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A complete solution to the Cauchy dual
subnormality problem for torally expansive
toral 3-isometric weighted 2-shifts
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ABSTRACT. In this paper, we present a complete solution to the Cauchy dual
subnormality problem (for short CDSP) for torally expansive toral 3-isometric
weighted 2-shifts. This solution is obtained by solving a couple of Hausdorff
moment problems arising from 2-variable polynomials of lower bi-degree.
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1. Introduction

The Cauchy dual subnormality problem (for short CDSP) in n-variables asks
whether the Cauchy dual of an m-isometric n-tuple is jointly subnormal. This
problem for 2-isometries has received significant attention, with extensive studies
revealing intriguing links to moment theory and complex analysis (see [5, 10, 15];
for solutions to CDSP for various classes of m-isometries, see [3, Proposition 1.7],
[5, Proposition 1.3],[10, Theorem 3.4], [15, Theorem 2.1], [18, Theorem 4.6] etc;
for Brownian-type operators, see [16, Theorem 1.2]). In this paper, we present a
complete solution to the Cauchy dual subnormality problem for torally expansive
toral 3-isometric weighted 2-shifts. A special case of this (the case of separate 2-
isometries) has been obtained in [6, Theorem 4.9]. Moreover, we present several
families of Hausdorff moment net arising from the reciprocal of polynomials of
bi-degree (2, 1) and (2, 2). Before we state the main result of this paper, let us fix
some notations and recall the relevant notions.
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Let n be a positive integer and X be a set. The notation X" represents the
Cartesian product of X with itself, taken n times. Denote by Z, and R, the
set of nonnegative integers and nonnegative real numbers, respectively. Let a =

(1,5 ), B = (B, -, Bn) € Z. Set|a| = oy +-+-+a, and (B), = H};:l(ﬁj)aj’
where (8;)o = 1, (8;)1 = 8; and

(ﬁj)aj = 5](5] - 1)"'(ﬁj —a;+ 1), a; 22, j=1,..,n

We denote a < B if a; < S for every j = 1,...,n. For a < 3, we let (ﬁ) =
¢4
112 ©)-
For a net {aa}aezﬁ and j =1,...,n,let Aj denote the forward difference oper-
ator given by

—_— n
Njag = Auie, — Gor A € ZY,

where ¢; stands for the n-tuple with jth entry equal to 1 and 0 elsewhere. Note
that for any i, j € {1, 2, ...,n},AiAj = AJ- /\;.Fora = (ay,..,a,) € Z",
let /\* denote the operator H:.lzl Ac;] . For a polynomial p in one variable, let
deg p denote the degree of p. A polynomial p of two variables is said to be of bi-
degree a = (aq, ) € Zi if for each j = 1,2, «; is the largest integer for which
67" p #0.

We now recall the definition of joint complete monotonicity of a net. A net
a= {aa}aez’i is said to be joint completely monotone if

DI APa, >0, a,fezl.

When n = 1, we simply refer to a as a completely monotone sequence. We say
a is a separate completely monotone if for every j € {1,...,n} , k € Z,,

(=1)k A;? a, >0, aeZl.

For a detailed account of complete monotonicity in one and several variables, the
reader is referred to [11, 12, 13, 21].

Remark 1.1. 1t is readily seen that a joint completely monotone net is separate
completely monotone. Also, if ¢ is completely monotone function on Z'}, then

for any § € Z'}, the function a — ¢(a + ) is also completely monotone on Z’;.

We now recall a solution to the multi-dimensional Hausdorff moment problem.
Aneta = {aoc}oc621 is joint completely monotone if and only if it is a Hausdorff
moment net, that is, if there exists a positive Radon measure ¢ concentrated on
[0,1]" such that

a, =/ t“u(dt), a €.
[0,1]
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(see [12, Proposition 4.6.11]). If such a measure u exists, then it is unique. This
is an outcome of the n-dimensional Weierstrass theorem and the Riesz represen-
tation theorem (see [23, Theorem 2.14] and [25, Lemma 4.11.3]). We refer to u as
the representing measure of a.

