y

J
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and for all compact FF C M

lim sup|s;(z) — s(z)| = 0.
IO zeF

Definition 4.5. A positive measure p on M is a vanishing Carleson if the inclu-
sion 1, : F*(M, L) — L*(M, L, i) is a compact operator.
Theorem 4.6. Let (M, g) be a Kdhler manifold which satisfies (1),(2) and (3).

Let 1 be a positive measure on M. Then the following are equivalent.

(a) The measure p is a vanishing Carleson for F*(M, L).

(b) For every € > 0, there exists r > 0 such that u(By(z, R)) < € for any z €
M\ B,(zo,7), where zg € M fized.

Proof. (b) = (a). Let s € F?(M, L). By Proposition (2.1)?77?

|s(2)] j/MlBg(zJ)\stvg.

Hence

[ @R = [ [ v colsto)dn )t
= [ Istw) (B, D)oy ).

Let (s;) € F*(M;L) be a sequence converging weakly to zero. By Lemma 3.4
(s;) is bounded by C on F?(M, L) and converges to zero locally uniformly in M.
Let € > 0 and r > 0 such that u(B,(z,1)) < € for z € M \ By(z,r). For j large
enough

/M 5, < /B ICICITCCENTID
€ stQ By(2,1))dvy(z
+/M\BQ(W)| (2) 2By (2. 1))duy (2)

- /Bg 20,7) |55(2)[Fpu(By(2,1))dvy(2) + Ce

=< 2Ce.

Thus p is a vanishing Carleson measure.
(a) = (b). Let (z;) C M such that d,(z;,2) —> oo. For each j, let s; €
F%(M, L) such that

[s5(w)] = [K(w, 2;)] and [[s;[l2 =< 1.

Then s; — 0 locally uniformly in M. Since p is vanishing Carleson

lim/ |s;|dp = 0.
J]—00 M

By Proposition 3.5, there exist positive constants C, Cy and 0 such that
|K(z,w)| > C1|K(z,2)| > Cs,
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for all w € By(z,6). Then

/|8j|2du > / B
M By (z;,0)

/ K (2, 2)du
Bg(zjv(s)

11(By(z5,0))| K (25, 2;)”
11(By(24,6))

Y 1Y

since | K (zj,2;)| < 1 uniformly in j. Hence

lim p(By(2;,0)) = 0.

Jj—0o0

Since By(zj,1) is covered by N balls By(ag,,9), -, By(aky,d) ( d-lattice ), it
follows that

lim p(By(z;,1)) = 0.

Jj—o0

4.3. Berezin Transforms of Carleson Measures. Let p be a positive meaure
on M. The Berezin transform of y is the function fi : M — R* defined by

() = /M e u0) Pl (),

where
K(w,2)
VIK(z 2]
Theorem 4.7. Let (M, g) be a Kdhler manifold satisfying the conditions (1),(2)

and (3). Let u be a positive measure on M. Let p € [1,00]. If p# 2 or p # oo,
suppose further

k. (w) =

sup/ e Pds(w3) dy (w) < oo,
zeM J M

for all 8 > 0. The following are equivalent.
(a) 1 is Carleson for FP(M,L).
(b) i is bounded on M.

Proof. (a) = (b). For z € M, let s, € F?(M, L) such that |s,(w)| = |K(z,w)].
By off-diagonal estimate |s,(w)| < Ce @%=w) < 1. Let (a;) be a lattice of M.
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Since p is Carleson by Theorem 4.1 p(B,(a;,7)) < C. We have

i) - W | Js-Pauta
< Z/B - |s.|?du(w) ( since |K(z,2)| < 1)

S(f,,, ) ([ )’
([, o)) )

< / s.lPdp(w))”
M

(/M \sz|pdvg(w))5 (u is Carleson for FP(M, L))

| Israuy(w)

=< 1L

IN

Q=

IN

sup |s.(w)|
BQ (aj,r)

