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Abstract. The paper is devoted to the estimate

Ju(z, k)| < K|k| {capp,w(F)#:s,g))}p_l ’

2 < p < n for a solution of a degenerate nonlinear elliptic equation in a domain B(zg, 1) \ F,
F C B(zo,d) = {x € R": |zg — 2| < d}, d < %, under the boundary-value conditions
u(z, k) =k for x € OF, u(z, k) = 0 for x € 9B(zg, 1) and where 0 < p < dist(z, F), w(z) is
a weighted function from some Muckenhoupt class, and cap,, ,,(F), w(B(z, 0)) are weighted
capacity and measure of the corresponding sets.
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In the study of behaviour of solutions of nonlinear elliptic and parabolic equations
an important role is played by special estimates of model problems in domains with
small holes (see [1, 2]). In many cases this role is analogous to that of estimates
of singular solutions of linear equations. By using these estimates the following
problems were studied: asymptotical behaviour and the construction of correctors
for nonlinear elliptic and parabolic problems in perforated domains, a necessary
condition for the regularity of boundary points, the stability of solutions of nonlinear
problems with respect to the variation of domains. The proof and applications of
these estimates for elliptic equations are given in [1]. This paper is devoted to the
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extension of the method of obtaining of pointwise estimates for degenerate nonlinear
elliptic equations.

1. AUXILIARY LEMMAS AND STATEMENT OF THE RESULT

Let w be a locally integrable nonnegative function in R® and assume that 0 <
w(z) < oo almost everywhere. We say that w belongs to the Muckenhoupt class Ay,
1 <t < o0, if there exists a constant c;,, such that

(1) L /wdx<c ( ! /wl1 dx)lt
o S Cowl| o7 -t
| B | B|
B B

for all balls B in R™. By |E| we denote the Lebesgue n-measure of a measurable set
E CR".
We shall note only certain properties of functions from Muckenhoupt class.

Lemma 1. Ifw € Ay, then

2) (%}) < %

where B is an arbitrary ball in R™, E is a measurable subset of B and

w(E) = / w(z) da.

E

Lemma 2. Ifw € A;,t > 1, thenw € A;_. for some e, 0 < € < t— 1. Moreover,
€ and ¢t_c , depend only on n, t, i .

For the proofs of Lemmas 1, 2 see [3], Chapter 15.

Lemma 3. Suppose w € A; and s >t. Then w € As.

This statement immedeatly follows from the Holder inequality and (1).

Lemma 4. (A;-weighted Poincaré inequality) Suppose w € A; and let for arbi-
trary x,s,h,0 < s < h an inequality

Q=

) q>t,

(LB (2!
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hold with a constant c¢ independent of x, s, h. Then

(ﬁmz’v(x) _ %Izv(x)dx’qw(x)dx); < w(ﬁB/‘agf)

where B = B (xg,7), v(z) € C*°(B) and C is independent of xg, r, v.

1

t

"w() dx) ,

Lemma 5. (A;-weighted Sobolev inequality) With the same hypotheses as in
Lemma 4 we have

(ﬁ B/ |v<x>|‘Iw<w>dw)% < C(ﬁB/

where B = B (zg,r), v(z) € C§°(B) and C is independent of xg, 7, v.

1
t

tw(x)dx) :

ov(x)
Ox

For the proofs of Lemmas 4, 5 see [4].

Definition and basic properties of the Muckenhoupt class A; were explicitly studied
in [3].

Let F' be an arbitrary compact set in R”. Let us denote by d the minimum of
the radii of balls containing F', and let xy be the center of such a ball with radius d,

satisfying F' C B(zo,d). Here and in the sequel B(z,r) denotes the ball with radius
r and center at z.

