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The random Markov-Kakutani fixed point
theorem in a random locally convex module

Qiang Tu, Xiaohuan Mu and Tiexin Guo

ABSTRACT. Based on the recently developed theory of o-stable sets and sta-
ble compactness, we first establish the random Markov-Kakutani fixed point
theorem in a random locally convex module: let (E, ) be a random locally
convex module and G be a nonempty stably compact L°-convex subset of
E, then every commutative family of 7.(,.)-continuous L°-affine mappings
from G to G has a common fixed point, where P, is the o-stable hull of ? and
T (P..) is the locally L°-convex topology induced by P,... Second, we prove
that the random Markov-Kakutani fixed point theorem implies the algebraic
form of the known random Hahn-Banach theorem. Finally, we establish a
more general strict separation theorem in a random locally convex module,
which provides not only a more general geometric form of the random Hahn-
Banach theorem but also another proof for the random Markov-Kakutani
fixed point theorem. Therefore, as a byproduct, the work of this paper also
shows that the algebraic and geometric forms of the random Hahn-Banach
theorem are equivalent. It should be pointed out that the main challenge in
this paper lies in overcoming noncompactness since a stably compact set is

generally noncompact.
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1. Introduction

The celebrated Markov-Kakutani fixed point theorem [27, 31] states thatlet E
be a Hausdorff locally convex space and G be a nonempty compact convex sub-
set of E, then every commutative family of continuous affine mappings from G
to itself has a common fixed point. It was first proved by Markov [31] by us-
ing the Tychonoff fixed point theorem [35]. In 1938, Kakutani [27] presented
another constructive direct proof and showed that the Markov-Kakutani fixed
point theorem implies the Hahn-Banach theorem. Since then, the Markov-
Kakutani fixed point theorem had stimulated a series of subsequent studies
of common fixed point theorems for commutative family of mappings in Ba-
nach spaces or locally convex spaces [1, 2, 3, 6, 28, 32, 33]. In 1992, Werner
[36] proved that the Hahn-Banach theorem implies the Markov-Kakutani fixed
point theorem. The equivalence between the Markov-Kakutani fixed point the-
orem and the Hahn-Banach theorem further shows that the Markov-Kakutani
fixed point theorem is of fundamental importance in analysis. The purpose of
this paper is to prove the random Markov-Kakutani theorem in a random lo-
cally convex module and establish its corresponding connection with the known
random Hahn-Banach theorem [9, 10, 14].

Random functional analysis is based on the idea of randomizing the tradi-
tional space theory in functional analysis. Over the last three decades, random
functional analysis has formed its basic frameworks such as random normed
modules and random locally convex modules together with the theory of ran-
dom conjugate spaces — a basic tool for the development of these frameworks
[14]. Random normed modules and random locally convex modules are a ran-
dom generalization of ordinary normed spaces and locally convex spaces, re-
spectively, which were introduced by Guo [9, 10, 13]. Before 2009, random
normed modules and random locally convex modules are often endowed with
the (e, 4)-linear topology, and are generally locally nonconvex topological mod-
ules. Itisin order to overcome the nonconvexity of this linear topology that the
theory of random conjugate spaces was developed by establishing the Hahn-
Banach theorem for random linear functionals in [9, 10]. From 1991 to 2009,
the theory of random conjugate spaces already obtained a rapid and deep devel-
opment, for example, the work on the representation theorems of random con-
jugate spaces [11, 19] as well as the characterization of random reflexivity [15]
was carried out during this time and has played an essential role in the recent
development of nonsmooth differential geometry [8, 29, 30], see [16] for details
and in particular for Gigli’s independent contribution. In 2009, motivated by fi-
nancial applications, Filipovi¢, et al introduced the notion of locally L°-convex
modules in order to provide a generalized convex analysis (called random con-
vex analysis) suited to the development of conditional or dynamic risk measures
[7], where another kind of topology for random locally convex modules, called
the locally L°-convex topology, was introduced. The locally L°-convex topology
is much stronger than the (g, 1)-topology so that the locally L°-convex topology
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can assure the L°-convex subsets in question to have nonempty topological inte-
riors, which makes it possible to establish some basic results such as continuity
and subdifferentiability theorems for L°-convex functions. However, the locally
L%-convex topology is too strong to be a linear topology, which makes the ear-
lier work [7] on random convex analysis not deeply developed. Following [7],
Guo [14] introduced the notion of o-stable sets and established the connection
between some basic results derived from the two kinds of topologies. Thus, the
advantages of the two kinds of topologies can be combined together to lead to
a subsequent deep development of random convex analysis with applications
[21, 22, 23, 24].

Just as pointed out in [17, 20], with the deep development of financial ap-
plications of random functional analysis, the current central task of random
functional analysis is extending fixed point theory from Banach spaces or lo-
cally convex spaces to complete random normed modules and random locally
convex modules, whereas the biggest challenge lies in overcoming noncom-
pactness: since the classical topological fixed point theorems such as Brouwer,
Schauder and Tychonoff fixed point theorems are established on compact con-
vex sets, however, the closed L°-convex sets frequently encountered in random
functional analysis and its applications are generally noncompact [12, 26]. For-
tunately, the theory of stable compactness, as a proper generalization of ordi-
nary compactness, has been successfully developed in [4, 16, 17, 18]. On the
basis of these developments on stable compactness, this paper returns to the
establishment of random Markov-Kakutani fixed point theorem together with
its connection with the random Hahn-Banach theorem.

Although our proofs of the main results in this paper are considerably moti-
vated by the works in [27] and [36], it should be pointed out that our methods
used in this paper are not a simple translation of the classical methods since
our proofs require overcoming lots of challenges. First, since stably compact
sets in a random locally convex module are generally not compact and thus the
related arguments are quite complicated, for example, the open covering char-
acterization of stably compact sets states that any o-stable covering composed of
o-stable open sets must have a stable finite subcovering (see Proposition 2.14),
which makes many methods used in [27] not applicable to our proofs, requiring
us to devise new approaches. Second, our investigations focus on stably com-
pact L%-convex sets in random locally convex modules, requiring that the sets
and mappings constructed in our proofs, for example S and T; in the proof of
Proposition 3.3, be o-stable, which forces us to overcome lots of new difficul-
ties not present in the classical cases. In particular, in the proof of Proposition
3.3, in order to obtain {T;(G) : #i € L°(F,N)} has a nonempty intersection, we
must show that {T;(G) : i € L°(F,N)}is a o-stable family. Finally, our proofs
require the consideration of complicated stratification structures, as detailed in
Lemma 4.1 and Theorem 4.2.