A

3=

I A
—~

Hence if p is a Carleson, then [ is uniformly bounded.
(b) = (a). Suppose that f is bounded on M. Then there exists C' > 0 such that
forall 6 >0 and z € M

/B )Pt <) < €

By diagonal estimates for the Bergman Kernel, there exists C', 6 > 0 independent
of z such that for all w € B,(z,9)

|K(z,w)| > C1|K(z, 2)|.
Since |K(z,2)| <1
|k.(w)]* = 1, ¥V w € By(z,0).
Hence
p(By(z,0)) =1 uniformly for z € M
and by Theorem 4.3 u is Carleson for FP(M, L). O

4.4. Berezin Transforms of Vanishing Carleson Measures.

Theorem 4.8. Let (M, g) be a Kihler manifold satisfying the conditions (1),(2)
and (8). Let p be a positive measure on M. The following are equivalent.

(a) p is vanishing Carleson for F?(M,L).

(b) lim f(z) =0.

dg(z,20)—00
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Proof. (a) = (b). Let (z,) € M such that lim,_,. d,(2,, 20) = co. For n € N let
s, € F%(M, L) such that |s,(w)| = |K(w, z,)|. Put

Sp(w :—sn(w)

Then 5, € F*(M, L). Since |K(zy, z,)| < 1 uniformly in n and
[8a(w)| < Ceadalwn),

then lim §,(w) =0 and

n—oo

/M |30 dv, (w) = 1.

So §, — 0 uniformly on compacts of M. By Lemma 4.4 5, — 0 weakly on
F2(M,L). Since p is vanishing Carleson

lim ji(z,) = le/ |5, (w) |*dp(w) = 0.
n—oo n—oo M
(b) = (a). Following the proof of (b) = (a) in Theorem 4.3 we have

p(B(z,r)) 2 i(2).

Hence
lim B(z,r)) =< lim pa(z)=0.
dg(z,zo)ﬁooﬂ< ( )) - dg(z,ZO)Hoo'u( )
By Theorem 4.6 y is vanishing Carleson. 0

4.5. Proof of Theorem 1.2. (b) <= (c) follows from Theorem 4.7.
(b) <= (d) follows from Theorem 4.3.

(b) <= (a). Suppose that p is a Carleson measure. Fix p €]1,00[. Let s €
FP(M,L). Then

L < st Kz > ) )
/M</M|5|!K(w,z)|du(w))pdyg(z)

< /M / |s||K<w,z>|%|K<w,z)ﬁdu(w))pdvg(z)

(] stacto ) | 1) o).

IA

IA
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Let s, € F2(M, L) such that |s,(w)| = |K(w, z)|. Then

[ Kt = [ fsw)ldute

/ |s.(w)|dv,(w) (p is Carleson for F*(M, L))

/ | K (w, 2)|dvg(w

< /M—ad vy (w) < 1

and
(] 15w K .2 () )y 2
< [ tstwpr( [ 1,2l )dute)
=< y |s|Pdp(w) (by off-diagonal estimate)
=< / |s[Pdv, (p is Carleson for FP(M, L)).
Hence

/ ITs(w) Pduy (2) < C, /M s[Pdu,.
If f € FY(M, L), then
/’/<s K(w, 2 > dp(w)|dv, ()

< [ (] 1l 2laue) )av )

< [ (] 11w, 2) () )y )

< [ sl 1wl ) dute)

M

< [ 1swl( [ et an, () dutw)

M

< [ [s(w)dp(w)

=

< [ |s(w)|dvy(w) (u is Carleson for F*(M, L)).

/M|Tus(w)]dvg(z)§CM/M]s]dvg.