Let () be a function from the class C§°(B(z, 1)), equal to one in B (zo, 1). If
d < %, then for an arbitrary real k we consider a nonlinear elliptic boundary value
problem

. d ou
3 ilz, —) =0, eD,
) ; dxia (ac 83:) :c
(4) u(z) = ky(z), x € 0D.
Here D = B(zp,1) \ F.
We assume that the functions a;(z,9), i = 1,...,n, are defined for € B (here

and in the sequel B = B(xzg, 1)) and g € R, and satisfy the following conditions:

A;) functions a;(z,g) are continuous in g for almost every z € B, measurable in
z for all g € R™;
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As) there are positive constants vy, v, such that for 2 < p < n and € B, g,
q € R" the inequalities

lai(z, 9)| < vilgl" ™ w(@),

n

> lai(x, 9) — ai(z, ) (gi — @) >0,

i=1

n
> ai(x, 9)gi > valglPw(x)
=1

hold, where w(z) € A, —1)42 (R"), [w(x)}_p_il €A -1 (R").

Remark 1. Let us choose w(z) = |z|*,—n+p <a<nlp-1)—(n—p) and
p = 2. In this case w(x) satisfies Ay. This is easily verified by a direct computation.

A solution of the boundary value problem (1), (2) is a function u(x, k) € W, (D, w)
such that u(z, k) — ki(z) € W°(D,w) and the integral identity

n

ou\ Oy
(5) Z/ai<x,—)—dx:0
=1 s ox 8xi

ol
holds for arbitrary function ¢(z) € W, (D, w).

The definitions and properties of weighted Sobolev spaces Wpl(ﬂ,w)7 WO}D(Q,w)
were studied in [3, 4, 5] (here  C R™).

The existence and uniqueness of the function u(z, k) follows from the global theory
of monotone operators (for example, see [1]). The function u(z, k) is assumed to be
extended to F' by the constant k.

For the purpose of formulation of our main result let us introduce the notion of
weighted (p, w)-capacity cap,, ,, (see [3]).

The number

(6) cap, o (E) = inf / ‘

B

is called the (p,w)-capacity of the closed set E C B(o, 3). The infimum in (6) is
taken over all functions v(x) € C§°(B) satisfying the equality v(z) =1 for x € E.
Further, we shall prove the following

Theorem. Let us assume that conditions A1, Ay, are satisfied. Then there exists
a constant K depending only on n, p, v1, vo and the Muckenhoupt constant cp, ,, of
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w such that, for a solution u(z, k) of the problem (1), (2) and for an arbitrary point
zeD,

7 u(x, k SKk{capri}ﬁ,
7) ) < K| {eap, o (F)mpt—s
where 0 < ¢ < o(z, F').
Remark 2. In case w(z) = 1 the estimate (7) coincides with the pointwise

estimate of the solution of nonlinear Dirichlet problem obtained by the first author
in [2]. Exactness of (7) follows also from

ORI 2k { G
GO~ LBz —a)y

for the fundamental solution G(z, ) of the operator

L= Z Dy, (aij(‘r)D%') )

ij=1
where a; ;(z) are real-valued, symmetric and

n

1
Aw(@)[€F < D ai(@)6g; < (@),
ij=1
whenever A > 0, £ = (&1,...,&,), and w(z) is the same as in condition Ay (case

p = 2). This estimate was obtained in [6].

2. PROOF OF THE MAIN RESULT
Let us assume k > 0.

Lemma 6. Let us assume that conditions Ay, Ag are satisfied and let u(x, k) be
the solution of the problem (1), (2). Then for k # 0

0< %u(x,k) < 1.

Proof. Let us take the test-function ¢1(z) = min{u(x,k),0} in the integral
identity (5) and use the condition Ay. We obtain

[ [

ox
Dy

p
w(z)dz <0,

where D1 = {z € D: u(z,k) < 0}. From this inequality it follows that u(z, k) > 0.
Similarly, replacing ¢(z) in (5) by ¢2(z) = max{u(z,k) — k,0} the inequality
u(x, k) < k is established. O
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Lemma 7. Assume that conditions Ay, A, are satisfied. Then there exists a
constant ci, depending only on n, p, V1, V2, Cp ., sSuch that

(8) /
D

Proof. Let ustake the test-function ¢ = u(x, k) —ki(x) in the integral identity
(5), where ¥ (z) is from the class C§°(B), and v is equal to one in F. Using the
condition Ay and Young’s inequality we estimate the terms of the obtained equality
and get

cokP 8w_(x)p
(9) D/ < kB/‘ i

Here and in the sequel we denote by ¢; constants depending only on the same para-

p

8u($, k) w(x) dz < c1kP capy, (F)

ox

ou(z, k) |
Ox

)dz.

meters as the constant K in the formulation of the Theorem.
By virtue of definition (6), inequality (9) proves the estimate (8). O

Let us denote for 0 < pu < k
E,={zxeD: 0<u(z, k)< pu}

Lemma 8. Let us assume that conditions A1, Ay are satisfied. Then there exists
a constant cz such that

(10) / \au C 0 @) da < okt~ cap, o (F).

