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ABSTRACT. In this paper, the following third-order nonlinear delay differential
equation with periodic coefficients

2" (t) + p(t)z" (t) + q(t)2' () + r(t)x(t)

= [tz (@), x(t—7(t)) + %9 tz(t—7(t),

is considered. By employing Green’s function, Krasnoselskii’s fixed point the-
orem and the contraction mapping principle, we state and prove the existence
and uniqueness of periodic solutions to the third-order nonlinear delay differ-
ential equation.

1. INTRODUCTION

Third order differential equations arise from in a variety of different areas of
applied mathematics and physics, as the deflection of a curved beam having a
constant or varying cross section, three layer beam, electromagnetic waves or
gravity driven flows and so on [19,23].

Delay differential equations have received increasing attention during recent
years since these equations have been proved to be valuable tools in the modeling
of many phenomena in various fields of science and engineering, see the mono-
graphs [8,20] and the papers [1-18], [21-23], [25-28] and the references therein.
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The second order nonlinear delay differential equation with periodic coefficients

() +p )2 (1) +q(t)x () =f(t,w(t)vm(t—f(t))H%g(t,x(t—f(t))),

has been investigated in [5]. By using Krasnoselskii’s fixed point theorem and
the contraction mapping principle, Ardjouni and Djoudi obtained existence and
uniqueness of periodic solutions.

In 23], Ren, Siegmund and Chen discussed the existence of positive periodic
solutions for the third-order differential equation

2" +p@) " ) +q@®)x (&) +rt)x(t) =g (t,x(t)).
By employing the fixed point index, the authors obtained existence results for
positive periodic solutions.
Inspired and motivated by the works mentioned above and the papers [1—
18], [21-23], [25-28] and the references therein, we concentrate on the existence
of periodic solutions for the third-order nonlinear delay differential equation

2(t) + p(t)z" (1) + q(t)2'(t) + r(t)z(t)

Zf(tw(t),af(t—f(t))H%g (L, (t=7(1)), (1.1)

where p, q, r, T are continuous real-valued functions. The functions g : RxR — R
and f : R xR x R — R are continuous in their respective arguments. To show
the existence of periodic solutions, we transform (1.1) into an integral equation
and then use Krasnoselskii’s fixed point theorem. The obtained integral equation
splits in the sum of two mappings, one is a contraction and the other is compact.
We also obtain the existence of a unique periodic solution of (1.1) by employing
the contraction mapping principle as the basic mathematical tool.

The organization of this paper is as follows. In Section 2, we introduce some
notations and lemmas, and state some preliminary results needed in later section.
Then we give the Green’s function of (1.1) which plays an important role in this
paper. In Section 3, we present our main results on existence and uniqueness.

We state Krasnoselskii’s fixed point theorem which enables us to prove the
existence of periodic solutions to(1.1). For its proof we refer the reader to [24].

Theorem 1.1 (Krasnoselskii). Let M be a closed convexr nonempty subset of a
Banach space (B, ||.||). Suppose that Hy and Hy map M into B such that

(i) x,y € M, implies Hyx + Hoy € M,

(ii) Hy is compact and continuous,

(i1i) Hy is a contraction mapping.
Then there exists z € M with z = Hiz + Hyz.

In this paper, we give the assumptions as follows that will be used in the main
results.

(h1) There exist differentiable positive T-periodic functions a; and ay and a
positive real constant p such that

ai(t) + p = p(t),
aj (t) +az (t) + par(t) = ¢ (1),
ah () + pas(t) =7 ().
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(h2) p,q,r,7 € C (R,R") are T-periodic functions with 7 (¢) > 7* > 0 and

T T
/ p(s)ds > pT, / q(s)ds > 0.
0 0

(h3) The functions g (t,x) and f(¢,z,y) are continuous T-periodic in ¢ and
globally Lipshitz continuous in x and in x and y, respectively. That is

gt +T,x)=g(t,x), f(t+T,2,y) = f(t,z,y),

and there are positive constants ki, ko and k3 such that

lg(t, ) —g(t,y) < kile —yl,
and
’f(taxay)_f(tazaw)‘ Skl ]:c—z\—l—kg\y—w].