We now recall some operator-theoretic prerequisite. Let 7 be a positive integer.
A operator tuple T = (T}, ..., T,,) on a complex separable Hilbert space H is said to
be commuting n-tuple if Ty, ..., T, are bounded linear operator on H and T;T; =
T;T; for every 1 < i # j < n. A commuting n-tuple T is said to be a toral
expansion (resp. a toral contraction) if T;Tj > I (resp. T;Tj < I) for every j €
{1, ..., n}. We say that a commuting n-tuple T = (T, ..., T},) is jointly subnormal if
there exist a Hilbert space K containing H and a commuting n-tuple N of normal
operators Ny, ..., N, on K such that

T]:leH’ j=1,...,l’l.

Let m be a positive integer. Following [1, 8, 22], we say that a commuting n-tuple
T is said to be a toral m-isometry if

> (-1)'&'(5)7**“?1 =0, Bez, |fl=m,
aez’} a
0<a<p
where T% denotes the bounded linear operator H;Lzl T;(j and T*% stands for the
Hilbert space adjoint of T%. The reader is referred to [1, 2, 8, 9, 14, 17, 24] for the
basic theory of toral m-isometries.

Assume that T;Tj is invertible for every j = 1,..., n. Following [14, 24], we
refer to the n-tuple T := (Tt,---,T!) as the operator tuple torally Cauchy dual
to T where T;. = Tj(T;‘Tj)_l, for j = 1,---, n. Note that toral m-isometric tuple
T = (Ty,...,T,)is a separate m-isometric tuple, that is, Ty, ..., T,, are m-isometries.
By [2, Lemma 1.21], T;is left invertible for 1 < j < n. Hence, the toral Cauchy
dual of a toral m-isometric n-tuple exists.

Let /7 be a Hilbert space with orthonormal basis & = {e, : a € Z}}. Let

w = {wij) tj=1..,n ac€ Zﬁ} be a collection of complex numbers. For

j=1,..,nand any a € Z, define ¥ = (#,...,#,) by Wje, = wéj)eaﬂj,
where ¢; is a vector with a 1 in the jth position and zeros elsewhere. Note that by
extending it linearly on &, #1, ..., #,, define bounded operator on .77 if and only

if sup,cn |w<(xj)| < oo for every j =1,...,n. Also for any i, j € {1, ...,n}, #; and
+
#; commute if and only if

@, G _ 0, @
Wy woc+£i =Wy woc+aj’

n
an+.

Let # be a commuting weighted n-shift. Note that for any § € Z7, there exists
a positive scalar m(f) such that

#Pey = m(Beg. (1)
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For more information on the basic theory of weighted multi-shifts, the reader is
referred to [9, 19, 20].

In what follows, we assume that w forms a bounded subset of positive real
numbers and # is a commuting n-tuple. We will denote the weighted n-shift #

with weight multi-sequence w by % : wc(xj ),

Let # {wg[j )} be a weighted n-shift such that “//J*”//J is invertible for each

j = 1,...,n. The operator tuple #* torally Cauchy dual to the weighted n-shift
W, satisfies the following relation:

1 .
V/J.tea = 5 Carep J=Lowon. ()
wa

It is now easy to see that:

1
WY = ——, ae€zZ”. 3
10 el = s : ®)
To state the main result, we find it convenient to introduce the following no-
tation: For i, j € {0,1, 2},

pij = AL AL U7 %ol D=0 1 = 2010 = P20» P2 = 2P01 — Po2- (4)

We are now ready to state the main result of this paper. For the sake of com-
pleteness, we include the separate 2-isometry case as part (a) below (see [6, The-
orem 4.9]).

Theorem 1.2. Let ¥/ {wfj)} be a torally expansive toral 3-isometric weighted
2-shift and let #'* be the operator tuple torally Cauchy dual to # . Let p,, p, and
pij» i, j € {0,1,2} be as given in (4). The following statements holds:

(a) Assume that W is a separate 2-isometry. Then the operator tuple W't is
jointly subnormal if and only if p11 < P10P01-

(b) Assume that # is not a 2-isometry. Then the operator tuple #'* is jointly
subnormal if and only if p; > 0, pf > 80,9, and exactly any one of the
following holds:

(1) p11=0,p01 = 0,00, =0,
(i) p11 > 0,02 > 0,07, > P20P02,
02
(P2002 — P11P1)* < (403, — ,020;002)(71 = 2p50).