The remainder of this paper is organized as follows: Section 2 first recapit-
ulates some basic notions and known facts, then studies some basic properties



RANDOM MARKOV-KAKUTANI FIXED POINT THEOREM 1199

of o-stable sets and stably compact sets in random locally convex modules, pre-
senting several useful lemmas. In section 3, we establish the random Markov-
Kakutani fixed point theorem in a random locally convex module and employ it
to give a new proof of the algebraic form of the know random Hahn-Banach the-
orem. In Section 4, we first establish a more general strict separation theorem
in a random locally convex module, which provides not only a more general
geometric form of the random Hahn-Banach theorem but also another proof
for the random Markov-Kakutani fixed point theorem. Therefore, as a byprod-
uct, the work of this paper also shows that the algebraic and geometric forms
of the random Hahn-Banach theorem are equivalent.

Throughout this paper, for a family & of sets, we always use | J € and () €
for the union and intersection of the sets in &, respectively, here we would like
to remind the reader of the conventional use in Proposition 2.14 and Lemmas
2.10,2.17,2.18 and 4.1.

2. On o-stable sets and stable compactness in random locally
convex modules

Throughout this paper, (Q, &, P) denotes a probability space, N the set of pos-
itive integers, K either the scalar field R of real numbers or C of complex num-
bers, R the set of extended real numbers, L°(F, K) the algebra of equivalence
classes of K-valued #-measurable random variables on (Q, ¥, P), L°(F,N) the
set of equivalence classes of N-valued F-measurable random variables on
(Q,F,P). Specially, L°(F) := L°%F,R) and L°(F) denotes the set of
equivalence classes of extended real valued #-measurable random variables on
(Q,7,P).

Proposition 2.1 below can be regarded as the randomized version of the order
completeness of R.

£%w) < n%w) for almost all w in Q (briefly, £° < 1° a.s.), where £° and n° are re-
spectively arbitrarily chosen representatives of £ and n in L°(F). Then (L°(F), <)
is a complete lattice. For a nonempty subset H of L°(¥), \/ H and )\ H respec-
tively stand for the supremum and infimum of a subset H of L°(F). Furthermore,
the following statements hold:

(1) There exist two sequences {a,,n € N}and {b,,n € N}in H such that \/ H =
V,a,and N\H =\ b,

(2) If H is directed upwards (resp., downwards), namely for any two elements h,
and h, in H there exists some hs in H such that hy V h, < hs (resp., hy <
h; A hy), then {a,,n € N} (resp., {b,,n € N}) stated above can be chosen as
nondecreasing (resp., nonincreasing).

(3) (L°%(F), <) is a Dedekind complete lattice.

Proposition 2.1 ([5]). Define a partial order < on L°(¥F) as follows: £ < 1 if

As usual, for any &,7 € Lo%(F), £ > n means £ > n and £ # 1, whereas, for
any A € F, £ < non A means £%(w) < 1n°%w) for almost all w in A, where £°
and n° are arbitrarily chosen representatives of £ and 7, respectively.
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The following notations are employed throughout this paper.

LY(F)={ e L%(F) : § 20}

LY (F)={el’F): £{>00n0Q}

F,={A€F : P(A) > 0}.

I, always stands for the equivalence class of I, for any A € F, where I, is
the characteristic function of A, namely I4(w) = 1ifw € A and I4(w) = 0
otherwise.

Definition 2.2 ([13]). An ordered pair (E,P) is called a random locally convex
module (briefly, an RLC module) over K with base (Q,F,P) if E is a left mod-
ule over the algebra L°(F, K) (briefly, an L(F,K)-module) and P is a family of
mappings from E to Lg(? ) such that the following conditions are satisfied:

@ Vx|l : |- 1| € P} =0iff x = 6 (the null element of E);

) [1x]l = 1€]llx], V§ € L(F,K), x € Eand || - || € ;

3 lIx+yll < Ixll + lIyll. Vx,y € Eand || - || € 2.

Furthermore, a mapping || - || : E — Li(ff) satisfying (2) and (3) is called an
LC-seminorm on E; in addition, if ||x|| = 0 also implies x = 0, then it is called an
L%-norm, inwhich case (E, ||-||) is called a random normed module (briefly, an RN
module) over K with base (Q, F, P). Thus, a random normed module is a special
case of a random locally convex module when P consists of a single L°-norm || - ||.

When (Q, #, P) is trivial, namely & = {Q, (3}, it is clear that an RLC module
over K with base (Q, &, P) just reduces to an ordinary locally convex space over
IK. The simplest nontrivial RN module is (L°(F, K), |-|), where || is the absolute
value mapping.

For an RLC module (E, P) over K with base (Q, #, P), ?f denotes the set of
finite subfamilies of . For any Q € P, the L°-seminorm || - |, is defined by
Ixllo = VAlIxIl : Il -1l € Q}, Vx € E. For each sequence {Q,,n € N}in P,
and each countable partition {4,,n € N} of Q to ¥ (namely, each A4, € F,
U, A, = Qand A, nA; = Bwheni # j), Y Tall-llg, : E = LYUF)is

n=1""n
defined by (3,”, Ia, lIl0,)x) = X, Iu, IIxllg,» Vx € E. Then 3. Ty |I-llg,
is well defined and still an L°-seminorm, the set of all such L°-seminorms is
called the o-stable hull of P, denoted by P,..
RLC modules were often endowed with the (e, 1)-topology before 2009, which
inherits from the theory of probability metric spaces (see [34] for details).

Proposition 2.3 ([13, 14]). Let (E,?P) be an RLC module over K with base
(Q, F,P). For any real numbers ¢ and A such thate > 0and 0 < A < 1, and
any Q € Py, let Ug(Q,e,4) ={x €E : Plw € Q : ||x||o(w) < &} > 1 — A} and
Us(P) = {Up(Q,€,4) : Q € Py, €>0, 0 <A< 1}, then Ug(P) is a local base of
some Hausdorff linear topology, called the (e, A)-topology induced by P. Further,
we have the following statements:
(1) L°(F,K) endowed with its (g, A)-topology is a topological algebra over K, it
is easy to see that the (g, A)-topology exactly the topology of convergence in
probability P;
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(2) E is a Hausdorff topological module over the topological algebra L°(F,K)
when E and L°(F, K) are endowed with their respective (g, 1)-topologys;

(3) A net{x,,ax € A}in E converges in the (g, 1)-topology to x € E iff {||x, —
X||, ¢ € A} converges in probability P to © for each || - || € 2.

In 2009, Filipovi¢ et al. [7] introduced the following locally L°-convex topol-
ogy.