2. GREEN’S FUNCTION OF THIRD-ORDER DIFFERENTIAL EQUATION

For T' > 0, let Pr be the set of all continuous scalar functions x, periodic in ¢
of period T. Then (Pr,|.||) is a Banach space with the supremum norm

[2]| = sup |z(t)| = sup [z()].
teR te[0,7

We consider
2" (t) + p(t)a"(t) + q(t)2'(t) + r(t)z(t) = h (1), (2.1)

where h is a continuous T-periodic function. Obviously, by the condition (h1),
(2.1) is transformed into

{ Y () + py(t) = h(t),
2" (t) + a1 ()2 (t) + aa(t)x(t) = y(t).

Lemma 2.1 ( [3]). Ify,h € Pr, then y is a solution of equation

y'(t) + py(t) = h(t),
of and only iof

t4+T
y(t) = /t G1(t, s)h(s)ds, (2.2)

where (o )
exp(p(s—t
ts) = ——~

Gts) = o () — 1

Corollary 2.2. Green function G satisfies the following properties
Gl(t + T7 5+ T) = Gl(tv S)7 G1<t7 t+ T) = Gl(t7 t) exp (pT) )
Gl (t + T7 'S) = Gl(ta S) eXp (_pT) ) Gl (ta 5+ T) = Gl (tv S) eXp (pT) )
0

aGl(@S) = —pGi(t, s),
0
$G1(t78) = pGi(t, s),

(2.3)
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and
my < Gy(t,s) < My,

where
_ 1 __exp(pT)
Cexp(pT) =17 T exp (pT) — 1

Lemma 2.3 ( [22]). Suppose that (h1) and (h2) hold and

Ry [exp (fOT al(v)dv> — 1]
T

> 1,

where

exp (fo ar(v dv)

T
R; = max /
0TIV exp (fo aj(v dv) -1

0 (v ([ wion))

Then there are continuous T-periodic functions a and b such that

a2 (S> ds )

b(t) > 0, / " a(o)dv > 0.

and

a(t) +0(t) = ar(t), b'(t) + a(t)b(t) = as(t), fort e R.

(2.4)

Lemma 2.4 ( [26]). Suppose the conditions of Lemma 2.3 hold andy € Pr. Then

the equation

2" (t) + a1 (t)2'(t) + az(t)z(t) = y(t),

has a T-periodic solution. Moreover, the periodic solution can be expressed by

= /tHT Gso(t, s)y(s)ds

where

G2(t78)
ex “b Ydu + w)du| dv + AT ex w)du + S+T
Joexp [ b(u)du + [ alw)du] dv + [ exp | [,

(2.5)

du} v

[exp (fo a(v)dv) — 1} [exp <f0 b(v)dv) — 1}
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Corollary 2.5. Green’s function Gy satisfies the following proprieties

Gg(t + T, s+ T) = Gg(t,S), Gg(t,t+ T) = GQ(t,t),
Ga(t+T,s) =exp (—/0 b(v)dv) |:G2 (t,s) —l—/t E(t,u) F (u,s)du|,

2GQ(t, s) = =b(t)Ga(t,s) + F (t,s),

ot
%Gz(t, s) = a(t)Ga(t,s) — E (t,s),
where
E(ts) = exp (fts b(v)dv) Flts) = exp (fts a(v) dv)

exp <fOT b(v)dv) 1 exp (fOTa (v) dv) 1

Lemma 2.6 ( [22]). Let A = fOT ai(v)dv and B = T? exp (% fOT In (ag(v))dv).

If
A* > 4B, (2.7)

then
T
min{/ a(v) (v)d
0
T T 1
max {/ a(v)dv, / b(v)dv} 3 (A + VA2 - 4B)
0 0
Corollary 2.7. Functions G, E and F' satisfy
my < Ga(t, s) < My,

T

dv, / b v}E%(A—\/AQ—ALB):l,
0

< L

E(ts) <
(’8)_(31—17

F(t,s) <ef,
where
T T exp (fOT ay (v) dv)
(exp(L) =D 75 (exp ()~ 1)

Lemma 2.8 ( [l1]). Suppose the conditions of Lemma 2.3 hold and h € Pr.
Then the equation

