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Extensions of 𝑫(−𝟏)-pairs in some imaginary
quadratic fields

Mirela Jukić Bokun and Ivan Soldo

Abstract. In this paper, we discuss the extensibility of Diophantine 𝐷(−1)
pairs {𝑎, 𝑏}, where 𝑎, 𝑏 are positive integers in the ring ℤ[

√
−𝑘], 𝑘 > 0. We

prove that families of such𝐷(−1)-pairswith 𝑏 = 𝑝𝑖𝑞𝑗 , where𝑝, 𝑞 are different
odd primes and 𝑖, 𝑗 are positive integers cannot be extended to quadruples in
certain rings ℤ[

√
−𝑘], where 𝑘 depends on 𝑝𝑖 , 𝑞𝑖 and 𝑎. Further, we present

the result on non-existence of 𝐷(−1)-quintuples of a specific form in certain
imaginary quadratic rings.
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1. Introduction
A set {𝑎1, 𝑎2,… , 𝑎𝑚} of𝑚 distinct positive integers is called a Diophantine𝑚-

tuple with the property 𝐷(𝑛) (or simply a 𝐷(𝑛)-𝑚-tuple) for a given non-zero
integer 𝑛, if 𝑎𝑖𝑎𝑗 + 𝑛 is a perfect square, for all 1 ≤ 𝑖 < 𝑗 ≤ 𝑚. The problem
of the existence of such sets has been dealt with by many distinguished math-
ematicians over the past years and centuries. It was Fermat who first found a
𝐷(1)-quadruple {1, 3, 8, 120} in integers. In [5], Dujella proved that there is no
𝐷(1)-sextuple in integers, setting the conjecture that there could be only finitely
many integer 𝐷(1)-quintuples. The nonexistence of such quintuples was han-
dled byHe, Togbé andZiegler in [19]. On the other hand, in [2], Bonciocat, Cipu
and Mignotte proved a conjecture of Dujella from [3], which states that there
are no integer 𝐷(−1)-quadruples. Moreover, due to Trebješanin and Filipin it
is known that there do not exist integer 𝐷(4)-quintuples (see [1]). On regularly
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updated Dujella’s web page [7], interested readers can find an extended list of
references on 𝐷(𝑛)-𝑚-tuples in integers and rationals.
The problem of Diophantus was also considered in a commutative ring with

unity. The authors with collaborators mostly studied it over imaginary qua-
dratic fields and the corresponding rings. In [4, 12], it is considered forGaussian
integers and integers ofℚ(

√
−3), respectively. In [10, 23], we have almost com-

pletely characterized elements 𝑧 of ℤ[
√
−2] for which a Diophantine quadru-

ple with the property 𝐷(𝑧) exists. As a sporadic possible exception appears the
case 𝑧 = −1. That motivated us to consider the existence of 𝐷(−1)-𝑚-tuples
in the ring ℤ[

√
−𝑘], with a positive integer 𝑘. Due to the result of Dujella for

Gaussian integers [4, Theorem 3] and [9, Proposition 2] it is possible to find
a 𝐷(−1)-quadruple in ℤ[

√
−𝑘] in case 𝑘 is a square. Further, in [14], the au-

thors proved that there does not exist a 𝐷(−1)-quadruple {𝑎, 𝑏, 𝑐, 𝑑} in the ring
ℤ[
√
−𝑘], 𝑘 ≥ 2 with positive integers 𝑎 < 𝑏 ≤ 8𝑎 − 3 and negative integers 𝑐

and 𝑑. They applied the obtained result to show that such a 𝐷(−1)-pair {𝑎, 𝑏}
cannot be extended to a 𝐷(−1)-quintuple {𝑎, 𝑏, 𝑐, 𝑑, 𝑒} inℤ[

√
−𝑘]with integers

𝑐, 𝑑 and 𝑒. Very recently, in [15], the authors proved a general result on the
nonexistence of a 𝐷(−1)-quadruple {𝑎, 𝑏, 𝑐, 𝑑} in ℤ[

√
−𝑘], 𝑘 ≥ 2, with integers

𝑎, 𝑏, 𝑐, 𝑑, but in the range 𝑎 < 𝑏 ≤ 8𝑎 − 3.
Using a computer program, if 𝑞 is an odd prime and if we take 𝑎 = 2, 𝑏 ∈