=

Hence
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If f e Fe(M,L), then

sup‘/ < s(w), K(w,z >du| < HsHoosup/ | K (z,w)|dp(w)
zeM zeM JM
= lsllosup [ [s.(w)ldto)
< lsllosup [ s w)ldvyo
< s ||oosup/ 1K (2 0) du ()
=< HsHoosup/ e~ dg(2w) dvg(w)
zeM J M
= sl
Hence

sup |T,,s(z)| < Cpusup |s(z)].
zeM zeM

We conclude that T}, : FP(M, L) — FP(M, L) is well defined and bounded if p is
Carleson.

Conversely, suppose T}, : FP(M, L) — FP(M, L) is bounded. Let s, € F*(M, L)
such that |s,(w)| = |K(w, z)|. By reproducing property of the Bergman kernel

s.(w) = /M < s.(t), K(t, w) > dvy(t).

By diagonal bounds for the Bergman kernel, there exists C,§ > 0 such that
|s.(w)| > C for all w € By(z,d). We have

W(B,(2,0) = /B 52 (w) Pdp(w)

/!Sz )[Pdp(w

- [ <) /M < s.(8), K () > dvg(t) > du(w)
_ /M ( /M < 5.(w), < s.(0), K (t,w) >> dp(w) ) dug (1)
= [ ([ <0< st K wt) >> dutw))an, )
= [ <s0, [ < sw) K.t > dutw) > duy(e)

= / < 5,(t), Tyys.(t) > dugy(t)

M
[ Tus:llplls:llg < NTullllsellplls:ll, < C-
Therefore by Theorem 4.3  is Carleson for FP(M, L).

A

IA
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4.6. Proof of Theorem 1.3. (b) <= (c) follows from Theorem 4.8.

(b) <= (d) follows from Theorem 4.6.

(b) <= (a). Suppose that y is vanishing Carleson. Let s € F?(M, L). Let s, the
holomorphic section such that |s,(w)| = |K(w, z)|. Then

/|T )|?dvy(2) /‘/ < s(w), K(w, z) > du(w)

dvg(z)

< [ ([ 1stw)rir e, 2dute /|sz>|cm< ))dvy (2)

(
:/M(Mys V2K (w, 2)|dp(w /!sz )|dp(w )dvg()
(

< [ ([ 1stwrrii e 2ut)) (| sz ldvyw) )2
< [ s, 2ldutw)dn ) (sup [ s w)ldew)
< [ [ istwr
< [ Istw) Pt

Hence ||7),|| < C||¢,|| and this follows that 7}, is compact.

Conversely, suppose that T), : F*(M,L) — F?(M, L) is compact. Let (z;) € M
such that dg(z;, 20) = 0 and s., € F*(M, L) such that |s. (w)| = |K(w, z,)|. By
off-diagonal estimate, the sequence (s.,) is bounded on F*(M, L) and converges
locally uniformly to zero section. Hence (s.,) converges weakly to the zero. Since
T,, is compact and

S

M

<

| K (2, w)[dvg(2)dp(w)

[T > doy| < s lalss o
M

we have

lim < Tys.;, 82 > dug = 0.

j—00 M
_ 2
‘/ <Tus.;,5., > dug —/ |52, ["dv,
M M

and the diagonal estimates [s. (w)| = 1 on By(z;,9), we get

From

lim p(B,(%;,6)) < lim )/ <Tys.,, 8. > dvg| = 0.
M

Jj—o0 Jj—o0

By Theorem 4.8 p is vanishing Carleson for F2(M, L).

5. SCHATTEN CLASS MEMBERSHIP OF TOEPLITZ OPERATORS

Suppose that T is a compact operator between Hilbert spaces H; and Hs.
Then 7" has a Schmidt decomposition, so that there are orthonormal bases (e,,)
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and (o,,) of H; and Hs, respectively, and a sequence (\,,) with A, > 0 and A, — 0
such that for all f € H;

Tf:i)\n<f,en>an.

n=0
For 0 < p < 00, such a compact operator 7" belongs to the Schatten-von Neumann
p-class S, = S,(H1, Hy) if and only if