Proposition 2.4 ([7]). Let (E, ) be an RLC module over K with base (Q, F, P).
Forany e € LY (F)and any Q € P, let V(6,Q,6) = {x € E : |lx|lp <
g on Q}, then Vo(P) = {V(6,Q,¢) : Q € Py, € € L?H(S—”)} is a local base of
some Hausdorff locally L°-convex topology, called the locally L°-convex topology
induced by P. Further, the following statements hold:

(1) L%(F,K) endowed with its locally L°-convex topology is a topological ring ;

(2) E is a Hausdorff topological module over the topological ring L°(F,K) when
E and L°(F, K) are endowed with their respective locally L°-convex topology;

(3) A net{x,,a € A}in E converges in the locally L°-convex topology to x € E iff
{|lxq — x||, &« € A} converges in the locally L°-convex topology of L°(F,K) to
@ foreach || - || € P.

From now on, for an RLC module over K with base (Q, ¥, P), we always
use T ;(P) (resp., T.(P)) for the (g, 4)-topology (resp., locally LC-convex topol-
ogy) induced by P, and Uy(P) (resp., Vg(P)) for the local base of T ;(P) (resp.,
T(P)). Similarly, one can understand T ;(P..) (resp., T (P..)) and Ug(P..)
(resp., Vo(P..)). It is known from [14] that T ;(P) = T 1(Pe), T a(P) is
weaker than J.(%P), and T () is weaker than T .(P..).

Let E be an L°(F, K)-module and G be a nonempty subset of E. A subset H
of E is said to be L%-absorbed by G if there exists £ € LO+ +(F)suchthatnH C G
for any 7 € LO(F, K) with |n| < €. G is said to be L°-absorbent if G L°-absorbs
every x in E. G is said to be L%-balanced if G C G for any 7 € L°(F, K) with
In| < 1. G is said to be L%-convex if £x + (1 — £)y € G for any x,y € G and
any & € Lg(?) with 0 < £ < 1. It is easy to see that every V(6, Q, ¢) in Vy(P) is
LO%-absorbent and L°-convex.

Let (E, P) be an RLC module over K with base (Q, #,P), a subset G of E
is said to be 7,.(P)-bounded if G is L°-absorbed by every V in Vy(P). It is
known from Theorem 2.16 of [24] that G is T.(P)-bounded iff G is a.s. bounded
(namely, for any | - || € 2, V/{ligll : g € G} € LL(F)).

To combine the advantages of both (g, 1)-topology and locally L°-convex topol-
ogy for the development of random functional analysis, Guo [14] introduced the
concept of o-stability as follows.

Let E be an L°(F, K)-module, E is said to be regular if E has the following
property: for any given two elements x and y in E, if there exists some countable
partition {A4,,n € N} of Q to ¥ such that I, x = I, y for each n € N, then

X =y.
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In the remainder of this paper, we always denote the set of countable parti-
tions of Q to F by I, and assume that all the L°(F, K)-modules occurring in
this paper are regular.

Definition 2.5 ([14, 18]). Let E be an L°(F,K)-module and G be a nonempty
subset of E. G is said to be stable if I4x + I,y € G forany x,y € G and any
A € ¥F. Gissaid to be o-stable (or to have the countable concatenation property) if
for each sequence {x,,,n € N}in G and each {A,,n € N} € 114, there exists some
x € G such thatTAnx = TAnxn foreach n € N (x is unique since E is assumed to
be regular, usually denoted by Z;ozl I A, Xn, called the countable concatenation of
{x,,n € N} along {A,,,n € N}). By the way, if G is o-stable and H is a nonempty
subset of G, then c(H) := {Z,:ozl TAnhn : {h,,n € N}is a sequence in H and
{A,,n € N} € 14} is called the o-stable hull of H.

Definition 2.6 ([14, 18]). Let E bean L°(F, K)-module, G, and G, two nonempty
subsets of E and f : G; — G, a mapping. f is said to be stable if G, and G,
are stable and f(I4x + I4cy) = I,f(x) + L4 f(y) for any x,y € G, and any
A € ¥F. f issaid to be o-stable if G, and G, are g-stable and f(Zf;l TAnxn) =

Z:;l TAnf(xn)for any sequence {x,,n € N} in G, and any {A,;,n € N} € Il4.

Definition 2.7 ([18]). Let E be an L°(F, K)-module and G be a o-stable subset
of E. For any sequence of nonempty subsets {G,,n € N} of G and any {A,,n €
N} € I, Z:lozl I G, @ = {Z:lozl Iy x, @ X, € G,V n € N}is called the
countable concatenation of {G,,n € N} along {A,,n € N}. For a family & of
nonempty subsets of G, (&) := {Z:;l TAnGn : {G,, n € N} is a sequence in &
and {A,, n € N} € I14+} is called the o-stable hull of &; if 6(E) = &, then & is said
to be o-stable.

Given an RLC module (E, P) over K with base (Q, F, P), let E:’A(IP) ={f:
E — L°(F,K)| f is a continuous module homomorphism from (E, T A(P)) to
(L°(F,K), T D}and EX(P) = {f : E - L%(F,K)| f isa continuous module ho-
momorphism from (E, 7.(P)) to (L°(F, K), T.)}, which are called the random
conjugate spaces of (E, P) under T ;(P) and T .(P), respectively. Similarly, one
can understand E: 1(Pee) and EZ(Pee).

Proposition 2.8 below establishes the connection between some basic results
derived from the (g, 1)-topology and the locally L°-convex topology.

Proposition 2.8 ([14, 18, 23]). Let (E,P) be an RLC module over K with base

(Q, F,P) and G be a nonempty subset of E. Then we have the following:

(1) IfG is o-stable, then GE_’A(?) =G, (P) = G, (P..), where GE_,A(T), G, (P)and
G; (P..) denote the closure of G under T ;(P), T .(P) and T (P,.), respec-
tively.

) If Gyis stable, then G is T y(P)-complete iff G is both o-stable and T .(P)-
complete. Moreover, if G is o-stable, then G is T y(P)-complete iff G is T .(P)-
complete iff G is T .(P..)-complete.

(3) E*,(P) = 0(EX(P)). Specially, E* (Pe) = EX(Pee).
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To simplify the proofs of the main results in this paper, we present the fol-
lowing Lemmas 2.9 and 2.10.

Lemma 2.9. Let E be an L°(F, K)-module, G and F two nonempty o-stable sub-

setsof E,and T : G — F a o-stable mapping. Then we have the following state-

ments:

(1) T(G) is o-stable and T~Y(F,) := {x € G : T(x) € F,}is o-stable for any
nonempty o-stable subset F; of T(G).