Proof. We substitute p(z) = u,(z, k) — fFu(z, k) in (5), where u,(z,k) =
min{u(z, k), u}. By standard computations and (8) we obtain (10). O

In order to prove Theorem we need some auxiliary results.
Lemma 9. Let2<p<nandw € Ay _1);2, [w]_rll € A 1. For any
p— n

function v(z) € W°L(B(0,R),w) and any numbers r, R, satisfying the conditions
0 < r < R the inequality

(11) [ e < g [ ‘agf”

B(0,r) B(0,R)

w(z) dz
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holds with a constant K depending only on n, p, ¢p .

Proof. Without loss of generality we may assume that v(z) € C§°(B(0, R)).
From Ap-weighted Poincaré inequality we have

(12)
~ Pw(z)dz
w(B(0,1)) lv(z)[Pw(z)d
B(0,r)
2r! 1 P
S w(B.1) / ’U(x)_m / v(y) dy| w(z)de

B(0,r) B(0,r)

v (o |/ |v<y>|dy)p

B(0,r)
<z | 3gf)pw<x>dx+c4(m / |v<y>|dy)p.

B(0,r) B(0,r)

Now we only need to estimate the last term on the right-hand side of (12).
Let w = 147 A straightforward calculation yields

(13) |—‘/—thdt‘ '/’ wt dt‘

|| ||

Transforming the last integral on the right-hand side of (12) into spherical coordinates
with respect to the variables |z| € [0,7], w = % € S1(0), using (13) and Holder

|]
inequality, we obtain

(14)

R N
{ OTI///) wt dt|x|” 1dwd|x|}p

051(0)@‘
/// | )| ety dw il dia
O 1B(0,7)[?
0 |z|51(0)
r R p—1
1_,_n-l n—1
X {// / Tr1¢ 1 dwdt|x] d|x|}
0 |z|51(0)
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1 ov P
<0R>
—1
{/|x|” 1// (wt)]” 7= Pt 1dwdtd|x|} .
|z S1(0)

Now we estimate separately the integral

I = // (wt)] 7T 5T dwdt = / 2] 5" Jw(2)] "7 dz

151 (0) lz|<|2|<R
p+p
(19 <> [ PP RErTe
j=1

291 |z <] 2| <2 x|

<oy @) [ e

|2]<27 | 2]

1 1
Since w™ »-1 € ALl(l—l)7 by Lemma 2, w™ »—1 € A%(l_;) where 1 > 0.
= 0 = D

—e1?

Now, using (2), from (15) we obtain

<ad @) 7T @) @) [ we) s
7=1 |2I<z|
(16)

—np+4
<colz| 71 [w(z)] "7 da.

|zI<=|

By virtue of Lemma 3, w € A,, and estimating the integral on the right-hand side
of (16) with the help of (1) we have

(17) I < eiola] 755 [2]7°T [w(B(0, []))] 7 = c1o 2|7 [w(B(O, |«]))) "7

Since w € AP,H%, by Lemma 2, w € Ap71+%7527 where €2 > 0. Using this, we
obtain from Lemma 1

p—egn
r }n+—p_1 1

(18) [w(B(0, le))}’ﬁ < e [m [w(B(0,7))] 7.



Thus from (14), (17), (18) we have

I <cio [w(B(O,r))}fl rpP—e2n

du [P [ et 2 a2 "
A [ |G| w@ aa{ [rar el dlel}
0

B(0,R)

rP ov P
< C13m / %(x)’ w(z) dz.
B(0,R)

Now the desired estimate follows from (12) and the last inequality. ]

Remark 3. In case p = 2 the statement of Lemma 9 coincides with the state-
ment of Lemma 2.2 in [7].