2" (t) + p(t)2" (t) + q()2' (t) + r(t)x(t) = h (1),

has a T-periodic solution. Moreover, the periodic solution can be expressed by

t+T
x(t) = /t G(t,s)h(s)ds, (2.8)

mo =

where

G (t,s) = /t Gs (t,0) Gy (o, 8) do. (2.9)
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Corollary 2.9. Green’s function G satisfies the following properties
G(t+T,5+T) = Glt,s), G(tLt+T) = G (t,t)exp (oT)

9 6(t,5) = (exp (~T) ~ 1)1 (1,6) Ga (1,9) — (1) G (1.

t+T
+ / F(t,0)Gh (0. 5) do,
t

QG(t, s) = pG (t,s),

0s
and
m < G(t,s) < M,
where
o 2T2 e T? exp (ij— Jy a(v) dv> |
(exp (1) = 1) (exp (pT') — 1) (exp (1) = 1)" (exp (pT) — 1)

3. MAIN RESULTS

In this section, we will study the existence and uniqueness of periodic solutions
of (1.1).

Lemma 3.1. Suppose (hl) — (h3) and (2.4) hold. The function x € Pr is a
solution of (1.1) if and only if

z(t) = (exp (pT) = 1) G (L, ) g (L, (t — 7 (1))
+ /t G(t,s){—pg(s,x(s—7(5)))+ f(s,x(s),z(s—7(s)))}ds. (3.1)

Proof. Let x € Pr be a solution of (1.1). From Lemma 2.8, we have
z(t) = /t G (t,s) [f (s,z(s),z(s—71(s)))+ %g (s,z(s—7(s)))|ds
T
:/t G(t,s) f(s,z(s),z(s—7(s)))ds

i / G (t,5) g (5,2 (s — 7 () ds. (3.2)

Performing an integration by parts, we get
t+T )
| G gaals— o)
¢ Os
t+T )
—Gs)glsal- T = [ | 6| gt )
t

— (exp (6T) — 1) G (t,8) g (b, (t — 7 (£))) — p / G (t,5) g (s, (s — 7(s))) ds.
(3.3)
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We obtain (3.1) by substituting (3.3) in (3.2). Since each step is reversible, the
converse follows easily. This completes the proof. O

Define the mapping H : Pr — Pr by

(Hy) (1)
t+T
- / G (t,5) {—pg (5,0 (5 — 7 () + [ (5,0 (5) 0 (5 — 7 (5)))} ds
+ (exp (pT) = 1) G (1) g (Lo (¢ — 7 (1)) (3.4)

Note that to apply Krasnoselskii’s fixed point theorem we need to construct two
mappings, one is a contraction and the other is compact. Therefore, we express
(3.4) as

(He) (t) = (Hip) (1) + (Hap) (F)
where Hy, Hy : Pr — Pr are given by

(Hip) (t) = /t G (t,s){=pg (s, (s =7(5)) + f(s,0(s), 0 (s =7 (s)))}ds,

(3.5)
and
(Hap) (t) = (exp (pT) = 1) G (t,) g (£, ¢ (t = 7 (1)) - (3.6)
To simplify notation, we introduce the constants
8= max (1)}, 6 = 0 L) (3.7)

t€[0,7] Cexp() -1
Lemma 3.2. Suppose (hl) — (h3), (2.4) and (2.7) hold. Then H, : Pr — Pr is
compact.

Proof. Let Hy be defined by (3.5). Obviously, Hyp is continuous and it is easy
to show that (Hyp) (t+7T) = (Hip) (t). To see that H; is continuous, we let
p, ¥ € Pr. Given € > 0, take § = ¢/N with N = MT (pky + ko + k3) where ky,
ko and k3 are given by (h3). Now, for ||¢ — ¢|| < 6, we obtain

t+T
[Hip — Hiy|| < M/ [k [l = Il + (k2 + k3) lo =l ds] < N[l =9 <e.
t

This proves that H; is continuous. To show that the image of H; is contained in
a compact set, we consider D = {¢ € Pr: [|¢|| < £}, where £ is a fixed positive
constant. Let ¢, € D, where n is a positive integer. Observe that in view of (h3)
we have