9]
I, =X < oc.
n=0

If p> 1, then S, is a Banach space. If 0 < p < 1, then S, is a Frechet space.
For all T\, S € S,(H1, Hy),

1T+ 5|5, < 201715, + I151s,)- (5.1)
By Proposition 6.3.3 in [33], if T is a positive operator on a Hilbert space H and
0 <p <1, then

<TPe,, e, ><<Tep,,en >P,

where (e,,) is an orthonormal set of H. It gives that

(o)
175 <31 < Temer > 7.

m,k
We will introduce the complex interpolation of Schatten p-class.
Lemma 5.1. If 1 < p < o0, then
[Spm Sp1]9 = Sp
with equal norm for all 1 < py < p; < oo and all €0, 1], where
1 1-6 6
= -

Z_? Do p_l .
We will let (a;) denote an r-lattice of M and i the Berezin transform of the
positive measure on M. For z € M let s, € F*(M, L) such that

where e is a frame of L around z.

Lemma 5.2. If T is a positive operator on F*(M, L), then

tr(T) < /MT(z)dvg(z),

where

T(z) = /M < Tsy(w), s.(w) > dvy(w)

1s the Berezin transform of T. In particular, T is trace-class if and only if the
integral above converges.



156

SAID ASSERDA

Proof. Since T is positive, then 7' = R? for some R > 0. Let (e;) is an orthonor-
mal basis of F2(M, L). Then

r(T) = > <Teje;>=< Y |Re?
j=1 =1

Hence

tr(T) =

- Z/M |Re;(2)Pduy(2)
/M Z | Re;j(2)[Pdvy(2).

/M < Rej(w), K(w, z) > dvg(w)rdvg(z)

2

dvg(2)

/ < Rej(w), s:(w) ® ’28| > dvg(w)
(

e(z)

le(2)]

< Rej(w), s,(w) > dvg(w)‘ dv,(z)
< Rej(w), s,(w) > dvg(w)‘zdvg(z)

deg(z>

/M < ej(w), Rs,(w) > dvg(w)

= /M||Rsz||2dvg(z)x/M<Tsz,sz>dvg(z):/MT(z)dvg(z).

OJ

Corollary 5.3. Let v be a positive measure on M. Then T, € Sy if and only if
u(M) < oo. In particular, if the support of p is compact, then T, € S, for each

p>1

Proof. Suppose that (M) < oo. By Lemma 5.2

tr(7,)

)

)
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Let T, € & and 2y € M fixed. By diagonal bound estimates we have

w(r) = [ T = [ ([ G2 )d)

= L 1w 2Pl o) )ae) < ol By (M)

= p(M).
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O

We will need the following simple lemma that is well known in the classical Fock

space setting [33].

Lemma 5.4. Let r > 0 and let (e;) be any orthonormal basis for F2(M, L). If
(a;) is an r-lattice of M and H is the operator on F*(M, L) defined by He; := s,, ,
then H can be extended to a bounded operator on all of F*(M, L) whose operator

norm is bounded above by a constant that only depends on r.

Proof. Let o,t € F*(M, L), then

<Hot>=) <o0,¢;><5,,t>.
=1
Since

(%) _ riw o
Saj(w)® ’€<aj)| K( ’ J)7

where e is a frame of L around a;. Since

t(a; ) // <t(w), K(w,a;) > dvy,(w)

by Cauchy-Schwarz inequality and Proposition 3.1

| < Aot >| < i|<a,ej>L2|]<s%,t>L2|
j—l
— Z]<aej Sro || < Sqpt >12 (a;)
le(a;)] 1L,
< ol Z!/ < t{w), K (w,a5) > duy(w)
<

“"”2(2 tas))’

I A
S
D
—
i[Me 1
SR
T~
S
QU
m@
~

A
S
o
=~
D

La,
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Lemma 5.5. Let p > 1. If ¢ € LP(M,dv,) and Ty be the Toeplitz operator with
symbol ¢

Tys(z) = /M < s(w), K(w, z) > ¢(w)dvg(w)

for all s € F*(M, L), then T, € S,.

