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Induced isometric representations

Piyasa Sarkar and S. Sundar

ABSTRACT. Let o be an isometric representation of N¢ on a Hilbert space (.
We induce o to an isometric representation V of IR‘i on another Hilbert space
XK. We show that the map o — V, restricted to strongly pure isometric rep-
resentations, preserves index and irreducibility. As an application, we show
that, for every k € {0,1,2, ---} U {o0}, there is a continuum of prime multipa-
rameter CCR flows with index k.
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Inducing representations and actions from subgroups is a standard method
([91, [10]) to construct new representations and actions and its importance is
well established in representation theory, ergodic theory and in many other
branches of mathematics. In this paper, we consider the process of inducing
isometric representations from subsemigroups. We only examine a toy model
where the semigroup involved is [R{‘i and the subsemigroup involved is N¢.

More precisely, let o : N4 — B(¥() be an isometric representation. With o,
imitating the group case, we associate an isometric representation V' of [R‘i on

another Hilbert space X as follows: Let

K :={£ 1 [0,00)¢ = K| is measurable, square-integrable over compact sets

and £(X + 1) = o(R)E(X), VX € [0, 0)4, 71 € N4},
Define an inner product { | ) on X by

(&) = fo 1 fo . fo EDMEONE)
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for all £, € XK. As usual, we identify two elements of X if they agree almost
everywhere. Then, X is a Hilbert space under this inner product. For each
f € [0, )%, define V; : X — X by

Vi) = E(xX + D).
Then, V := {V;}feRi is a strongly continuous semigroup of isometries which
we call the isometric representation induced by o.

The above construction, in a slightly disguised form, has already appeared in
the literature. Under the obvious identification of X with L2([0,1)%) ® 7(, the
semigroup V' := {Vf}feRd+ coincides with the one considered in [6] ford = 1
(Lemma 2.4 of [6]) and in [7] for d > 2. In [7], the author considers the tech-
nique of constructing V' as an interpolation technique attributed to Bhat and
Skeide ([6]). We prefer to refer to the construction as an induced construction
as it is exactly analogous to the usual induced construction for group represen-
tations.

Before explaining our results, we recall the definition of the index of a semi-
group of isometries. Let P be a semigroup. Suppose V' := {V,}.cp is a semi-
group of isometries on a Hilbert space J(. This means that for every x € P, V,,
is an isometry and V.V, = V,,, for x,y € P. Amap § : P — 7 is called an
additive cocycle of V' if

(1) foreveryx € P,Vi&, =0, and

(2) forx,y € P, &y, =5, + V&,
The space of additive cocycles of V' is denoted by A(V) whose dimension we
call the index of V, and we denote it by Ind(V).

Let o be an isometric representation of N, and let V be the corresponding
induced representation. We prove that a few properties are preserved when we
pass from o to V. In particular, we show the following.

(1) The index of o coincides with the index of V.
(2) Let {e;,e,, -+, e4} be the standard basis for N¢. Suppose o(e;) is a pure

isometry for every i = 1,2,---,d. (Let us agree to call such isometric
representations strongly pure.) Then, o is irreducible if and only if V' is
irreducible.

(3) Let 0y, 0, be two strongly pure irreducible isometric representations of
N9. Denote by V; the isometric representation induced by o;. Then,
o, and o, are unitarily equivalent if and only if V; and V, are unitarily
equivalent.

The takeaway from (2) and (3) is that 'enumerating’ irreducible isometric
representations of Ri is at least as hard as enumerating irreducible isometric
representations of N¢. For d = 2, it is known from [5] that irreducible isometric
representations of N2, except the one-dimensional ones, are in one-one corre-
spondence with the irreducible unitary representations of the group Z, % Z
whose associated group C*-algebra is not type I, and consequently its repre-
sentation theory is quite complicated. Thus, unlike the 1-parameter case, the
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classification problem of isometric representations of Ri, when d > 2, is quite
hard.

Why consider induced isometric representations? The motivation for us comes
from a problem in the multiparameter theory of E,-semigroups which we next
explain. Let us recall a few definitions regarding E,-semigroups. Let P be a
closed, convex cone in R9 that spans R? and is pointed, i.e. P n —P = {0}
Let JC be a separable Hilbert space. By an Ej-semigroup, over P, on B(¥ ), we
mean a semigroup o := {a,},cp of unital normal x-endomorphisms of B(¥()
such that the map

P> x = (a,(A)n) eC

is continuous for every A € B(H) and for every &, € J. The equivalence rela-
tion on ‘the set of Ej-semigroups’ that we consider is that of cocycle conjugacy.
The first numerical invariant for Ey-semigroups, in the 1-parameter case, is due
to Arveson ([3], [4]) and is called the index. Arveson proved that index is a com-
plete invariant for 1-parameter CCR flows. Moreover, index is only relevant for
spatial Ey-semigroups.

An Ey-semigroup a := {a,},ep On B(HK) is said to be spatial if it has a unit,
by which we mean a strongly continuous semigroup of bounded operatorsu :=
{u,}ep on H such that

(1) forx € P, u, # 0,and

(2) for A € B(H), x € P, a,(A)u, = u,A.
Following Arveson, in [11] the authors, in the multiparameter case, defined a
numerical invariant for a spatial Ey-semigroup o called the index of a which
we denote by Ind(«). Roughly, Ind(cr) measures ‘the number of units’ of «.