(2) For each sequence {G,,n € N} of nonempty subsets of G and each {A,,n €
N} € I+, we have

T, 14,Gp) = D, 14 T(Gy).
n=1

n=1

(3) For each sequence {F,,,n € N} of nonempty stable subsets of T(G) and each
{A,,n € N} € 14, we have

T 14 Fp) = D) Iy T7HE).
n=1 n=1

Proof. (1) and (2) are straightforward, so are omitted. We focus on proving
(3). It is obvious that Z:;l I, T7Y(F,) C T‘l(Z:;l I, F,). Conversely, for
any x € T‘l(Z:O=1 I, F,), there exists y, € F,, such that T(x) = Z:Ll Iy Y
For each y,, arbitrarily choose z, € T~'(y,) and let x, = Iy x + I4cz,, then

T(x,) = 14,T(x) + I14:T(z,) = y, € Fp,, which implies that x,, € T~!(F,,) and

[e¢] o [o¢]
X = Z Iy x= Z Iy x, € Z Iy T7'(F,).
n=1 n=1 n=1
Thus, (3) holds. O

Lemma 2.10. Let E be an L°(F, K)-module, G a nonempty o-stable subset of E

and & = {G;,i € I} a family of nonempty subsets of G. Then we have the following

statements:

1) NE=No@).

(2) If G; is o-stable for any i € I, then o(E) has the finite intersection property iff
& has the finite intersection property.

Proof. (1)Itisclearthat()o(E) C [ Esince & C a(E). Conversely, if (] € = 6,
of course () € C [ a(&E);if () € # B, then for any x € () &, it always holds that
x € Z:’:l TAnGn for any {A,,, € N} € II# and any sequence {G,,n € N}in €&,
which implies that x € (1) o(&), and thus () € C [ a(&).

(2) Necessity. It is obvious.

Sufficiency. For any finite subset {M; : k = 1,---,m} of o(&) with M =
Z;ozl TAk,n Gk, for some {Ay ,,n € N} € II; and some sequence {Gy ,,n € N}
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in &, we have

o oo
M,n---NnM, = (Z ~A1,nGl,Vl) n---nN (Z TAm,nGm,n)
n=1 n=1

(o]

2 Z Z jALnln---nAm,nm (Gl,nl n--N Gm,nm)

m=1 ny=1

# 0.
U

The following concept of stable finite families is crucial for the introduction
of stable compactness.

Definition 2.11 ([18, 25]). Let G be a o-stable subset of an L°(F, K)-module and
& be a o-stable family of nonempty o-stable subset of G. A nonempty subfamily
& of € is said to be stable finite, if there exist {A,,n € N} € I1; and a sequence
{&,,n € N} of nonempty finite subfamilies of € such that & = 2:;1 TAno(é‘n).

Definition 2.12 ([18, 25]). Let G be a o-stable subset of an L°(F, K)-module.
The topology J defined on G is said to be stable, if it admits a topological base
which is a o-stable family of o-stable sets. A filter on G is said to be stable if it
admits a filter base which is a o-stable family of o-stable sets. A stable topological
space (G, J") (namely, T is stable) is said to be stably compact if every stable filter
on G has a cluster pointin G.

Example 2.13. Let (E, P) be an RLC module over K with base (Q, F,P) and G
be a nonempty o-stable subset of E. Forany x € G,Q € P,.,and ¢ € LfL L), let
Ve(x,Q,e) :={y €G : ||x —yllg <eonQ}. Then{Vs(x,Q,¢) : x €G, Q €
P, € € LS’r +(P)}is a base of T(P..)|g (namely, the relativization of T .(P,.)
to G). It is clear that each V4(x,Q,¢€) is o-stable. Moreover, for any sequence
{x,,n € N} in G, any sequence {Q,,n € N}in P.., and any {A,,n € N} € I,
we have

Z jA,,VG(xna Qn’sn) = VG (Z IAnxn’ Z jAnQn’ Z jAnEn) .
n=1 n=1 n=1 n=1

Thus,(G, T (P..)|g) (briefly, denoted by (G, T .(P,.)) is a stable topological space.
In general, neither (G, T 4(P)) nor (G, T .(P)) is stable.

Corresponding to classical compact sets, stable compact sets have the follow-
ing characterization.

Proposition 2.14 ([18, 25]). Let (X, J") be a stable topological space. Then the

following are equivalent.

(1) (X,T) is stably compact.

(2) For every o-stable family O of o-stable open sets with X = |J O, there exists a
stable finite subfamily O of O such that X = | O.
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(3) For every o-stable family & of o-stable closed sets which has stable finite inter-
section property (namely, (| € # @ for every stable finite subfamily & of &), it
holds that (| € # @.

Proposition 2.15 below considerably simplifies (3) of Proposition 2.14.

Proposition 2.15 ([18]). Let (X, ") be a stable topological space and € be a o-
stable family of nonempty subsets of X. Then, & has stable finite intersection prop-
erty ifand only if € has finite intersection property. Thus, (X, J) is stably compact
if and only if every o-stable family of o-stable closed subsets of X has a nonempty
intersection whenever the family has finite intersection property.

Remark 2.16. (1) In [18], Guo introduced the concept of B4-stability, which is
a natural generalization of o-stability. Definitions 2.5, 2.6, 2.7, 2.11 and 2.12
were just introduced under the framework of B4-stable sets in [18]. Additionally,
Propositions 2.14 and 2.15 were also established in such a general context in [18].
Since this paper is focused only on L°(F, K)-modules, we, in fact, only employ the
corresponding special cases of the results of [18].

(2) Let (E, P) be an RLC module over K with base (Q, F, P) and G be a o-stable
subset of E. As pointed out by Guo in [18)], although T ;(P) and T .(P) are gener-
ally not stable topologies, Proposition 2.8 shows that (E, P) has the same o-stable
closed sets under the three topologies T ;(P), T.(P) and T .(P..). Hence, accord-
ing to Proposition 2.15, we can also define stably compact sets under 7 ,(P) and
T (P): ac-stable subset G of (E, P) is called T, ;(P)-stably compact (resp., T .(P)-
stably compact) if any o-stable family of o-stable T ;(P)-closed (resp., T .(P)-
closed) subsets of G with the finite intersection property has a nonempty intersec-
tion. Moreover, it is also easy to see that a o-stable subset G of (E, ) has equivalent
stable compactness under the three topologies T ;(P), T.(P) and T (P,.). In the
remainder of this paper, for a o-stable set G, we will simply refer to G as stably
compact (or closed) without specifying which topology is employed.

The following Lemmas 2.17 and 2.18 present the fundamental properties of
stably compact sets, which are essential for the proofs of main results in this

paper.

Lemma 2.17. Let (X, J) be a stably compact topological space, (Y, JT,) a stable
topological space and f : (X,7,) = (Y,T,) a g-stable continuous surjective
mapping. Then (Y, J,) is stably compact.

Proof. Let O = {0O; : i € I} be a o-stable family of o-stable open sets of Y such
that Y = U;¢;0;, then {f~1(0;) : i € I} is a o-family of o-stable open sets with
X = U1 f1(0;) by (3) of Lemma 2.9.