{5𝑞, 13𝑞}, we foundout that the set of𝐷(−1)-pairs {𝑎, 𝑏} is not at all rare. Namely,
odd primes of the form (𝑥2 + 1)∕10 and (𝑥2 + 1)∕26, 𝑥 ∈ ℤ, are members of
the sequence A207337 and A208292 in [22], respectively. That motivated us
to consider the extendibility of more general𝐷(−1)-pairs {𝑎, 𝑝𝑖𝑞𝑗}, where 𝑎, 𝑖, 𝑗
are positive integers and 𝑝, 𝑞 are different odd primes, to quadruples in the ring
ℤ[
√
−𝑘], with an integer 𝑘. Thus, the main result of this paper is as follows:

Theorem 1.1. Suppose that 𝑝, 𝑞 are different odd primes, 𝑎, 𝑖, 𝑗, 𝑘 positive inte-
gers such that gcd(𝑎, 𝑝𝑞) = 1, 𝑎 < 𝑝𝑖𝑞𝑗 and 𝑎𝑝𝑖𝑞𝑗 is not a square. Moreover,

let 𝑘 ≥ max{𝑝𝑖, 𝑞𝑗} and𝑚𝑘 =
𝑝𝑖𝑞𝑗 − 𝑎

𝑘
. Let us further assume that either of the

following holds:
1) 𝑚𝑘 = 1 and 𝑎 ≠ 1;
2) 𝑚𝑘 = 2 with 𝑎 ≠ 1, 5 and gcd(𝑎, 2) = 1;
3) 𝑚𝑘 is a prime and 𝑟 ≥ 𝑎𝑚𝑘 or 𝑟 ≥ 2𝑎2 with a square-free𝑎, where𝑎𝑝𝑖𝑞𝑗−

1 = 𝑟2;
4) 𝑚𝑘 is not an integer.

Then, there does not exist a𝐷(−1)-quadruple of the form {𝑎, 𝑝𝑖𝑞𝑗, 𝑐, 𝑑} in the ring
ℤ[
√
−𝑘].

Now, we specify the following known result on 𝐷(−1)-quadruples in inte-
gers:

Theorem1.2 (see [2, Theorem1.4.]). There is noDiophantine𝐷(−1)-quadruple.
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It is our intention to transform the whole problem in the ring of integers. In
this respect, we will adapt the strategy used in [24, 14, 16], and we will mark
the main steps, and describe the new ideas in detail in Theorem 2.3 and The-
orem 2.8. In combination with Theorem 1.2 and other results from the next
section, we will be able to prove our main result Theorem 1.1. Furthermore,
we also prove the result on 𝐷(−1)-quintuples of the specific form (see Theo-
rem 2.15 and its example).

2. Results on 𝑫(−𝟏)-𝒎-tuples
First, we have the following general result:

Theorem 2.1. Let 𝑘 be a positive integer and {𝑎, 𝑏} a 𝐷(−1)-pair in the ring
ℤ[
√
−𝑘] with positive integers 𝑎, 𝑏. If 𝑘 ∤ 𝑏 − 𝑎, then there does not exists a

𝐷(−1)-triple {𝑎, 𝑏, 𝑐} inℤ[
√
−𝑘]with a negative integer 𝑐. In that case, there does

not exist a 𝐷(−1)-quadruple {𝑎, 𝑏, 𝑐, 𝑑} in ℤ[
√
−𝑘] with an integer 𝑑.

Proof. Suppose that the set {𝑎, 𝑏, 𝑐} is such a𝐷(−1)-triple inℤ[
√
−𝑘]. Thenwe

will obtain 𝑐 < 0 if the following holds:

𝑎𝑐 − 1 = −𝑘𝑥2, 𝑏𝑐 − 1 = −𝑘𝑦2, 𝑥, 𝑦 ∈ ℤ.

That is equivalent to

𝑏𝑥2 − 𝑎𝑦2 = 𝑏 − 𝑎
𝑘

. (1)

Therefore, it must be satisfied 𝑘|𝑏−𝑎 and the equation (1) is solvable in integers
(𝑥, 𝑦). Since by the assumption it holds 𝑘 ∤ 𝑏 − 𝑎, we have only 𝑐 ∈ ℕ. Thus,
if we suppose that we have a 𝐷(−1)-quadruple {𝑎, 𝑏, 𝑐, 𝑑} in the ring ℤ[

√
−𝑘],

then this contradicts with Theorem 1.2. □

As a direct consequence of Theorem 2.1 we obtain the result as follows:

Corollary 2.2. Let 𝑘 be a positive integer and {𝑎, 𝑏, 𝑐} a 𝐷(−1)-triple in the ring
ℤ[
√
−𝑘] with positive integers 𝑎, 𝑏, 𝑐.
1) If 𝑘 ∤ 𝑏 − 𝑎 or 𝑘 ∤ 𝑏 − 𝑐 or 𝑘 ∤ 𝑐 − 𝑎, then there does not exist a 𝐷(−1)-

quadruple {𝑎, 𝑏, 𝑐, 𝑑} in ℤ[
√
−𝑘] with an integer 𝑑.