g(t, z)| = |g(t,x) — g(t,0) + g(¢,0)]
< lg(t,x) — g(t.0)] +[g(, 0)]
< ko ||f] + pea,
and
|f(t,z,y)| = |f(t, 2, y) — f(£,0,0) + f(£,0,0)]
<|f(t z,y) — f(t0,0)] +[f(t0,0)|
< ko [lz| + K3 llyll + po,
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where 11 = max |g(t,0)| and ps = max |f(¢,0,0)|. Hence if H; is given by (3.5)
te[0,T] te[0,T]

we obtain
| Hipnl| < D,

for some positive D. Next we calculate 4 (Hyp,) (t) and show that it is uniformly
bounded. By making use of (h1), (h2) and (h3) we obtain by taking the derivative
in (3.5) that

d

dat (Hﬂpn) (t)

t+T
:/t [(exp (—=pT) — 1) Gy (t,1) G2 (t,5) = b(t) G (8, 3)

T
+/t E(t,0)G (0, 5) dff} [=pg (5,0 (s =7 () + [ (s,0(5), (s =7 (s)))] ds.

Consequently, by invoking (h3) and (3.7), we obtain

d

i) 0)

< [(1 —exp (=pT)) MiMz + MB + Mi0T] (p (k1L + pn) + (k2 + kz) £+ p2) T
<K,

for some positive K. Hence the sequence (Hip,) is uniformly bounded and
equicontinuous. The Ascoli-Arzela theorem implies that a subsequence (Hjpp, )
of (Hyg,) converges uniformly to continuous T-periodic function. Thus H; is
continuous and H; (D) is contained in a compact subset of Pr. 0J

Lemma 3.3. If Hy is given by (3.0) with
ki (exp (pT) —1) M < 1, (3.8)
then Hy : Pr — Pr is a contraction.

Proof. Let Hy be defined by (3.6). It is easy to show that (Hap) (t+7T) =
(Hyp) (t). To see that Hy is a contraction, let ¢, 1 € Pr. Then we have

|Hap — Hat)|| = tS[%I;] |(Hap) (t) — (Hatp) (t)] < Ky (exp (pT) — 1) M |l — ]| -

Hence H, : Pr — Py is a contraction. O

Theorem 3.4. Suppose that conditions (h1) — (h3), (2.4), (2.7) and (3.8) hold.
Suppose there exists a positive constant J satisfying the inequality

(exp (pT) — 1) M (k1 J + p1) + (p (k1 4+ p1) + (ko + k3) J + o) T < J.
Then (1.1) has a solution x € Pr such that ||z| < J.

Proof. Define M = {¢ € Pr: ||¢|| < J}. By Lemma 3.2, the operator Hy : Ml —
Pr is compact and continuous. Also, from Lemma 3.3, the operator Hy : Ml — Pr
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is a contraction. Conditions (i7) and (#ii) of Krasnoselskii theorem are satisfied.
We need to show that condition (7) is fulfilled. To this end, let p,1) € M. Then

|(Hup) (1) + (Hay)) (1)]

<u / p U llpl )+ (h+ £3) ] + ] ds

+ (exp (pT') — 1) M (ky [[¢[| + 1)
< (exp (pT) — 1) M (kyJ + 1) + (p (k1 J 4+ p1) + (ko + k3) J + po) T < J.

Thus ||Hye + Hytp|| < J and so Hyp + Heyp € M. All the conditions of Kras-
noselskii theorem are satisfied and consequently the operator H defined in (3.4)
has a fixed point in M. By Lemma 3.1 this fixed point is a solution of (1.1) and
the proof is complete. O

Theorem 3.5. Suppose that conditions (hl) — (h3), (2.4) and (2.7) hold. If
(exp (pT) — 1) Mk + (pkl + ko + k?g) T < 1,
then (1.1) has a unique T-periodic solution.

Proof. Let the mapping H be given by (3.4). For ¢,1 € Pr, we have
[(Hp) (t) — (Hy) ()]

=< M/t (k1 [l = Pl + (k2 + k) [l = ¢l ds + (exp (pT') — 1) My [l — [

Hence
|Ho — Hy|| < [(exp (pT) — 1) Mky + (pky + ko + k3) T [ — 9| -

By the contraction mapping principle, H has a fixed point in Py and by Lemma
3.1, this fixed point is a solution of (1.1). The proof is complete. O
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