Since (X, J7) is stably compact, there exist {A,,, n € N} € I1 and a sequence
{&€,,n € N} of nonempty finite subfamilies of {f~1(0;) : i € I} such that X =
U ZlejAna(Sn)- Let &, = {f1(0,)) : | =1 ~ k,} for each n € N, then we
have
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Y = (X
o
= f({J 2 14,0120, -+ F 71O )D)
n=1

= D 10,0l (1 O0n)). . F(F (O )]
n=1

= U Z TA,IO-(On,li T On,kn)’
n=1

which implies that 2:;1 I 4,0(0p1, -, Op ) s a stable finite subfamily of O
withY = | E:’Zl I4,0{041,+,0py }. Thus, (Y, T5) is stably compact. O
Lemma 2.18. Let (E,P) be an RLC module over K with base (Q, F, P) and G be
a nonempty stably compact subset of E. Then we have the following statements:

(1) ForanyV € Vg(P,,), there exists ii € L°(F,N) such that G C AV, namely, G
is T.(P,.)-bounded, since V is L°-balanced.

(2) If6 € G, then Neracrpy <G = {6}

Proof. (1) Forany V € Vy(P,.), V is L°-absorbent, so E = U;eLL(f)&' V. Then,

G =J{EV)NG : £ e LY (F)and (§V)NG # B}. Itis clear that every (V)NG
is a o-stable open set in (G, T.(P..)). Furthermore, for each {B,,,n € N} € I+
and each sequence {(§,,V)NG,n € N} in{(§V)NG : £ € L?H(}') and (§V)NG #
@}, we have

2 TBn [(§,V)NG] = [(Z TBngn)V] NG
n=1 n=1

e{¢V)NG : £ €L (Hand (§V)NG # B},

which implies that{({V)NG : & € L?r +(F)and (§V)NG # B}isao-stable family
of o-stable open sets of G with G = J{(§V)NG : & € LY, (F)and (§V)NG # B}

Since G is stably compact, there exist {4,,n € N} € Il and a sequence
{&€,, n € N} of nonempty finite subfamilies of {(§V)NG : & € L0++(?) and (§V)n
G # @}such that X = >} T, 0(&,). Let &, = {(§,V)NG 1 1 =1~ ky},

£, = \/;;"1 §ppand & = Z:;l TAn§n, then ¢ € LL(?) and we have

G =] 14,00V NG, (s, V N G)]
n=1

C Y. I, (£,VNG)

n=1

=[Q,14,5)VING
n=1
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cév,

since the sets 7V increase withn € LI ().

Let £9 be an arbitrarily chosen representative of £ and assume, without loss of
generality, that £%(w) > Oforallw € Q. Let A, = {w € Q : n—1 < &%w) < n}
and A = Z:;l I, n, thenii € L°(F,N) and ¢ < 7 on Q, which implies that
Gcévecnav.

(2) According to (1), for any V' € Vo(P..), it holds that nﬁeLO(g"N)%G cV.

Consequently, we have nﬁeLO(:,r,N)%G C Nyevy2,)V - Moreover, since T(Pe.)
a cc
is a Hausdorff topology on E, it holds that Ny, )V = {0}. Therefore, we
conclude that N0 N)%G = {6}. O
’ n

3. The random Markov-Kakutani fixed point theorem in a
random locally convex module

The aim of this section is to establish the random Markov-Kakutani fixed
point theorem in a random locally convex module and employ it to prove the
algebraic form of the known random Hahn-Banach theorem. The main results
in this section are Theorems 3.4 and 3.9. To arrive at these, we first provide
lemmas 3.1 and 3.2.

Let E be an L°(F,K)-module, G, and G, two nonempty L°-convex subsets
of E. A mapping f : G; — G, is said to be L%-affine if f(éx + (1 — &)y) =
Ef)+ (1 —&)f(y) foranyx,y € Gyandany § € LY(F) with0 < & < 1.

Lemma 3.1. Let E be an L°(F, K)-module, G a nonempty o-stable subset of E
andT : G — G an L°-qaffine mapping. Then T is o-stable.

Proof. For any given g, € G, consider G’ =G — g, :={x— g, : x € G}and
T' : G - G’ defined by T'(x — gy) = T(x) — gy, Vx € G. Then G’ is still
o-stable and T’ is o-stable iff T is o-stable. So, without loss of generality, we
can assume that 6 € G.

Forany x € G and any A € ¥, since T(Iyx) = T(I4x + 14.0) = I,T(x) +
1, T(6),s0I,T(I4x) = I,T(x). Then, for each sequence {x,,n € N} in G and
each {A,,n € N} € I+ , we have

T, Iaxy) = Q, Ia )T, I, x0)
n=1 n=1

n=1

o0 (o]
= Z IA,,T(Z Iy, Xp)
n=1

S
—

I
M

a, T4, %)

S
I
—_

I
M

AnT(xn)-

S
Il
—
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Thus, T is o-stable. O

Lemma 3.2. Let (E,P) be an RLC module over K with base (Q,F,P), G be a
nonempty o-stable subset of E, and {f,, n € N} be a sequence of o-stable T .(P,.)-
continuous mappings from G to G (namely, f, : (G, T (P..)) = (G, T (P..)) is
continuous). For any given {A,,n € N} € Ily, define f : G - G by f(x) =
Z:ozl I4 fu(x), Vx € G. Then, f is o-stable and T .(P..)-continuous.

Proof. It is clear that f is well defined and o-stable, we only need to show
that f is 7 (P,.)-continuous. For any given x € G, Q € (P.)r and ¢ €

L?r +(F), since f, is T(P.)-continuous, there exist Q, € (P.)sr and ¢, €
L°++(’f) such that f,[Vs(x,Q,,¢€,)] C Va(fn(x),Q,¢). Since (G, T .(P..)) is a
stable topological space, by Example 2.13, V(x, Z:o:l I4,Qp, 2:;1 I e,)isa
T .(P..)-neighborhood of x and we have

FWVe(x, Z TAnQn: Z IAnEn)) = Z jAn [fn(Ve(x, Z jAnQn’ Z IA,,En))]
n=1 n=1 n=1 n=1 n=1

I
Ms
Ms

Anfn(VG(x’ Qn’ En))]

a,l

S
Il
—
S
Il
—

I
Ms

A,,fn(VG(xa Qn’ En))

S
Il
—_

8

C TAHVG(fn(x)’ Q’ E)
1

3
Il

= VG(Z TAnfn(x), Q’ E)
n=1
= VG(f(X), Q’E)-

Thus, f is T .(P,.)-continuous. O

Proposition 3.3 below lies in the heart of our proof of the random Markov-
Kakutani fixed point theorem, which reduces the discussion of a commutative
family of mappings to a single map.