2) If 𝑘 ∣ 𝑏 − 𝑎, 𝑘 ∣ 𝑏 − 𝑐 and 𝑘 ∣ 𝑐 − 𝑎, then the existence of a semi-regular
𝐷(−1)-quadruple {𝑎, 𝑏, 𝑐, 𝑑} inℤ[

√
−𝑘]with an integer 𝑑 is possible if the

condition 𝑘|4 − 3𝑎2 holds.

Proof. 1) It directly follows from Theorem 2.1.
2) Let 𝑎𝑏−1 = 𝑟2 and 𝑐 = 𝑎+ 𝑏±2𝑟. From 𝑘 ∣ 𝑐− 𝑎 and 𝑘 ∣ 𝑐− 𝑏 we obtain

𝑘 ∣ 4𝑎(𝑐 − 𝑎) ∓ (2𝑟 ± 3𝑎)(𝑐 − 𝑏), i.e., 𝑘 ∣ 4 − 3𝑎2. □

Now, we prove the next theorem:
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Theorem 2.3. Suppose that 𝑝, 𝑞 are different odd primes, 𝑖, 𝑗, 𝑎, 𝑘 positive inte-
gers such that 𝑘 ≥ max{𝑝𝑖, 𝑞𝑗}, gcd(𝑎, 𝑝𝑞) = 1 and 𝑎 < 𝑝𝑖𝑞𝑗 . If {𝑎, 𝑝𝑖𝑞𝑗, 𝑐} is a
𝐷(−1)-triple in the ring ℤ[

√
−𝑘], then 𝑐 ∈ ℤ.

Proof. In themost cases, the proof follows the same strategy as in [24, Theorem
2.2] and [14, Theorem 5.4.]. Therefore, we will mark only themain steps, while
in the case where the strategy is different from the used one, we will mark the
details.
Let the set {𝑎, 𝑝𝑖𝑞𝑗, 𝑐} be such a 𝐷(−1)-triple in ℤ[

√
−𝑘]. Then there exist

integers 𝑐1, 𝑑1, 𝑥, 𝑦, 𝑢, 𝑣 such that 𝑐 = 𝑐1 + 𝑑1
√
−𝑘 and

𝑎𝑐 − 1 = (𝑥 + 𝑦
√
−𝑘)2,

𝑝𝑖𝑞𝑗𝑐 − 1 = (𝑢 + 𝑣
√
−𝑘)2.

It follows that we have to consider the system of equations
𝑝𝑖𝑞𝑗𝑥𝑦 = 𝑎𝑢𝑣, (2)

𝑝𝑖𝑞𝑗(𝑥2 − 𝑘𝑦2 + 1) = 𝑎(𝑢2 − 𝑘𝑣2 + 1). (3)

First, consider the case where 𝑥𝑦 ≠ 0. From (2) we conclude that 𝑝𝑖𝑞𝑗|𝑎𝑢𝑣,
so 𝑝𝑖𝑞𝑗|𝑢𝑣.
(I) Let 𝑢 = 𝑝𝑖𝑞𝑗𝑤 for some 𝑤 ∈ ℤ. From (2) we obtain 𝑥𝑦 = 𝑎𝑤𝑣, so there

exist nonzero integers 𝑝1, 𝑞1, 𝑟1, 𝑠1 such that 𝑥 = 𝑝1𝑞1, 𝑦 = 𝑟1𝑠1, 𝑎𝑤 = 𝑝1𝑟1, 𝑣 =
𝑞1𝑠1. Now, from (3) we obtain

𝑘 =
𝑎(𝑝𝑖𝑞𝑗 − 𝑎) − 𝑝𝑖𝑞𝑗𝑝21ℎ

𝑎𝑠21ℎ
, (4)

𝑝𝑖𝑞𝑗 =
𝑎(𝑎 + ℎ𝑘𝑠21)

𝑎 − ℎ𝑝21
, (5)

where ℎ = 𝑝𝑖𝑞𝑗𝑟21 −𝑎𝑞
2
1 . From (5) we conclude that 𝑎|ℎ𝑝21. It is easy to see that

in each one of the cases ℎ ≤ 0 and ℎ > 0we obtain a contradiction with the fact
that 𝑘 and 𝑝𝑖𝑞𝑗 are positive integers.
(II) In the second case, set 𝑣 = 𝑝𝑖𝑞𝑗𝑤 for some 𝑤 ∈ ℤ. From (2) we obtain