Proof. Assume p = 1. Let g € L*(M,dv,) and (e;) be an orthonormal set on
F%(M, L). By Fubini Theorem

< T¢€J / |€J dvg( ).

Hence
§;| < Tyej,e5 > | = g‘/M |6j(w)|2¢(w)dvg(w)

< [ Y letwllotw)lduw
= [ oI w.w)ldyw)

=< |lo|li (by diagonal estimate).

Thus, for p = 1, T, € 8§ and [|T,|ls, =< |lolli- Also | T,]ls.. = [|¢]le- By
mterpolatlon of Lemma 1, we can get Ty € S, and ||Ty||s, < [|9]lp- O

Lemma 5.6. Suppose that (M, g) satisfies the conditions (1), (2), (3) and (4) of
Section 4. Letr >0 and 0 < p < 1. The following are equivalent:

(a) i € LP(M,dv,).

(b) (B, (1) € LP(M, dv,).

(¢) (B, la;,r)) € P(N).

Proof. (¢) = (a). We have
i) = [ IkC)Pdu)
B | K (w, 2)|? w
- Z/B RG]

C / e —2adg(w,z d,u
;1 Bg(ajﬂ“) ( )

J

IN
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Since dy(w, ) > d,(z,a;) — dy(a;j, w) for all w € By(a;,r)

2 IR

g(aj,r)

CZ/ 7204 (dg(z,a5)— T)d,u(w)

By (aj,r)

IN

fi(z)

IN

oo

< Z e—2adg(zvaj)M(Bj (aja T‘))

=1

By Holder inequality fi(z)? < Z e~ 2ods(293) (B (a;,r))P. Hence

| ity

Z/ ~2p0ds (205) 1 (B (a;, 1))

Z’LL(B (a]7 )) Sup/ e*2padg(z7aj)

JEN J M

PN

A

[e.9]

< ZM(B (aj.1))" < .

(a) = (b). By diagonal bound estimate |K(z,z)| < 1 and |K(z,w)| = |K(z, 2)|
for all w € By(z,6)

A(z) = /M e a0) Pl ()

z/ ke () P p(w0)
BQ(Z’T)
[ K. Pdut)
BQ(Z7T)

o0

S / K (w, 2)Pdpa(u)
1 Bg(z,r)ﬁBg(aj,(S)

j=

1Y

Y

o0

S / du(w). = p(B(z,7)
—1 Y Bg(2,7)NBgy(a;,5)

J

Y

(b) = (c). We have

Z B [ B

Since for any z € By(a;,5) : p(By(z,7)) > p(By(a;, 5), then

o

iBylaj, 5))" 2| u(By(z, 7)) dvy(2).

Jj=1
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Thus p(By(.,r)) € LP(M, dv,) implies that (u(By(a;, 1)) € (P(N). O

5.1. Proof of Theorem 1.4 for the case 1 < p < co. (a) = (b). Since T},
is a positive operator, then T, € S, if and only if T/ € S;. By Proposition 6.3.3
in [33]

’fg(z) = /M<T53Z(w),sz(w)>dvg(w)

> </M<Tusz(w),sz(w) >)p
= (a(2))".

Hence by Lemma 5.2

/M (i(2))Pdv, (= /|TP )| < tr(T7) <

Then ¢ € LP(M, dvy).
(b) = (c). Put

Or(2) = p(By(2,7)).

By diagonal estimates for the Bergman kernel, for some ¢ > 0 we have

By(z,¢)) = K(z,w)|*du(w
u(By(2,€)) /Bg(m| (2, w) Pdp(w)
L
|K(z,2)] By(z,€)
= f(2).