Arveson, in the 1-parameter case, proved the remarkable fact that index is a
‘homomorphism’, i.e.

Ind(a ® B) = Ind(a) + Ind(B). 1)

We mention here that Arveson’s proof, without any modification, works in the
multiparameter case as well. In view of the above equation, it is quite natural
to ask the following question.

Question: Does there exist a prime E-semigroup that hasindex at least two?

Recall that an E-semigroup « is said to be prime if whenever « is cocycle con-
jugate to B ® y, where § and y are E,-semigroups, then either 8 or y is an auto-
morphism group. Affirmative answer to the above question, when P = [0, o),
was given by Liebscher ([8]) who constructed such examples by probabilistic
means. In the multiparameter case, we show that such examples exist even
within the class of CCR flows (which are probably the first examples studied in
the theory of E,-semigroups); a total contrast to the one parameter case.

Let us recall the definition of CCR flows. Let V' = {V },cp be an isometric
representation of P on a Hilbert space . Let I'(#() denote the symmetric Fock
space of 7. There exists a unique E,-semigroup, denoted «” and called the
CCR flow associated to V, on B(T'(#()), such that for all x € P and £ € K,

al (W) = W(V,.£)
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where {W(£)|¢ € F} is the collection of Weyl operators on I'((). We call a"
the CCR flow associated to V.
The following facts were proved in [12] and in [11].

(1) For two pure isometric representations V; and V,, the CCR flows a"
and a2 are cocycle conjugate if and only if V; and V, are unitarily
equivalent (Thm. 5.2 of [12]).

(2) Let V = {V,}.ep be a pure isometric representation of P on a Hilbert
space J(.

(a) The CCR flow & is prime if and only if the representation V is irre-
ducible, i.e. it has no non-trivial closed reducing subspaces (Thm.
7.2 of [12]).

(b) The index of " coincides with that of V (Prop. 2.7 of [11]).

Thus, the problem of constructing prime CCR flows over P with a given index
k is equivalent to the problem of constructing irreducible isometric representa-
tions of P with index k. Here is where induced isometric representations come
into picture. For the discrete semigroup N2, such examples are available in the
literature ([1]), albeit in a slightly different form. We also construct alternate
examples. We induce such discrete semigroups of isometries to construct the
desired isometric representations, and we prove the following theorem first for
P = R‘fr, and show that the general case can be derived from the case of IR‘}r.

Theorem 1.1. Let P be a closed convex cone in R? which is spanning and pointed.
Suppose that d > 2. Then, foreach k € {0,1,2,---,} U {oo}, there is a continuum
of irreducible isometric representations of P that has index k.

The following theorem is now immediate.

Theorem 1.2. Let P be a closed convex cone in R which is pointed and spanning.
Suppose that d > 2. Then, foreach k € {0,1,2,---,} U {oo}, there is a continuum
of prime CCR flows with index k.

We end this introduction by mentioning that for k € {0, 1}, the above the-
orem is known. For k = 0, the CCR flows considered in [2] provide such ex-
amples. For k = 1, the authors in [11] constructed such examples. We must
mention here that the examples constructed in [11] are the first ‘genuine’ ex-
amples of CCR flows/E-semigroups, in the multiparameter case, that are type
one (which roughly means that there is abundance of units). In [11], the focus
was to construct type one examples with index one. On taking tensor product
of such examples, we can easily construct type one examples with index greater
than one. But this is clearly tautological and this motivated us to seek examples
of prime CCR flows with index greater than one.

Notation:- For us, N stands for the set of natural numbers together with 0.
We denote [0, c0) by R,. Our convention is that inner products are linear in
the first variable.
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2. Preliminaries

First, we recall a few definitions that we need. Let G be a locally compact,
abelian, second countable, Hausdorftf topological group, and let P C G be a

closed semigroup containing 0 such that P—P = G and Int(P) = P. Let /( be a
separable Hilbert space. Let V' = {V},cp be a strongly continuous semigroup
of isometries on J(. Such a family is also called an isometric representation of
P on J. We call V a pure isometric representation of P if ﬂ Ran(V,) = {0}.

XxX€P
The representation V is said to be irreducible if the only closed subspaces of H

invariant under {V, Vi|x € P} are {0} and J.
Let V = {V,},.cp be an isometric representation of P on a Hilbert space H .
Recall that amap & : P — K is called an additive cocycle of V' if
(a) forallxin P, &, € ker(Vy), and
(b) forallx,yin P, &,y = & + V6.
The vector space of all additive cocycles of V' is denoted by .A(V).

Remark 2.1. LetV : P — B(¥() be an isometric representation, andlet§ : P —
JC be an additive cocycle. Then, & is norm continuous. To see this, let (s,),>1 be a
cofinal sequence in Int(P). Set

E,:={x€P:s,—xelntP)}

Note that for x € E,,,

’Sx =(1- VxV;)gsn-
It follows from the above equality and the fact that (E,,),> is an open cover of P
that & is norm continuous.