𝑥𝑦 = 𝑎𝑢𝑤. By following the same lines as in (I) we arrive to a contradiction.
(III) If 𝑢 = 𝑝𝑖𝑤1, 𝑣 = 𝑞𝑗𝑤2, where 𝑤1, 𝑤2 ∈ ℤ. From (2) we obtain 𝑥𝑦 =

𝑎𝑤1𝑤2, so there exist nonzero integers 𝑝1, 𝑞1, 𝑟1, 𝑠1 such that 𝑥 = 𝑝1𝑞1, 𝑦 =
𝑟1𝑠1, 𝑎𝑤1 = 𝑝1𝑟1, 𝑤2 = 𝑞1𝑠1. Now, from (3) we obtain

𝑘 =
𝑎(𝑎 − 𝑝𝑖𝑞𝑗) − 𝑝𝑖𝑝21ℎ

𝑎𝑞𝑗𝑠21ℎ
, (6)

𝑞𝑗 =
𝑎2 − ℎ𝑝𝑖𝑝21
𝑎(𝑝𝑖 + 𝑘ℎ𝑠21)

, (7)

where ℎ = 𝑎𝑞𝑗𝑞21 − 𝑝𝑖𝑟21. Since 𝑘 ≥ max{𝑝𝑖, 𝑞𝑗} from (6) and (7) we reach a
contradiction in both cases ℎ ≤ 0 and ℎ > 0.
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(IV) Similarly as in (III), if 𝑢 = 𝑞𝑗𝑤1, 𝑣 = 𝑝𝑖𝑤2, where 𝑤1, 𝑤2 ∈ ℤ, from (2)
we obtain 𝑥𝑦 = 𝑎𝑤1𝑤2, so there exist nonzero integers 𝑝1, 𝑞1, 𝑟1, 𝑠1 such that
𝑥 = 𝑝1𝑞1, 𝑦 = 𝑟1𝑠1, 𝑎𝑤1 = 𝑝1𝑟1, 𝑤2 = 𝑞1𝑠1. Now, from (3) we obtain

𝑘 =
𝑎(𝑝𝑖𝑞𝑗 − 𝑎) − 𝑞𝑗𝑝21ℎ

𝑎𝑝𝑖𝑠21ℎ
, (8)

𝑝𝑖 =
𝑎2 + ℎ𝑝21𝑞

𝑗

𝑎(𝑞𝑗 − ℎ𝑘𝑠21)
, (9)

where ℎ = 𝑞𝑗𝑟21 − 𝑎𝑝𝑖𝑞21 . Since 𝑘 ≥ max{𝑝𝑖, 𝑞𝑗} from (8) and (9) we obtain a
contradiction in both cases ℎ ≤ 0 and ℎ > 0.
(V) Suppose that 𝑝𝑖1𝑞𝑗1| gcd(𝑢, 𝑣), with 0 < 𝑖1 + 𝑗1 < 𝑖 + 𝑗. By (3) we have

𝑝𝑖𝑞𝑗|(𝑢2 − 𝑘𝑣2 + 1), which yields a contradiction.
Thus, the system of equations (2) and (3) has no solutions in case of 𝑥𝑦 ≠ 0.

Therefore, 𝑥 = 0 or 𝑦 = 0 or 𝑥 = 𝑦 = 0. In any case we have 𝑑1 = 0 and 𝑐 = 𝑐1,
which is an integer. □

Suppose that 𝑝, 𝑞 are different odd primes, 𝑎, 𝑖, 𝑗, 𝑘 ≥ max{𝑝𝑖, 𝑞𝑗} positive
integers and gcd(𝑎, 𝑝𝑞) = 1. We consider the extendibility of the 𝐷(−1)-pairs
{𝑎, 𝑝𝑖𝑞𝑗} with 𝑎 < 𝑝𝑖𝑞𝑗 to quadruples of the form {𝑎, 𝑝𝑗𝑞𝑗, 𝑐, 𝑑} in the ring
ℤ[
√
−𝑘]. By Theorem 2.3, if such a quadruple exists, then 𝑐, 𝑑 ∈ ℤ.

Now we will use the approach for instance from [20, Chapter 11.5] and con-
sider the equation

𝑎𝑥2 − 𝑑𝑦2 = 𝛿𝑠, 𝛿 = ±1, (10)

with a positive non-square integer 𝑑 and positive integers 𝑎, 𝑠.
Assume that (𝑥, 𝑦) is a primitive solution to (10). Then there exist integers

𝑢, 𝑣 such that
𝑥𝑢 − 𝑦𝑣 = 𝛿. (11)

Multiplying (10) by 𝑎𝑣2 − 𝑑𝑢2 we obtain
(𝑎𝑥𝑣 − 𝑑𝑦𝑢)2 − 𝑎𝑑 = 𝛿𝑠(𝑎𝑣2 − 𝑑𝑢2).