In the proof of Proposition 3.3 below, for any /i € L°(F,N), 7 := Zzozl Ik
means that A, = {w € Q : A% w) = k} for each k € N, where 7’ is a chosen
representative of 7.

Proposition 3.3. Let (E,P) be an RLC module over K with base (Q,F,P), G a
nonempty stably compact L°-convex subset of E and T a T ,(P,.)-continuous L°-
affine mapping from G to G. Then T has a fixed point. Moreover, the set of all
such fixed points is stably compact and L°-convex.
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Proof. Forany7# .= ZZL TAkk in L°(#F,N), defining T; : G — G by
[+ 1 k-1
Ta(x) = 2 Lo [ (2 TG, ¥x €6,
k=1 i=0

where T denotes the i-iterate of T (hence T? is the identity map on G). Itis clear
that T, is well defined. For any x,y € G and any £ € L)(F)with0 < £ < 1,
we have

Ty(x+(1—-8y) = Z IAk[ (Z T'(¢x + (1= H)l

1l
M8 i

NS Z [T + (1= DT

x~
Il
—

8

= [—Z(ﬁTl(x)) + ZzAk % Z((l— HT O]

k=1

= ETx(x) + (1 = Ta(y),

which implies that T is L°-affine. Therefore, T} is o-stable by Lemma 3.1.
Since T is T .(P..)-continuous, it is easy to check that T'; is T .(P..)-continuous
by Lemma 3.2. Furthermore, for any 1, i € L(F,N),

Tal TGl = Y. 1y, (2 THTa(x)))]
k=1
1) k—1
= > I (Z Ta(TH(x))]
k=1
=31 m[gz 7))
k=1 i=0

&) k-1

= Tl Y, L[ (5 T
k=1 i=0

= Tl Ta(0)].

Thus, {T; : A € L°(F,N)}is a commutative family of 7,.(,.)-continuous L°-
affine mappings from G to G.

Let S = NjerornTa(G). We claim that S is a nonempty stably compact
L%-convex subset of G and that S is exactly the fixed point set of T

First, we prove that S # §J. For any i € L°(F,N), since Ty is a T.(P,.)-
continuous L°-affine mapping from G to G, Lemma 2.17 implies that T;(G) is
stably compact and L°-convex, then T;(G) is o-stable, closed and L°-convex.
Furthermore, for any x € G, any {B;,] € N} € I1+ and any sequence {7i;,] € N}
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in L%F,N) with 7, := 3,7 Ik, we have
ZIBlTnxx) ZIBI{Z Il (Z T (X))}
1=1
= Z{Z Igna,l (Z T'(x)}

k=1 I=1

ZT = Binal (ZT(X))]
k=1

=T =
Zk IIUfil(Bl”Al,k)k( )
= Tzzl TBlﬁl(x)'

Then, it is easy to check that Zzl I 5,Tr(G) = TZ;: Iy (G), which implies
that {T;(G) : A € L°(F,N)}is a o-stable family of o-stable closed subsets
of the stably compact set G. By Proposition 2.15, we only need to show that
{T+(G) : /i € L°(F,N)} has the finite intersection property. For any T;(G) and
T»(G) in{Tx(G) : i € L°(F,N)}, it holds that T;(G) N T\»(G) D T,x[Tx(G)] N
TalT#(G)] = T\x[T7(G)] # @. By induction, it is straightforward to verify that
{T+(G) : i € L°(F,N)}indeed has the finite intersection property. Thus, S # #.

Second, we prove that S is the fixed point set of T.. Clearly every fixed point
of T belongs to S. Conversely, foranyy € Sandany 7 = Zzo:l Iy ke Lo(F,N),
there exists x; € G such that T;(x;) = y, then

T(y)—y =T[Ts(xp)] — Ta(xp)

00 k— 0 k-1
21, (2 WGBS MEIIEE)]
k=1 k=1 i=0

= Y L [T+ - 0]
k=1

€ (Y14, )G =0)
k=1
1

= ﬁ(G -G)

By the arbitrariness of 7i, we have

1
Ty)—ye nﬁeLO(&”,N)E(G -G).

Since (E, T.(..)) is a topological group with respect to the addition operation,
the mapping f : E X E — E defined by f(x,y) = x — y is T.(®..)-continuous.
Furthermore, according to Theorem 5.8 of [25], G X G is stably compact, and
thus, by Lemma 2.17, G —G is stably compact. Since 8 € G—G, by Lemma 2.18,
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we have

N zG-o-=e
AELO(FN)
which implies that T(y) = y.
Finally, since S is the intersection of a family of o-stable closed L°-convex
subsets of G, it is a o-stable closed L°-convex subsets of G. Therefore, S is stably
compact and L°-convex. (|

Now, we can complete the proof of the random Markov-Kakutani fixed point
theorem.

Theorem 3.4. Let (E,P) be an RLC module over K with base (Q,F,P), G a
nonempty stably compact L°-convex subset of E and M a commutative family
of T o(P..)-continuous L-affine mappings from G to G. Then M has a common

fixed point.

Proof. By Proposition 3.3, forany T € M, Fix(T) = {x € G : T(x) = x}is
nonempty, o-stable and closed, then it is easy to check that c({Fix(T) : T €
M}) is a o-stable family of nonempty o-stable closed subsets of G. We want
to show that Ny Fix(T) # @, since G is stably compact, by Proposition 2.15
and Lemma?2.10, it is enough to show that {Fix(T) : T € M} has the finite
intersection property.

For any T; and T, in M, we have T,(T(x)) = T,(Ty(x)) = T,(x) for all
x € Fix(T,), which implies that T, maps Fix(T,) into Fix(T,). According to
Proposition 3.3, T, has a fixed point in Fix(T,), hence Fix(T,) n Fix(T,) # .
By induction, {Fix(T) : T € M} has the finite intersection property. (]

Let X be a linear space over K, a linear operator f : X — L%(F,K) is called
a random linear functional on X. Let E be an L°(#, K)-module, a module ho-
momorphism f : E — L%,K) is called an L°-linear function. If K = R, a
mapping p : E — L%(F,R) is called an L-sublinear linear function if it satis-
fies the following:

() p(¢x) = &p(x), V& € LY(F) and x € E;
(i) p(x +y) < p(x) + p(y), Vx,y € E.
Following is the algebraic form of the random Hahn-Banach theorem, which
is known in random functional analysis.

Theorem 3.5 ([14]). Let E be an L°(F,R)-module, M C E a submodule, f
M — L%F,R) an L°-linear function and p : E — L°(F,R) an L°-sublinear
function such that f(x) < p(x), Vx € M. Then there exists an L°-linear function
F : E — L°(F,R) such that F extends f and F(x) < p(x), Vx € E. When E is
an L°(F,C)-module and M C E is a submodule, f : M — LO(F,C) an L°-linear
functionandp : E — L?L(f) an L°-seminorm such that | f(x)| < p(x), Vx € M.
Then there exists an L°-linear function F : E — L°(F,C) such that F extends f
and |F(x)| < p(x), Vx € E.
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Following is the analytic form of the random Hahn-Banach theorem, which
is also known in [14] and can be derived from Theorem 3.5.