(c) Assume that W, is not a 2-isometry. Then the operator tuple #'* is jointly
subnormal if and only if p, > 0, p§ > 8pgy, and exactly any one of the
following holds:

(D) p11=0,p10 = 0,03 =0,
(ii) p11 > 0,01 > 0,07, > P20P02,
02
(Po2p1 — P11P2)* < (407, — Poszo)(ZZ = 2p0p2)-
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Plan of the paper. In Section 2, we consider polynomial p : IRi — (0, ) of the
form p(x,y) = by(x+b;)(x+by)+ay(x+a,)y, where ay, a;, by, by, b, € R, with
b, < b, and ay,a; # 0. We describe all polynomials p for which 1/p is a joint
completely monotone net (see Theorem 2.1). As a consequence of Theorem 2.1,
we obtain some necessary conditions for the polynomial q(x, y) = by(x +b;)(x +
b,)+(a;x+a,)y, whose reciprocal is a joint completely monotone net (see Corol-
lary 2.3). In Section 3, we consider the polynomial p(x,y) = a(x) + b(x)y + y?,
where a(x) = ayg(x + a;)(x + a,),b(x) = by(x + by), ag,a;,a,,b9,b; € R
with a; < a,. Under the assumption p(m, n) > 0, we characterize the joint com-
plete monotonicity of {1/p(m, n)},, nez, (see Theorem 3.1). Proof of this theorem
is fairly long and requires several lemmas (see Lemmas 3.2-3.4). In Section 4, we
provide a solution to the Cauchy dual subnormality problem for torally expansive
toral 3-isometric weighted 2-shifts, which completes the proof of Theorem 1.2.
Note that the proof of Theorem 1.2 relies on Theorems 2.1 and 3.1 and a charac-
terization of toral 3-isometries (see Proposition 4.1).

2. A special case of bi-degree (2,1)

In this section, we present a proof of Theorem 2.1. The proof of the sufficiency
part of this theorem is obtained in [6, Theorem 3.6]. Here, we obtain a proof of
the necessity part.

Recall that for a positive real number v, the Bessel functionJ,(z) of the first kind
of order v is given by

e =23 (%

k=0

2.k 1
) kIT(v +k+1)

z€C\ (—o,0],

where I' denotes the Gamma function.

Theorem 2.1 (Special case of bi-degree (2,1)). Let p : IR%r — (0,00) be a
polynomial given by p(x,y) = b(x) + a(x)y, where a(x) = ayg(x + a;) and
b(x) = bo(x+b1)(x+b2), Aoy, aq, bo, bl’ b2 S R, with bl < b2 and ap, Ay 7é 0. Then

the net {

is joint completely monotone if and only if by < a; < b,.
pim.n) mnez,

Proof. Since range of p is contained in (0, ) and ay, a; # 0, an elementary
checking shows that ay, a;, a,, by, b; > 0 (see discussion prior to [6, Proposi-
tion 3.2]). It was implicitly recorded in the proof of [6, Theorem 3.6] that for
m,nezZ,

1 _ f ngm (Sl/tco)al—ltco(b1+b2—a1)—1
p(m,n) [0,1]2 ! apto
(o9
(—cocy log (s /t%) log )k
Z 01 108 1/ & ]].[O,tco](sl)dsldt,

12
=5 k!
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where ¢y = by/ay > 0 and ¢; = (a; — by)(a; — b;). So the weight function for

the net { is

p(m,n) }(m,n)EZf_

(s/190) =1 albrtba=a)=1 & (_¢, Jog (s/1%) log £)¥

w(s,t) = B

ENE) “ ]l[O,tCO](S)’

where s,t € (0,1) and ¢, = cyc;. Sufficiency part follows from [6, Theorem 3.6].
To prove the necessity part, assume that a; & [b;, b,]. We will show that w(s, t) <
0 on some open set contained in (0, 1)?. Since by the pasting lemma, w(s, t) is
continuous on (0, 1)?, it only require to show that w(s, t) < 0for somes, t € (0, 1).
It now suffices to check that

o (—¢c;log (s/t%) log 1)*
Z k12

]1[0,[50](3) <0,
k=0

for some s,t € (0,1). Observe that ¢, = cyc; > 0. Take t; = 1/2 and 55 =
5

37 cp log(2)

1 .
< —. It is easy to see that
26 26

> (—c;log (So/t(c)o) log to)*

2. g

k=0
where Jy(x) is the Bessel function of the first kind of order 0. This, together

o (=5)F
Togy01(80) = 2 5 = To(2V'5) ~ —0.3268,
k=0 :

with the continuity of w(s, t) on (0, 1), implies that { is not a joint

p(m.n) }m nez,
completely monotone net. Therefore, we have b; < a; < b,. This completes the
proof. O

Next lemma is stated for frequent use (for a variant, see [5, Lemma 3.1]).