If we set
|𝑎𝑥𝑣 − 𝑑𝑦𝑢| = 𝑙,

we conclude that the equation

𝑎𝑣2 − 𝑑𝑢2 = 𝑙2 − 𝑎𝑑
𝛿𝑠

(12)

has a solution in integers.
If (𝑢0, 𝑣0) is a solution of (11), then the following parametric equations

𝑣 = 𝑣0 + 𝑡𝑥, 𝑢 = 𝑢0 + 𝑡𝑦, 𝑡 ∈ ℤ
generate all solutions to (11). Thus,

𝑙 = |𝑎𝑥𝑣0 − 𝑑𝑦𝑢0 + 𝛿𝑠𝑡|,
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which implies that there exists an integer 𝑡 such that 𝑙 ≤ 𝑠
2
.

These facts can be summarized in the following lemma:

Lemma 2.4. Let 𝑑 be positive non-square integer and 𝑎, 𝑠 positive integers. If
there exists a primitive solution (𝑥, 𝑦) of the equation (10), then there exists an
integer 𝑙 satisfying 𝑙2 ≡ 𝑎𝑑 (mod 𝑠) and 0 ≤ 𝑙 ≤ 𝑠

2 such that the equation (12)
has s a primitive solution.

Moreover, the next lemma will be useful.

Lemma 2.5 (see [13, Lemma 2.3]). Let 𝑁 and 𝐾 be integers with 1 < |𝑁| ≤ 𝐾.
Then the Pellian equation

𝑥2 − (𝐾2 + 1)𝑦2 = 𝑁

has no primitive integer solution (𝑥, 𝑦), i.e., there does not exist integers 𝑥, 𝑦 such
that gcd(𝑥, 𝑦) = 1.

Also, for the equation 𝑈𝑥2 − 𝑉𝑦2 = 𝑐, 𝑐 ∈ {1, 2} we use the following solv-
ability criteria in integers 𝑥, 𝑦.

Lemma 2.6 (see [17, Criterion 1.]). Let 𝑈 > 1, 𝑉 be positive integers such that
gcd(𝑈,𝑉) = 1 and 𝐷 = 𝑈𝑉 is not a square of a positive integer. Moreover, let
(𝑢0, 𝑤0) denote the least positive integer solution of Pell’s equation 𝑢2 −𝐷𝑤2 = 1.
Then equation𝑈𝑥2 − 𝑉𝑦2 = 1 has a solution in positive integers 𝑥, 𝑦 if and only
if

2𝑈|𝑢0 + 1 and 2𝑉|𝑢0 − 1.

Lemma 2.7 (see [17, Criterion 2.]). Let𝑈,𝑉 be positive integers such that

gcd(𝑈,𝑉) = gcd(𝑈, 2) = gcd(𝑉, 2) = 1

and 𝐷 = 𝑈𝑉 is not a square of a positive integer. Let (𝑢0, 𝑤0) denote the least
positive integer solution of Pell’s equation 𝑢2 − 𝐷𝑤2 = 1. Then equation 𝑈𝑥2 −
𝑉𝑦2 = 2 has a solution in positive integers 𝑥, 𝑦 if and only if

𝑈|𝑢0 + 1 and 𝑉|𝑤0 − 1.

Now, by using the above arguments we were able to prove the following:

Theorem2.8. Let𝑝, 𝑞 be different odd primes, 𝑎, 𝑖, 𝑗, 𝑘 positive integers such that
gcd(𝑎, 𝑝𝑞) = 1, 𝑎 < 𝑝𝑖𝑞𝑗 and 𝑎𝑝𝑖𝑞𝑗 is not a square. Further, let 𝑘 ≥ max{𝑝𝑖, 𝑞𝑗}

and𝑚𝑘 =
𝑝𝑖𝑞𝑗 − 𝑎

𝑘
. Suppose that either of the following holds:

1) 𝑚𝑘 = 1 and 𝑎 ≠ 1;
2) 𝑚𝑘 = 2 with 𝑎 ≠ 1, 5 and gcd(𝑎, 2) = 1;
3) 𝑚𝑘 is a prime and 𝑟 ≥ 𝑎𝑚𝑘 or 𝑟 ≥ 2𝑎2 with a square-free𝑎, where𝑎𝑝𝑖𝑞𝑗−