Theorem 3.6 ([14]). Let (E,P) be an RLC module over K with base (Q, F, P)
and M be a submodule of E. Then every f € M: /1(?) (or M (P)) can be extended

to an element F in E7 , (P) (or E;(P)).

Here, we provide another proof of Theorem 3.5 by using Theorem 3.4. For
this, we first give Definition 3.7 and Lemma 3.8.

Definition 3.7. Let {(E;, P;),i € I} be a family of RLC modules over K with base
(Q,F,P). Let E = Hiel E;, then in an apparent way E becomes an L°(F,K)-
module. Fixingi € I, || - ||om; is an L°-seminorm on E for any || - || € P;, where 7;
is the canonical projection of E onto E;. Denote P = Ui ll - llor; = |1 - |l € P},
then (E, P) is obviously an RLC module over K with base (Q, F,P), called the
product of {(E;, P;),i € I}.

On Definition 3.7, it is easy to check that 7,(P) (resp., T 1(P)) is just the
product topology for [ [,_,(E;, T.(P)) (resp., [ [,c,(Ei, T2 (P)))-

Lemma 3.8. Let (E, P) be an RLC module over K with base (Q, F,P), let G be a
nonempty o-stable subset of E, and let f : G — G be a o-stable T .(P)-continuous
mapping. Then f is T .(P,.)-continuous.

Proof. For any x € G, any Q € (P..); and any ¢ € Lg +(F), there exist a
sequence {Q,,n € N} in P and {A,,,n € N} € I+ such that V5(f(x),Q,¢) =
Zf;l Iy V(f(x),Qp,€). Then, we have

FHVe(f(x),Q,0] = Y In, Ve(f(X),Qy,0)]
n=1

> I V() Quo©)l.
n=1

Since f is J.(P)-continuous, each set f~[V;(f(x),Qp, )] is a T.(P) neigh-
bourhood of x. Therefore,

> I, T Va(f(2), Q)]
n=1

is a T .(P..)-neighbourhood of x, which completes the proof. O
Theorem 3.9. Theorem 3.4 implies Theorem 3.5.

Proof. Let X = L°(F,R)”, consider now the sets X, = [ _.[-p(—x), p(x)]
and X; = {g € X, : —p(—x) < g(x+y) —g() < p(x) Vx,y € E and g(z) =
f(z)Vz € M}. Clearly, X, is a nonempty stably compact L°-convex subset of X,
and X, is a nonempty o-stable closed L°-convex subset of X|,, thus X; is also a
nonempty stably compact L°-convex subset of X.
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Define a family {T, : y € E} of mappings T, : X; — X, by

T, (g)(x) = g(x +y) — g(»), Vg € X;, Vx € E.

It is easy to check that{T,, : y € E}is a commutative family of 7.()-conti-
nuous LC-affine mappings. Then {T, : y € E}is a commutative family of
T .(#P,.)-continuous L°-affine mappings by Lemma 3.8. According to Theorem
3.4, there exists f1 € X; such that T,(f;) = f; forall y € E, which implies that
filx+y) = f1(x) + f1(y) forall x,y € E. Let X, be the set of common fixed
points of {T, : y € E}, namely, X, ={f € X; : f(x+y) = f(x)+ () Vx,y €
E}. Then, X, is nonempty, stably compact, and L°-convex.
Define a family {S, : r € R and r > 0} of mappings S, : X, — X, by

s =L vrex, xer.

It is easy to verify that {S, : r € R and r > 0} is a commutative family of
T (P..)-continuous L°-affine mappings. According to Theorem 3.4, there exists
F € X, such that S,(F) = F for all r € R with r > 0, which implies that
F(rx) = rF(x) for all r € R with r > 0. It follows from F(6) = f(6) = 0
that F(rx) = rF(x) for all r € R, and then F is a random linear functional.
Furthermore, according to Lemma 2.12 of [14], F is also an L°-linear function.
It is known from [14] that the complex case of Theorem 3.5 can be derived from
the real case of it, and thus the proof is completed. O

4. A more general strict separation theorem in a random locally
convex module

When K is a singleton, Lemma 4.1 below is just Theorem 4.2 of [23] (see also
Lemma 2.9 of [21]). The aim of this section is to establish a more general strict
separation theorem in a random locally convex module, namely, Theorem 4.2,
which includes Theorem 3.16 of [14] as a special case and is called a geometric
form of the random Hahn-Banach theorem. Using Theorem 4.2, we can provide
another proof for the random Markov-Kakutani fixed point theorem. The main
results in this section are Theorems 4.2 and 4.3.

On the proof of Lemma 4.1, we can, in fact, prove that K — F is T .(P..)-
closed, then Lemma 4.1 can be derived from Theorem 4.2 of [23], but such a
proof needs to construct a B4-stable net from an usual net as done in [18]. In
order to avoid the introduction of the abstract notion of a B4-stable net, we give
a direct proof of Lemma 4.1 as follows.

Lemma 4.1. Let (E, P) be an RLC module over K with base (Q, F,P), K and F
be two nonempty subsets of E such that K is stably compact and F is o-stable and
closed. IfI,K NI4F = @ forall A € F_, then there exists V € Vy(P,.) such that

forallAe 7F,.
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Proof. Forany V € Vy(P..), since 6 + 6 = 6 and addition is continuous under
T (P..), there exists V| € Vo(P,.) such that V| + V; C V. Then, for any x in
K, by Theorem 4.2 of [23], there exists V,, € V4(P,.) such that

IW(x+V,+VINI4(F+V,) =@forallA e F,. (4.1)

It is easy to check that c{(x + V,)NK : x €K} = {Z:’:l Ic [(x, +Vy )NK] :
{C,,n € N} € Iy, {x,,n € N}isasequenein K} is a o-stable family of o-
stable open sets of (K, T.(P..)) withK = | Jo{(x + V,)NK : x € K}. Since K
is stably compact, there exist {A4,,, m € N} € II; and a sequence {&,,, m € N}
of nonempty finite subfamilies of of{(x + V,) N K : x € K} such that K =
U Z:zl I,,0(Ey). For sake of convenience, let £, = {Gy,; : | =1 ~ ky,} for
any m € N, with G,,,; = Z:lo Tcm,,,,,[(xm,l,n + Vi) N K] for some sequence

{Xm.1n-n € N}in K and some partition {C,,; ,, n € N} € IT+. Then, we have

(e
K= 14,0Gm1, - Cm,)
m=1

= U Z TAmO'[Z me’Ln((xm,l,n + me,l’n) N K)’ Tty (4-2)
m=1 n=1

o0
2T Coimin + Vi ) NEK]
n=1

For each xp, . letV, —={y €E : |lyllg, ,, < &m1n on Q}, and further let

oo
Qm = Z ICm’l,an,l,n’

n=1
00
Eml = Z ICm’l,nEm,l,na
n=1
ki
Qm = Ullem,l’

k
En = /\l:15m,l’

o0
Q=214 Qum
m=1
o0
e= ), Iy gy
m=1

Then Q € (P..)f and e € LE’H(?), which implies that V :={y € E : ||y|lp <
gon Q} € Vyo(P..).