Hence z — ¢(2) := u(By(z,€)) € LP(M, dv,).
(¢) = (a). Suppose that T, € S,. For zy € M fixed, write pt = py + 2, where

K (2, w)|dp(w)

= p By and i 1= By o

By Corollary 5.5 T, € S,. Hence it suffices to show that 7, € S,. If 0 €
F%(M, L) we have

<Tyoo> = [ lotwlow)dnw)
_ / o) P By 1w, €) vy (w)

/ZEM /Bg (%.6) w)[*dvg(w)dpu(z)

/ lo(2)|?du(z)  (Prop. 3.1)
M\Bg(z0€)

= <T,0,0>.

A%

Y

Hence T),, = Ty, so that ||T),l, = || Ty |, and then T),, € S,.
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5.2. Proof of Theorem 1.4 for the case 0 < p < 1. By Lemma 5.6, it suffices
to prove (a) = (d) and (b) = (a).

(a) = (d). Suppose that T, € S,. By near diagonal uniform estimate for the
Bergman kernel there exists o > 0 such that

VzeM,Ywe Byz,0) : |[K(w,z)| = 1. (5.2)

Let r > 26 and (a;) be an r-lattice. Let (ax;) C (a;) such that dy(ax,, ax,) > r if
j # 1 so that

de(w,ay,) <r/2 = dy(w, ar,) > /2 (5.3)

and

DN | —

dg(w,ay,) <1/2 = dy(w, ar,) > ~dy(ay;,ar,). (5.4)

Let v be the positive measure
vi= Z 1Bg(aj75)lu"
J

Then T, < T, so that ||T,|, < ||T.]|,- Let (e;) be an orthonormal basis of
F*(M,L) and H : F*(M, L) — F?(M, L) the operator defined by

He,, = Say,, s

where s,, € F?(M, L) defined as

Sakm (w) ® = K(UJ, akm)a

where e is a frame of L around ay, . By off-diagonal estimate for the Bergman
kernel

YweM : |sakm (w)| < o~ 0dg(w,ar,,)

By Lemma 5.4, H can be extended to a bounded operator on all of F%(M, L)
whose operator norm is bounded above by a constant that only depends of (ag,, ).
If R=H*T,H then

1Bl < Tollp < Tl
Consider the operators A and E defined by

As ::Z<H€m,€m >< s, e, >e, and EF=R-—A.

By (5.1) we have

1
SIAlE = IEIG < 1215 < [Tl (5.5)
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We estimate ||A||, from below,

Thus

1Al = 2 < Densen ="

= Z <T,ag,, ,a, >
= ([ s (P’

= 3( 1w o) Pavtw)’

; </Bg(akm,5) K, a,,) |2dy<w)>p
> (U Bylag,,,0)).

m

v

Y

JAJE = Z J(ar,, 0))". (5.6)

We estimate || E||, from above,

IE1

<

IN

IN

IN

PN

Z < Remy €k >p
l#m

Z < Tyemv €k >P
I#m

Z < Tysakm’ Say, >"
I#m

P
S b b )
l#m
ST
M

l#m

—apr (o Q& P
o5 Z (/ e_idg(wvak'm)@_Edg(wvakl)dV(U))> (53)
M

m##l

e (2] P
6—5dg(w,akm )e_fdg(w7akl )dy(w))
— J Bg(akj ,0)

e~ 33 By, ) T )= E ) () (5.4)

m#l J
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Since 0 <p <1

||E||§ = eiépTZM(Bg(akjyé))pze Gdg(aryy, ak J)G 4d(aklak)
J

m#£k

< Y By, 0))p (3 e )’
; l

< e (B, ay,. )"
J

Thus

IE|E < e

T u(By(ar,, 0)). (5.7)
J
By (5.5), (5.6) and (5.7), for r large enough
Inly > (5 - ) >,
= > u(B
J
for each sub-lattice (ay;) of the r-lattice (a;). Thus

Zu g(a;,0))" 2 Tll5-

(b) = (a). Suppose that i € LP(M,dv,). By Lemma 5.6 it suffice to show
w(By(.,9)) € LP(Mdv,) =T, € S,,.
Let ¢,(2) := u(By(z,0)). If s € F*(M, L) we have

<Tpss> = /M 15(2) (B (2, 6) vy (2)

— /M|s(z)|2dvg(z)/M1Bg(w,5)dﬂ(w)
— /Mdu(w)/M|s(z)|2139(w,5)dvg(z)
= [ autw) [ P

= <T,s,5>.