1 = 𝑟2.
If {𝑎, 𝑝𝑖𝑞𝑗, 𝑐} is a 𝐷(−1)-triple in ℤ[

√
−𝑘], then 𝑐 ∈ ℕ.
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Proof. By Theorem 2.3, we know that in such a 𝐷(−1)-triple we have 𝑐 ∈ ℤ.
Now we will use the argument from the proof of Theorem 2.1, i.e., we will

consider the equation (1) which is equivalent to

𝑝𝑖𝑞𝑗𝑥2 − 𝑎𝑦2 = 𝑚𝑘, (13)

and prove that it is not solvable in integers 𝑥, 𝑦. In that waywewill immediately
obtain that 𝑐 cannot be a negative integer.
1) Let𝑚𝑘 = 1 and 𝑎 ≠ 1. In that case the fundamental solution of equation

𝑢2−𝑎𝑝𝑖𝑞𝑗𝑤2 = 1 is 𝑢0+𝑤0
√
𝑎𝑝𝑖𝑞𝑗, where 𝑢0 = 2𝑎𝑝𝑖𝑞𝑗−1,𝑤0 = 2

√
𝑎𝑝𝑖𝑞𝑗 − 1,

One can check it very easily by using for instance [6, Proposition 10.13.]. By
applying Lemma 2.6, the condition 2𝑎|2(𝑎𝑝𝑖𝑞𝑗 − 1) implies that 𝑎 = 1, which
is not possible.
2) If we take 𝑚𝑘 = 2 with 𝑎 ≠ 1, 5, then we obtain the equation 𝑝𝑖𝑞𝑗𝑥2 −

𝑎𝑦2 = 2. Since the condition 𝑎|2
√
𝑎𝑝𝑖𝑞𝑗 − 1 − 1 from Lemma 2.7 leads to 𝑎 =

1, 5, we arrive to a contradiction.
3) Since gcd(𝑎, 𝑝𝑖𝑞𝑗) = 1 and𝑚𝑘 is a prime, we know that the equation (13)

can only have primitive integer solution.
The equation (13) can be transformed to

𝑦21 − 𝑎𝑝𝑖𝑞𝑗𝑥2 = −𝑎𝑚𝑘, (14)

with 𝑦1 = 𝑎𝑦. Since 𝑎𝑝𝑖𝑞𝑗 = 𝑟2 + 1, by Lemma 2.5 the equation (14) has no
primitive solution (𝑦1, 𝑥), so neither does (13) for 𝑟 ≥ 𝑎𝑚𝑘. If 𝑟 < 𝑎𝑚𝑘, then
for 𝑟 ≥ 2𝑎2 we obtain

𝑎 <
𝑚𝑘
2 . (15)

Note that 𝑎𝑝𝑖𝑞𝑗 ≡ 𝑎2 (mod 𝑚𝑘). Since𝑚𝑘 is a prime and inequality (15) holds,
the congruence

𝑙2 ≡ 𝑎𝑝𝑖𝑞𝑗 (mod 𝑚𝑘), (16)

has only the solution 𝑙 = 𝑎 satisfying the condition 0 ≤ 𝑙 ≤ 𝑚𝑘∕2. Now, from
Lemma 2.4 it follows that if (13) has a primitive integer solution (𝑥, 𝑦), then

𝑝𝑖𝑞𝑗𝑥2 − 𝑎𝑦2 =
𝑎2 − 𝑎𝑝𝑖𝑞𝑗

𝑚𝑘
= −𝑎𝑘 (17)

also has a primitive integer solution. Since we know that 𝑎 is square-free and
gcd(𝑎, 𝑝𝑖𝑞𝑗)=1, we can set 𝑥 = 𝑎𝑥0, where 𝑥0 is a positive integer.
Then from (17) we obtain

𝑦2 − 𝑎𝑝𝑖𝑞𝑗𝑥20 =𝑘. (18)

Since 𝑟 < 𝑎𝑚𝑘 implies 1 < 𝑘 ≤ 𝑟, it follows from Lemma 2.5 that (18) has no
primitive integer solution (𝑦, 𝑥0), and neither does (13). □

Now we can prove Theorem 1.1.
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Proof of Theorem 1.1. Ifwe suppose that there exists such a𝐷(−1)-quadruple
in the ring ℤ[

√
−𝑘], then by Theorem 2.3, Theorem 2.1 and Theorem 2.8 we

know that 𝑐, 𝑑 are positive integers. This contradicts with Corollary 2.2 and
Theorem 1.2. □