Lemma 2.2. Let p be a polynomial of degree 2 given by p(x) = a+bx+cx?, where

a,b,c € Rsuchthat p(n) # 0,n € Z,. Then the sequence L}
p(n) nez,

monotone if and only if a, b, ¢ are positive real numbers and p is reducible over R.

is completely

. 1 :
Proof. To see the proof of the necessity part, assume that {?} is a com-
P ez

pletely monotone sequence. Note that p(n) > 0,n € Z,, and hencea > 0,c > 0.
An application of [4, Theorem 1.5] shows that

the roots of p liesin {z € C : R(z) < 0}. (5)

Let, if possible, p be irreducible. Since p(0) > 0, we must have p(x) > 0 for
all x € R. An application of [3, Propositions 4.3] together with (5) shows that
{1/p(n)},ez, is not completely monotone. This contradiction shows that p is
reducible over R. Thus p has negative real roots, say, ¢t; and a,. Since b = —c(a; +
a,), b is positive. For the proof of the sufficiency part, note that {1/p(n)},ez,



THE CAUCHY DUAL SUBNORMALITY PROBLEM 1523

is the product of two completely monotone sequences and hence the sequence
{1/p(n)},ez, is completely monotone. O

With Lemma 2.2, we can now obtain the following corollary.

Corollary 2.3. Let q be a polynomial given by q(x,y) = b(x) + a(x)y, where
b(X) = bo(x + bl)(x + b2)’ a(X) =X + a,, a;, a,, bo, bl’ b2 € R with b1 < b2
such that q(m,n) # 0,m,n € Z... Then the following holds:

(i) ifq(m,n) >0,m,n € Z,, thena,,a, > 0,

s 1
(i) lf{ ( )}
m,n
q m,nez, o ]
ap,a, = 0. Moreover, a; and a, are zero or positive real numbers simulta-
neously.

is a joint complete monotone net then by, by, by, > 0 and

Proof. Assume that g(m,n) > 0,m,n € Z,. Let if possible a, < 0. Choose a
large value ny € Z, such that q(0,ny) < 0. This contradicts the assumption.
Hence a, > 0. A similar argument can be used to see a; > 0. This completes

the proof of (i). Assume that the net { is joint completely mono-

q(m.n) }m,nGZJr

tone. Thus, it is separate completely monotone. This implies { } isa
q(m,0) mez,

completely monotone sequence. It now follows from q(m,0) # 0,m € Z,, and
Lemma 2.2, that by, by, b, > 0. Note that g(m,n) > 0,m,n € Z. By (i), we have
a;, a, > 0. We now consider two cases here:

Case 1. a; = 0. Let, if possible, a, > 0. In this case for large values of
ny € Z,, q(.,ng) is irreducible which contradicts the complete monotonicity of

1
{ . Hence a, = 0.
q(m!n()) mEZ+
Case 2. a; > 0. Let, if possible, a, = 0. By Remark 1.1, for k € Z,,

q(m+k,n)
k < b, + k. This yields b; < 0, which is a contradiction. Hence, a, > 0. This
completes the proof. ]

{ : } is a joint completely monotone net. By Theorem 2.1, b; + k <
mnez.,

3. A special case of bi-degree (2,2)

In this section, we consider a class of polynomials of bi-degree (2, 2) and char-
acterize the joint complete monotonicity of their reciprocals.

Theorem 3.1 (Special case of bi-degree (2,2)). Let p be a polynomial given by
p(x,y) = a(x)+b(x)y +y?, where a(x) = ap(x +a;)(x +a,), b(x) = bo(x +by),
ay, a1, Ay, by, by € R withay < a,. Assume that p(m,n) > 0 foreverym,n € Z,,.

Then {

is a joint completely monotone net if and only if a,, a,, by, by >
p(m,n) m,nez,

0, b > 4ay,

ag(az — a;)* < bi(by — a;)(a, — by). (6)
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The following lemma plays an important role in solving CDSP for torally ex-
pansive toral 3-isometric weighted 2-shifts.