Thus T, < Ty, . Since Ty, € S, (Lemma 5.5) we get T, € S,.

5.3. Proof of Theorem 1.5. For the proof of Theorem 1.5, we need some pre-
liminary lemmas.

Let (M, g) be a Kéhler manifold and (L,h) — M be a holomorphic Hermit-
ian line bundle. Let (N,wy) be a a Hermitian manifold. For a holomorphic
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map ® : N — M, let (»*L,®*h) — N the holomorphic Hermitian line bun-
dle, called the pull back of L, whose fibers are (®*L), = La) with metrics
(®*h)(x) = h(P(x)), where x € N. We define the composition operator

Cy: F*(M,L) — JF*(N,®*L)
s — so®.

The transform Bg (related to the usual Berezin transform) associated to ® is the
function on M defined as follows.

2. _ /M K (2, 0) Pdve(w),

where v is the pull-back measure defined as follows: for all Borel set £ C M

va(E) = /N L1 () () v ().

Let z € M. Fix a frame e in a neighborhood U of the point z and consider
an orthonormal basis (s;)9_; of F?(X, L) (where 1 < d < oo). In U each s; is
represented by a holomorphic function f; such that s;(z) = fi(z)e(x). Let

s.(w)| = ((iﬁ«z)sxw))@m

By Proposition 3.3
[ IsFauw) = [ K2R
= |K(z,2)|=<1.

Lemma 5.7. We have
< 03C0ps.,, 5. >= Bg(2)?,

= [ Is-twPavat)

/ B (2)[Pdu, (=) = / < CiCss, 5. >4 duy(2),
M M
where vg s the pull-back measure defined as follows: for all Borel set E C M

VQ(E):/Nl@1(E)(w)deN(w).

and
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Proof. We have

< C3Css,,8, > = < Uss,,Cps, >

= [ [5:(®(w))Pdvey (w)

= [ Is:(w)]dve(w)

O

The following lemma presents a desired connection between composition opera-
tors and Toeplitz operators.

Lemma 5.8. Let (M, g) be a Kihler manifold and let ® : N — M be a holomor-
phic map such that Cg is bounded. Then

C*CCD l/qn
where
T,,5(2) = / < s(w), K(w, z) > dvg(w).
M

Proof. Since Cyp is bounded, for all 5,0 € F?(M, L)
< C3Cps,0 > = < (Cps,Cpo >

_ /N < s((w)), o(®(w)) > dviy (w)
— /M<s(w),a(w)>d7/<b(w)-

Since

by Fubini Theorem

< C3Cps,0 > = s( / K(w, z).0(t)dvy(z) > dvg(w)

K(w, z).0(t) > dvg(2)dve(w)

/ <
fody =
— //<K(z,w).8(w)70(f)>dvg(2>dV¢(w)
I
<5

/ K(z,w).s(w)dve(w),o(z) > dvg(z)
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Hence we get

C3Cos(z) = / < s(w), K(w, z) > dve(w).

M

O

Corollary 5.9. Let (M,g) be a Kdhler manifold and let & : N — M be a
holomorphic map such that Cg : F*(M, L) — F*(N,®*L) is bounded. If0 < p <
oo, then Cp € S, if and only if T,, € Sp/a.

Since |K(z,z)| < 1 and

1
vp(z) = —/ |K (2, w)[*dve(w) < / |K (2, w)|*dve(w)
|K(2,2)| Jur M
= B‘D(Z)Za
then the proof of Theorem 1.5 follows from Theorems 1.2, 1.3 and 1.4.
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