Remark 2.9. From [15], it is known that there does not exist a𝐷(−1)-quadruple
{𝑎, 𝑏, 𝑐, 𝑑} in the ring ℤ[

√
−𝑘], 𝑘 ≥ 2, with integers 𝑎, 𝑏, 𝑐, 𝑑 satisfying 𝑎 < 𝑏 ≤

8𝑎 − 3 (see [15, Theorem 1.6.]). That implies, if we take 𝑏 = 𝑝𝑖𝑞𝑗 from Theo-
rem 1.1, we can conclude the nonexistence of a𝐷(−1)-quadruple {𝑎, 𝑝𝑖𝑞𝑗, 𝑐, 𝑑} in
the ring ℤ[

√
−𝑘] with 𝑐, 𝑑 integers and 1 ≤ 𝑎 < 𝑝𝑖𝑞𝑗 ≤ 8𝑎 − 3.

Further, if we consider our previously mentioned results in terms of Corol-
lary 2.2, we are able to construct the following example:

Example 2.10. By Corollary 2.2 the 𝐷(−1)-quadruple of the form {𝑎, 𝑏, 𝑐, 𝑑},
with positive integers 𝑎, 𝑏, 𝑐 = 𝑎 + 𝑏 ± 2𝑟 and 𝑎𝑏 − 1 = 𝑟2 could exists in the
ring ℤ[

√
−𝑘] if the condition 𝑘 ∣ 4 − 3𝑎2 is satisfied.

We recall the results on 𝐷(−1)-triples in the ring ℤ[
√
−𝑘] with 𝑘 > 0.

Lemma 2.11 (see [14, Theorem 5.4]). Let 𝑖, 𝑗, 𝑘 be positive integers and 𝑝, 𝑞 dif-
ferent primes with 𝑝𝑖 < 𝑞𝑗 . If {𝑝𝑖, 𝑞𝑗, 𝑐} is a𝐷(−1)-triple in the ringℤ[

√
−𝑘], then

𝑐 ∈ ℤ.
Lemma 2.12 (see [24, Theorem 2.2], [9, Theorem 4]). Let 𝑖, 𝑘 be positive inte-
gers. If 𝑏 is a prime or 𝑏 = 2𝑝𝑖 , with an odd prime 𝑝 and {1, 𝑏, 𝑐} is a𝐷(−1)-triple
in the ringℤ[

√
−𝑘], then 𝑐 ∈ ℤ. Moreover, for every 𝑘 there exists 𝑐 > 0, while the

case of 𝑐 < 0 is possible if and only if 𝑘|𝑏 − 1 and the equation

𝑥2 − 𝑏𝑦2 = 1 − 𝑏
𝑘

(19)

has an integer solution.

Let

𝑏1 =
⎧

⎨
⎩

𝑝, 𝑝 is an odd prime, 𝑘 ≥ 2,
2𝑝𝑗, 𝑝 is an odd prime, 𝑗 ∈ ℕ, 𝑘 ≥ 2,
𝑝𝑖𝑞𝑗, 𝑝, 𝑞, are different odd primes and , 𝑖, 𝑗 ∈ ℕ, 𝑘 ≥ max{𝑝𝑖, 𝑞𝑗}

and

𝑏2 = { 𝑝𝑗, 𝑝 is an odd prime, 𝑗 ∈ ℕ and 𝑘 ≥ 2,
𝑝𝑖𝑞𝑗, 𝑝, 𝑞 are different odd primes and , 𝑖, 𝑗 ∈ ℕ, 𝑘 ≥ max{𝑝𝑖, 𝑞𝑗}.

For 𝑎 = 1 and 𝑏 = 𝑏1, by Lemma 2.12, Theorem 2.3 we have that 𝑑 ∈ ℤ. Now,
the Corollary 2.2 implies that such 𝐷(−1)-quadruple could exists if 𝑘 = 1.
Similarly, if 𝑎 = 2 and 𝑏 = 𝑏2, by Lemma 2.11 and Theorem 2.3 we know that

𝑑 ∈ ℤ. The condition 𝑘 ∣ 4 − 3𝑎2 implies 𝑘 ∣ 8. By combining that with 𝑘 ∣ 𝑏2 − 2
we conclude the existence of a qaudruple only in the case 𝑘 = 1.
Note that this coincides with the following result of Dujella on Gaussian inte-

gers:
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Theorem 2.13 (see [4, Theorem 3]). Let 𝑙 be a Gaussian integer and suppose
that the set {𝑎, 𝑏} ⊂ ℤ[𝑖] has the property 𝐷(𝑙2). If the number 𝑎𝑏 is not a square
of a Gaussian integer, then there exist an infinite number of complex Diophantine
quadruples of the form {𝑎, 𝑏, 𝑐, 𝑑} with the property 𝐷(𝑙2).