We assert that T,(K + V) NI4(F + V) = @ for all A € F,. Otherwise, there
exist x € Kand A € F, such that I,(x + V) N I4(F + V) # §. By (4.2), there
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exists a sequence {{B,,;,| =1 ~ k,,;}, m € N}in II+ such that

Km

X € Z TA,,,{Z TB,,,J[Z I, ((ppn + Vi, ) N KL
=1 n=1

=1

Therefore,
o [ oo
LY Ta, 20 T8, 1D Ty (omin + Vi, ) N KB+ V) N IA(F + V) # 6.
m=1 I=1 n=1

Since A € 7, there exist some A,,, B,,; and Cy,; , such that An A,, N B,,; N
Cmin € 74, then we have

Tana,0B i Coin [ omin + Vi, ) N K + V1IN Tann,08,,00,,.F + V) # 0,

which implies that

TAn40B i Coin Xt + Vi, + VI 0 Lana, 08, 0c,,, (F + V) # 8.

Furthermore, it is easy to check that

TanA,0B,0Cruin V' C LA0ALNB, 0CoiinV Xm0

then we have

LAnAnOB 0 Con Xt ¥ Vi Vi) N LanannBunCin E + Vi) # 9,

which contradicts with (4.1). O

Let E be an L°(F, K)-module, M and G two nonempty o-stable subsets of E
such that M NG = @. Then, H(M,G) = Q\esssup{A € F : I;M N1,G # @}
is called the hereditarily disjoint stratification of M and G, and P(H(M, G)) is
called the hereditarily disjoint probability of M and G. According to Theorem
3.13 of [14], H(M, G) is unique a.s. and has the following properties:

(1) P(HWM, G)) > 0;
(2) I;M NI G =@forall A€ F, with A c HM,G);
3) I;MNILG #@forall A€ F, with A C Q\H(M,G).

Just as we have stated on the proof of Lemma 4.1, Theorem 4.2 below can
also be derived from Theorem 3.16 of [14], here we give a direct proof based on
Lemma 4.1.

Theorem 4.2. Let (E, P) be an RLC module over K with base (Q, F,P), K and
C two L°-convex subsets of E such that K is stably compact and C is o-stable and
closed. IfK N C = @, then there exists f € E}(P,.) such that

(Ref)(x) > (Ref)(y) forallx e Kandy € C.

and
(Ref)(x) > (Ref)(y)on H(K,C) forallx e Kandy € C.
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Proof. If H(K,C) = Q, by Lemma 4.1, there exists V&€ Vg(P,..) such that
ILK+V)NI4(C+V)=@forall A € F,. Itis easy to check that K + V is
a o-stable L°-convex J.(,.)-open subset of E. Then, by Theorem 3.15 of [14],
there exists f € E:(P..) such that (Ref)(x) > (Ref)(y)on Qforallx e K+V
and all y € C, which implies that

(Ref)(x) > (Ref)(y)on Qforallx e Kandy € C.

If0 < P(H(K,C)) < 1,1et Q' = HK,C), F' = Q'nF ={Q'nF : Fe ¥}
and P’ : ¥’ — [0,1] be defined by P/(Q' N F) = %. Take E' = IE, P =
-l 2 1l-Il € P K =IgK, C' = InC, then (E',2") is an RLC module
with base (', #’,P") and K’ and C’ two L°-convex subsets of E’ such that K’
is stably compact and C’ is o-stable and closed. As shown in the proof for the

case H(K, C) = Q, there exists f' € (E")5(..) such that
(Ref)(x) > (Ref)(y)on Q' forall x e K’ and y € C’.

According to Theorem 3.6, f’ has an extension f” € E}(P..). Now, let f =
Iy f”, then f € E}(?..) and we have

(Ref)(x) > (Ref)(y)forallx e Kand y € C.
and
(Ref)(x) > (Ref)(y)on H(K,C) forallx e Kand y € C.
O

Using Theorem 4.2, we can provide another proof for the random Markov-
Kakutani fixed point theorem.

Theorem 4.3. Theorem 4.2 implies Theorem 3.4.

Proof. We only need to show Theorem 4.2 implies Proposition 3.3. We employ
a method by contradiction, suppose that the mapping T in Proposition 3.3 has
no fixed point in G. Then, its graph T' : = {(x,Tx) : x € G} is disjoint from the
diagonal A := {(x,x) : x € G}. Obviously, I is stably compact and L°-convex,
and A is o-stable, closed and L°-convex.

Let (EXE,P) be (E, P..) X (E, P..), then it is easy to check that (E x E)*(P) =
E}(P..) X EX(P,.), namely, f € (E x E)}(P) iff there exist f; and f, in E}(?,.)
such that f(x,y) = f1(x) + f,(y) for any (x, y) € E X E. Now, by Theorem 4.2,
there exist f1, f, € E}(P..) and £, &, € LY (F) such that

(Ref1)(x) + (Ref2)(x) < § < § < (Ref1)(y) + (Ref2)(T())
on H(A,T) for all x,y € G. Then, we have

(Ref2)(T(y)) — (Ref2)(¥) > & — &
on H(A,T) for all y € G. It follows that

RefL)(T"(¥)) — (Ref2)(y) > n(§, — &)

on H(A,T) forany y € G and n € N, which contradicts with the a.s bounded-
ness of (Ref,)(G). O
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Remark 4.4. Theorem 3.9 shows that the random Markov-Kakutani fixed point
theorem implies Theorem 3.5 (namely, the algebraic form of the random Hahn-
Banach theorem), Theorem 3.6 (namely, the analytic form of the random Hahn-
Banach theorem) can be derived from Theorem 3.5, Theorem 4.2 (namely, the
geometric form of the random Hahn-Banach theorem) can be derived from The-
orem 3.6, and Theorem 4.3 shows that Theorem 4.2 implies the random Markov-
Kakutani fixed point theorem. Thus, the random Markov-Kakutani fixed point
theorem, the algebraic form and geometric form of the random Hahn-Banach the-
orem are all equivalent.
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