Lemma 3.2. Let p be a polynomial given by p(x,y) = a(x) + b(x)y + y?, where
a(x) = ap(x + a)(x + a,), b(x) = byx + by, ag,a;,a,,b1,b, € R witha, < a,

such that p(m,n) # 0,m,n € Z,. Assume that[ is a joint complete

p(m,n) mnez,
monotone net. Then ay, a;, a,, by, by > 0.

Proof. A similar argument as used in the proof of Corollary 2.3 shows that a, a;
and a, are strictly positive real numbers. By symmetry, one can see that b, > 0.
We now consider the following cases.

Case 1. b; = 0. Note that for large values of m, € Z,, p(my,.) is irre-
ducible and in view of Lemma 2.2, this contradicts the complete monotonicity of

1
{P(moﬂ) }HEZ+ ’
Case 2. b; < 0. Choose my € Z, such that bymy+b, < 0. Since {

p(mO’n) }I’IEZ+
is a complete monotone sequence, this contradicts Lemma 2.2.
Hence, b; > 0. This completes the proof. (]

The following lemma provides necessary conditions for a class of polynomials
in two variables whose reciprocal is joint completely monotone.

Lemma 3.3. Let p be a polynomial in two variables given by p(x,y) = q(x) +
r(x)y + s(x)y?, where q,r and s are polynomials in one variable. Assume that
p(m,n) # 0 for everym,n € Z,. If the net {1/ p(m, n)},, nez, is joint completely
monotone, then

4q(m)s(m) <r’(m), meZ,, (7)

deg(q) + deg(s) < 2deg(r). (8)

Proof. Assume that the net {

} is joint completely monotone. As
p(m.n) mnez,

noted earlier, { is separate completely monotone. Therefore, by

p(m.n) }m nez

> +
Lemma 2.2, for any m € Z,, the roots of p(m,.) are real numbers. Thus, we
can apply the formula for the roots of a quadratic equation to obtain (7). Note

that (7) yields (8). O
We need the following in the proof of the necessity part of Theorem 3.1.

Lemma 3.4. Let p be a polynomial in two variables given by p(x,y) = a(x) +
b(x)y+y?, wherea andb are polynomials in one variable. Assume that p(m,n) # 0
and b*(m) # 4a(m) for every m,n € Z,. Let { L }

p(m,n) m,nez,
pletely monotone net. Then, for any positive real numbers o and f3, the sequence

be a joint com-

1 .
{—} is completely monotone.
plmam+p) ) ez
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Proof. By Lemma 3.3 and the assumption that b?(m) # 4a(m)foreverym € Z,,
b*(m) —4a(m) >0, mezZ,.
Also,forme Z,andy € R,,
p(m,y) =y + ri(m)(y + ry(m)),

where r; and r, are given by

b(m) + / b2(m) — 4a(m)
2

b(m) —\/b2(m) — 4a(m)
> .

ri(m) = , Ir(m)=

Note that for everym € Z, andy € R,,
1 1

pm,y) O +ri(m)(y +ry(m))

_ 1 ( 1 _ 1 )
ry(m) —ri(m) \y + ri(m) y+ry(m)
y t"1(m)—1 _ trz(m)—l P
= t t.
LJ] ( ry(m) — ri(m) )

p(r:t 5 = / Pw,(t)dt, meZ,yeR,, 9)
’ [0.1]

Therefore,

where w,, is given by
tri(m—=1 _ 4ry(m)-1

ry(m) —ri(m) °

w,,(t) = te(0,1),meZ,.

Since the net { is joint completely monotone, by (9)

p(m,n) }m,neer

(-1) A’l 1 _ f t"(—1) A’l w,(dt >0, i,mnezZ,.
[0,1]

p(m,n)

1

This, together with the complete monotonicity of {(—1)i All ,i,m€

Z ., implies that for every t € (0, 1),
DAL w0 =0, imezZ,.