Namely, if 𝑙2 = 𝑖2 = −1, considering the above 𝐷(−1)-pairs {𝑎, 𝑏}, since 𝑎𝑏 is
not a square by Theorem 2.13 we know that in the case 𝑘 = 1 there exist infinitely
many 𝐷(−1)-quadruples of the form {𝑎, 𝑏, 𝑐, 𝑑} in Gaussian integers.

Further, in [9], we proved the following:

Lemma 2.14 (see [9, Proposition 2]). Let𝑚, 𝑛 > 0 and 𝑏 = 𝑛2 + 1. If𝑚|𝑛 and
𝑘 = 𝑚2, then there exist infinitelymany𝐷(−1)-quadruples of the form {1, 𝑏,−𝑐, 𝑑},
𝑐, 𝑑 > 0 in ℤ[

√
−𝑘].

In [24], one can also find some special cases of such quadruples. We won-
dered if 𝐷(−1)-quadruples of such form can be extended to quintuples in simi-
lar imaginary quadratic rings. We were able to obtain the following result:

Theorem 2.15. Let 𝑚, 𝑛, 𝑘 be a positive integers and 𝑏 = 𝑛2 + 1. Suppose that
either of the following holds:
1) 𝑘 = 𝑚2;
2) 𝑘 ∤ 𝑛2.

There does not exists a 𝐷(−1)-quintuple of the form {1, 𝑏,−𝑐, 𝑑, 𝑒} with integers
𝑐, 𝑑 > 0, 𝑒 in ℤ[

√
−𝑘].

Proof. Let us suppose that under the above conditions there exists a 𝐷(−1)-
quintuple of the form {1, 𝑏,−𝑐, 𝑑, 𝑒} in ℤ[

√
−𝑘].

1) 𝑒 > 0 and {1, 𝑏, 𝑑, 𝑒} is a 𝐷(−1)-quadruple contradicts with Theorem 1.2.
Thus we have to consider the existence of a 𝐷(−1)-quintuple of the form

{1, 𝑏,−𝑐, 𝑑,−𝑒}, where 𝑏 = 𝑛2+1, 𝑐, 𝑑, 𝑒 are positive integers. Since𝑘 = 𝑚2, 𝑚 ∈
ℕ andℤ[

√
−𝑘] = ℤ[𝑚𝑖] ≤ ℤ[𝑖] it is sufficient to prove the nonexistence of such

quintuple in ℤ[𝑖]. Therefore, we have to consider if there exists a positive inte-
ger 𝑒 such that

−𝑒 − 1 = −𝛼2,−𝑏𝑒 − 1 = −𝛽2, 𝑐𝑒 − 1 = 𝛾2,−𝑑𝑒 − 1 = 𝛿2,
for some integers 𝛼, 𝛽, 𝛾, 𝛿. Eliminating 𝑒 we obtain

𝑐𝛿2 + 𝑑𝛾2 = −(𝑐 + 𝑑).
It is clear that the above equation is not solvable in integers 𝛿, 𝛾.
2) According to Corollary 2.2 1) we conclude that in ℤ[

√
−𝑘] there does not

exist a 𝐷(−1)-quadruple {1, 𝑏,−𝑐, 𝑑}, with positive integers 𝑏, 𝑐, 𝑑. □

Example 2.16. In the proof of Lemma 2.14 we obtain that
𝑏 = 𝑛2 + 1, 𝑘 = 𝑚2, 𝑚 ∣ 𝑛,
𝑐 = 𝑛2𝑥2 − 1,
𝑏𝑐 = 𝑛2𝑦2 − 1,
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and 𝑥, 𝑦 are positive solutions of the Pellian equation 𝑦2 − (𝑛2 + 1)𝑥2 = −1.
Moreover,

𝑑 = 𝑑± = ±2𝑛3𝑥𝑦 + (2𝑛2 + 1)𝑐 + 𝑛2 + 2.

If the fifth element 𝑒 in 𝐷(−1)-quintuple of the form {1, 𝑏,−𝑐, 𝑑, 𝑒} in ℤ[
√
−𝑘] is

necessarily integer (for instance, like in the case 𝑏 = 𝑏1 of Example 2.10), by apply-
ing Theorem 2.15 1) we conclude that 𝐷(−1)-quadruples of the form {1, 𝑏,−𝑐, 𝑑}
cannot be extended to quintuples in such rings.
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