Proof of Theorem. Let¢ bean arbitrary point of D and for 0 < ¢ < o(§, F)
we define the numerical sequence

0j=2%[B-277], j=1,2,...

Let functions 1 (x) be equal to one on B;j = B (&, ;) and to zero outside Bj;1, and

such that 0 < ¢;(z) < 1, ’8%(@ <

9J+4
ox :

4

Substitute ¢(x) = [u(x, k)] T [1p; (z)]7F? into (5), where o, T are arbitrary positive
numbers. Using Ay and Young’s inequality, we obtain

aw
D

where m; = max{u(z,k): x € B;}.

ou|?

2Jp
o, T+ —1 o+1, .1
e u’p; Pwdx < c14(7'—|—p)p§[mj+1]p /u + Yiwdz,

Let ¢, s be arbitrary positive numbers satisfying the inequalities

n, n
t-l—p>7pp0 , s+p>7pp0 R
npo —p npo —p

where 1 < pg < p—1+ £ and py depends only on n, p, ¢ . Then

{ut*2(2, k)P (2)} 7 € W (B (€, 20) ,w).
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By virtue of A,-weighted Sobolev inequality and (19) we have

.
pnpg Po—p

m / ({u“rpw;-i-p} npp,?z;l’ ) npo—p w dx] D0

! B(&30)
< 150 [w (B (57 %9))]

npo—p s ZPo P
X {(t + p)P / % Pu(t+p) v _p1/1; +P) s wdz
€T

1
P

B(&50)
. 1
npo—p |27 [P (s4p)nRO=P _ »
+(S+p)p / u(t+p) z,%op - wj( p) npo p?,Ude}
0
Bl &30

p—1

<ot +5+p)? [w (B (£ 30)] 7 2 [mypa] T

1
npog—p s+p "pO_T’,p P
X { / u(t+p) npg p+1w; ) "Po wdz .

B(&50)

Using Lemma 1, we obtain from the last inequality

2pnpg __7pr
‘/mwﬁﬂw®<mﬂHW+MW*W@@mﬂ”W?
Bjt1
j 1] 7Bo—F t4p)mLo=r 1 (s+p) “FEE—p 70T
X {2me§:1] ’ {/ WP T Pt Y, "o T dax .
Bjt1
Choosing

npo npo \* npo
=t = [p+ —(p—l)} (7) -—@-1)-p
p npo —p p
npo \°
npo —p

1
s:3¢=[p+npo]( ) —npy — p,

we rewrite the last inequality in the form

2P0 npg
n npo—p e T 7k o
(20) %<m(wﬁg) [w(B(&, o))~ [272mb | 70 [ e
where J; = f wtitPypsitry de.

Bjt1
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By iterating we arrive at
(21)

2 i
n npg— npg— npg—
npo—p Po —DP Pa p+( Po p) ++( PO p)

[Ji](W)i < {819 [2jpm§;ﬂ "7 (B(E, 0))] o } "o nrg o

npo—p .( npo—p i—1
> npo Zp 12 npo +"'+1( npo ) x J,
npo—p 0-

When ¢ tends to infinity, then (21) yields

22 PO <2 w(B(E ) mia) B [ witwds.
Bj+1

Now we estimate the integral on the right-hand side of (22) by Lemma 8 and Lemma

/upwfwdxé / [umj+1]pwdx

Bjt1 Bjt1
(23) < end? / ‘a_u

p
wdx

ox

Bmjta

< cp20Pmj 1 kP cap,, ,, (F).

By virtue of (22), (23) implies

P npo

wBE gy M) T TR capy o (F),

Further we shall use the following:

(24) [mj]p+%(p—l) < Cg32iTP0

Lemma 10. Let {o;} be a bounded number sequence satisfying
a; < Aaf,jat, i=1,2,...
with positive constants A,a,o € (0,1). Then we have
a; < cAﬁ
with a constant ¢ depending only on o and a.

For the proof of Lemma 10 see [1], Chapter 5.
Finally, from (24) and Lemma 10 we have

D e
m1 < 624k{capp»w(F)m}p ’

and so the inequality (7) is established.
This completes the proof of Theorem.
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