Therefore, for each t € (0, 1), {w,,(¢)},ez, is completely monotone. Let & and §

be positive real numbers. Note that for every t € (0, 1), {t*"+# tmez, is a com-
pletely monotone sequence. By [12, Lemma 8.2.1(v)] , for every t € (0, 1), we
have

(-1} AT eemBw, (1) 20, meZ,.
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This, combined with (9), yields

o 1 o
DA ———— = f (=D AL tem+By, (Hdt >0, meZ,.
p(m,am + ) [0.1]
This shows that {—} is a completely monotone sequence. (]
p(m,am+p) mez,

Proof of Theorem 3.1. Assume that the net { is joint completely

p(m,n) }m,neZ+
monotone. A routine calculation shows that
b%(m) — 4a(m) (10)
= (b} —4ag)m? + (2b2b; — 4ay(a; + a,))m + b2b? — 4aga; ay,
which, by (7) (applied to ¢ = a, ¥ = b and s = 1), is nonnegative for every
m € Z,. It follows that bg —4a, > 0 and bgbf —4apa; = 0. By Lemma 3.2,

ag, a1, 0as, bo, bl > 0.
Before we prove the necessity part, consider the polynomials given by

b(m V' b2(m) — 4a(m)
fomy = 20 gy = XA e 7, )
(g is real-valued since b? > 4a) and note that
1 1
p(m,n)  (n+ f(m)? - g2(m)’
We will divide the verification of (6) into the following cases.
Case 1. deg b2 —4a < 1. If deg b? — 4a = 0, then by (10), b(z) = 4a, and
2b; = a; + a,, and hence (6) holds. If possible, then assume that b*(m) — 4a(m)
is a linear polynomial. By (10), b(z) = 4a,, and hence for everym € Z_,

b*(m) — 4a(m) = b}(2b, — (a; + a,))m + b3 (b? — a,a,)
= CcoMm + ¢y,

mneZzZ,. (12)

(13)

where ¢, = b(z)(Zbl —(q + az)) andc; = bg(bf — a,a,). Since b%(m) — 4a(m) is
a nonnegative linear polynomial (see (7)), we have

a; +a, < 2b. (14)

A routine calculation using (11) and (13) shows that for m,n € Z,

pimn) ' (n+ fFm))? — g¥(m)

2

b S +bon—2 (a1 + @)

(°2 + 2 - 4) +bo(b1—1Tz)n
0

ot (F-5)

4 bg

+
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Since a; + a, < 2b; (see (14)) and by > 0, we note that there exists ny € Z_ such
that

b2b? co)z
1% 212
( 2 4 byb

1
S < bo(by
0

a;+a
_M)n’ n;no.

2

It follows that p(m, n,) is irreducible in m, and hence { is not sep-

p(m,n) }(m,n)eZi
arate completely monotone. Hence, deg b?> — 4a = 0, which completes the proof
in this case.
Case 2. b?(x) — 4a(x) is a quadratic polynomial. Note that by (7) and (10),
bg —4ay > 0. It is easy to see using (11) that for everym € Z
gim) = (com+c)’ +cy,
where ¢, ¢, ¢, are given by

\/ b(z) - 4a0 b(z)bl — 2a0(a1 + az)

g = —, ¢ = ,
2
24/ b2 - 4a,
ag(a, — a;)* — bé(bl —ap)(a; —by)

b(z) —4aq,

G = - (15)

Now, we choose a very large a, € Z, such that cyag+c; > 0and b2(m+ay) #
4a(m + a) for every m € Z,. We also choose a very large natural number, say
Ny > 1, such that

b byt by,b
ll ::N0C0—?0>0, 12 ::No(COCC0+C1)—%—%>O. (16)
Take n = I;m + [, and consider
1
p(m + oy, lim + 1)
12) 1

(hm+ 1L+ f(m+ ag))? — g2(m + ap)
(11),(16) 1
B (Nocom + Ny(coag + ¢1))? — (com + coag + €1)2 — ¢,
1
(N2 = 1)(com + coatg + )2 — ¢y

Assume that (6) does not hold. By (15), we obtain ¢, < 0. Therefore, the poly-
nomial (Ng — 1)(com + ¢yt + ¢1)? — ¢, is irreducible in m. One may see, using
1
p(m+ay,lym+1y) }m€Z+
This is not possible in view of Lemma 3.4 and Remark 1.1.
This completes the proof of the necessity part.

Lemma 2.2 that the sequence { is not completely monotone.
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We will divide the verification of the sufficiency part into several cases.
Case 1. b?(m) — 4a(m) is a constant. By (10), we have 2b; = a; + a, and
bg = 4ay. This implies for everym € Z,

10
b%(m) — 4a(m) w bib} — 4aga,a, = agla; — ay)* 2 0.
It follows that for m,n € Z,,

(12)

p(m,n) =
212 212
bo bob, byby — 4apa;a, bo bob, byby — 4apa,a;
L T i VAU . W i i
NC \/b207—4
Clearly, % T > 0 and bo_2171 — Vo Hh® > 0. In this case,

2
{1/p(m, )}y nez, is a joint completely monotone net since it is the product of
two joint completely monotone net (see [12, Lemma 8.2.1(v)]).
Case 2. b?(m) — 4a(m) is a linear polynomial. Note that from (6),
ag(az — a;)* < bi(by — ay)(a, — by).
Since b%(m) — 4a(m) is a linear polynomial, we have 4a, = b(z), and hence
(az = by + by — a1)* < 4(by — a;)(a; — by).
It now follows that

(ay — by)* + (by — ay)* + 2(ay — by)(by — a;) < 4(b; — a;)(a, — by),

which clearly yields (a, —2b; +a;)? < 0, or equivalently, a; +a, = 2b;. Thus, this

case reduces to that of (1). Therefore, the net { is joint completely

p(m,n) }m,neZ+
monotone.
Case 3. b?(x)—4a(x) is a quadratic polynomial. Note that b(z) > 4aq,. For every

m € Z,, we already noted that g?(m) = (com + ¢;)? + ¢,, where ¢, ¢;, ¢, are

given by
_ \/ bs —4a, ~ bib; — 2ay(a; + a,)
21 / b(Z) — 4a0

© = T3 as
agla, —a;)* — b(z)(b1 —a;)(a; —by)

bg —4ay

s

02 = -
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Also note that by (12), form,n € Z,

1 1
pm,n) — (n+b(m)/2)> = ((com +c1)* + )
1
(n+@ +com+c1)(n+@ —Ccom —C1) —Cy
1

pi(m,n)py(m,n) —c;’
where p; and p, are given by
pi(m,n) :=n+(by/2+ co)m + (bob1/2+¢;), m,nezZ,,
p,(m,n) :=n+(by/2 —cy)m + (byb, /2 —c;), mneZ,.

By (6) and (17), ¢, = 0. If ¢; > 0, then byb;/2 + ¢; > 0, and since

(boby /2 + ¢1)(boby /2 — ¢1) = p1(0,0)p,(0,0) > ¢, > 0,

we must have byb; /2 — ¢; > 0. Similarly, if ¢; < 0, then byb, /2 — ¢; > 0, and
hence byb,/2 + ¢; > 0. Thus, for any real value of ¢y, {1/p1(m, )}, nez, and
{1/p2(m, n)},;, nez, are joint completely monotone nets (see [6, Theorem 3.1]).
Note that for m,n € Z, p(m,n) = p;(m,n)p,(m,n) — c, > 0. Thus, we have

Cy <
p1(m,n)p,(m, n)
Therefore, forallm,n € Z,,

1, mmnez,. (18)

1 _ 1 ( 1 )
p1(m,n)p,(m,n) —c, pi(m,n)p,(m,n)\p — — 2
p1(m,n)py(m,n)
0 k

o (P1(m, n)Pz(m n))ett’

k
Since, for each k € Z,, {c—zm}
(p1(m,n)py(m,n)) m,nezZ,

k
2

t
Zie=o (p1(m,n)py(m,m))k+t }m,nez+
joint completely monotone. Since the limit of the joint completely monotone
net is joint completely monotone (see [12, p. 130]), we conclude that the net

is a joint completely mono-

C.

tone net, the finite sum { , where ¢ € Z_, is also

k
{Zl?:o W o is joint completely monotone. This completes the
> +
proof of the sufficiency part. (]

4. The Cauchy dual subnormality problem

In this section, we present a proof of the Theorem 1.2. We begin with the
following proposition which is a consequence of [6, Proposition 4.6].
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Proposition 4.1. For a weighted 2-shift W : {wfj)}, the following statements are
valid:

(i) # is a toral 3-isometry if and only if for a = (a1, a,) € Zi,
17 %> =1+ ayaq + ap @@ + (byoy + by)ay + ¢ a3,
where ay, a,, by, b, and c; are as follows:

P p o p
a1=910—?a a, = %, b = P11, b2=901—%, c = %- (19)

(ii) # is a toral 3-isometry with #, being a 2-isometry if and only if for a =
(a1, ) € Zi,
17 %|I> =1+aa; +ba’ +(c+day)ay,
where a, b, c and d are as follows:

P P
a=P10—%’ b=%’ c=pon, d=pn-

Proof. This follows from [6, Proposition 4.6 ] (the case of m = 3). O

The following proposition reveals a relation between joint subnormality of the
toral Cauchy dual and joint complete monotonicity.

Proposition 4.2. Let # be a torally expansive weighted n-shift and let #'* be its
1

isa
17 «e||? }aem

toral Cauchy dual. Then #'* is jointly subnormal if and only lf{
joint completely monotone net.

Proof. Recall that for a torally contractive weighted n-shift U, the following
holds:

U is jointly subnormal if and only if { ||U“e0||2}a621 is a joint
completely monotone net.

This fact can be deduced from [7, Theorem 4.4], together with (1) (see also the
discussion prior to [8, Eqn (E)]). By (2) and the discussion following it, #* is a
commuting weighted n-shift. Since # is torally expansive, routine calculations
show that # is torally contractive. This, combined with (3) and (20), completes
the proof of the proposition. (]

(20)

We now present a solution to the CDSP for torally expansive toral 3-isometric
weighted 2-shifts.

Proof of Theorem 1.2. By Proposition 4.1(i), for a = (a, @) € 72,
17 %el|* = 1+ a1 + aya; + (byay + by)ay + a3, (21)

where ay, a,, by, b, and ¢; are given by

_ P20 _ P2 b = b, = Po2 _ Po2
al_PIO_T’ 02—7, 1= P11» 2—901—7, 01—7-
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It is clear from (21) that a, > O and ¢; > 0. Let p(x,y) = 1 + a;x + a,x* +
(b1x + by)y + ¢1y*. By 3), a = (a3, @) € Z.2|_s

1
playg, ay) -

We record that for every ay,a, € Z, p(a;, a,) > 0.
(a) This has been proved in [6, Theorem 4.9].
(b) Since #] is not a 2-isometry, a, > 0. We divide the proof in two cases.
Case 1. #, is a 2-isometry. Note that ¢; = 0. By Corollary 2.3(i), by, b, > 0.
For the necessity part, assume that #* is jointly subnormal. By Proposition 4.2,

107 eo* =

plag,a,)
pletely monotone. Applying Lemma 2.2 to the polynomial p(x,0), we obtain
a? > 4a, and a; > 0. This yields (2019 — p20)* > 80z and 2019 > . In
view of Corollary 2.3(ii), either by, b, = 0 or by, b, > 0.If by, b, = 0, we are done.
If by, b, > 0, we apply Theorem 2.1 to complete the proof of the necessity part.
To see the sufficiency part, assume that (2019 — 020)* = 8020 and 2019 > Pz0-
This is equivalent to a; > 0 and af > 4a,. Since af > 4a,, we have

al—\/a%—4a2><x+a1+\/af—4a2)

2a2 2a2

1 L o
{ } is a joint completely monotone net. Hence, it is separate com-
a,0,E€Z

plx.y) = az(x +
+(b1x + bz)y

We consider the following two subcases to complete the proof of sufficiency part
in this case.
First, p1; = 0,091 = 0,09, = O (equivalently, by = 0,b, = 0). Note that

1 .
{ is the product of two completely monotone sequences and hence
plo,az) a.0,EZ,
it is joint completely monotone. By Proposition 4.2, #! is jointly subnormal.
SeCOHd, P11 > 0, 2p01 > Lo2 and
2

0
(P20P2 — P11P1)* < (4P%1 - on,ooz)(Z1 —2020)

where p; = 2019 — P20 and p, = 2pg; — Py, (equivalently, b; > 0,b, > 0, and
(2ayb, — a;by)? < bf(af —4a,)). A routine calculation yields that

a; —4/ @ —4a, b, a; +4/ @ —4a,
<2< ,

2a, S by 2a,

We now apply Theorem 2.1 and Proposition 4.2 to complete the proof of the suf-
ficiency part in this case.
Case 2. #, is not a 2-isometry. Note that ¢; > 0. By Proposition 4.2, #'

is jointly subnormal if and only if the net { is joint completely

plot,az) a1.0,EZ,
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monotone or equivalently

1
/er + (a1 /ep)ay + (az/cl)af + ((byay + by)/c)ay + a5

2,057,

is a joint completely monotone net. The proof of the necessity part now follows
from Lemmas 2.2, 3.2 and Theorem 3.1. Sufficiency follows from Theorem 3.1.
(c) This follows from part (b), by interchanging the role of #; and #5,. O
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