Definition 2.2. For an isometric representation V of P, we define the index of V,
denoted Index(V), as the dimension of A(V).

Note thatif V =V, @ V,, then:
Index(V) = Index(V;) + Index(V>).
Notation: We define M(V) := C*({V,, Vi|x € P}).

Proposition 2.3. Let G be a locally compact abelian group, and let P be a closed
semigroup of G containing 0 such thatP — P = G. LetV . P — B(¥) be a pure
isometric representation on a separable Hilbert space J{. Let Q be another closed
subsemigroup of G containing 0 such that Q — Q = G and Q C P. Denote the
restriction of V to Q by W. Then,

(1) W is pure,

2) dim(A(W)) = dim(A(V)), and

3) MwW)Y =m(V).
Suppose VD and V@ aretwo pure isometric representations of P acting on Hilbert
spaces J; and F(, respectively. Denote the restrictions of V® to Q by WW. Then,
VD and V® are unitarily equivalent if and only if W and W® are unitarily
equivalent.
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Proof. To see that W is pure, let § € ﬂer Ran(W,). Let a € P. Since Q is
spanning in G, there exist x,y € Q such thata = x — y,i.,ea +y = x. Now,
there exists 7y such that § = W, = V,n = V,(V,n). Thisimplies § € Ran(V,),
for all a € P. However V is pure, and thus £ = 0. Hence, W is pure.

Let & = {£,},.cp be an additive cocycle of V. Define, for y € Q,

775 =¢,.
It is straightforward to see that 75 = {ni}yeQ € A(W). We claim that the map
AWV) 3 &= nf € AW)
is an isomorphism. To see that it is injective, suppose & € A(V) is such that
§, = 0forally € Q. Then, for a € P, write a = x — y with x,y € Q, and
calculate to observe that
0= gx = §a+y = ga + Vagy = ga-

Thus, £ = 0, and hence the map is injective.

For proving it is a surjection, let 7 be an additive cocycle of W. Note that for
anyc,d,ax € Q,and b € Psuch thatb =c —d,

Neta = Vildra =Ne + Wella = Villa = VpWang
=N+ Vg = Vpng — Vg

=17 — Vpha-
Thus, forc,d,aa € Q,and b € P, if b = ¢ — d, then
Nera = VoNd+a = e — Vila- (2)
Let a € P. Then, there exist x,y € Q such that a = x — y. Define
ga =Ny — Vany-

Say there also exist u,v € Q such that a = u — v. Thisimplies x + v = y + u,
and applying Eq. 2 twice, we get
Nx — Va’?y = Mx+v — Vany+v = Nu+y — Va’?u+y =Ny~ Valo-
Thus, &, is well-defined. Also,
V;fa = V;nx — Ny
= V;ckvynx - ny = V)t(nx+y - 77y) - 77y
= V;(Ux + Vx77y - 77y) - ny

=ny— V;ckny — My
= _V;ckny
=-VaVyn, =0.

This shows that &, € ker(V}). To prove the cocycle nature, let a,b € P. There
exist x,y,z such thata = x — y and b = y — z. Then,

§a+b =Nx — Va2
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=MNx — Vany + Va’?y —Vasn?:z
= &a + Va(ny = V1)
= ga + Vagb-

Therefore, § = {,}xep € A(V). Also, for y € Q, note that §, = 7,. Thus,
n® =1, and the map is hence a bijection.

Note that fora € Pifa = x — y with x,y € Q, V,V, = V, which in
turn implies that V,, = ViV, = WiW,. Thus, the C*-algebras generated by
{V,la € P}and {W,|x € Q} are the same and hence, M(W) = M(V)'.

Let V) and V® be two pure isometric representations of P acting on Hilbert
spaces #(; and 7(, respectively. Denote the restrictions of V) to Q by W®. If
v is unitarily equivalent to V®, it is clear that W( is uniatrily equivalent to
W®. Conversely, if WU is unitarily equivalent to W®), there exists a unitary

U . J; — J(, such that W)(CI)U = UW)(CZ), for all x € Q. Let a € P; there exist
X,y € Qsuch that a = x — y. Then,

vilu = wwlu
=wiuw?
=uwPw?
=UvY.

This proves that V(! is unitarily equivalent to V® iff W is unitarily equivalent
to WP, O

3. Induced isometric representations

Let us recall once again the construction of the induced isometric represen-
tation mentioned in the introduction. Let  be a separable Hilbert space with
an orthonormal basis {e,},cn. Let d > 1 be an integer. Let o : N4 — B(%() be
an isometric representation. Let

K :={€ : [0,00)¢ - F(|& is measurable, square-integrable over compact sets
and (X + /1) = o(R)E(X), VX € [0, 0)?, 7 € N9}

Define an inner product ( | ) on X by

(&) = fo 1 fo . fo @M@

for all £,n € XK. It goes without saying that we identify two elements of K
if they agree almost everywhere. Then, X is a Hilbert space under this inner
product. For each € [0, )¢, define V; : KX — X by

Vi§(x) :=&(x + D).
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It is routine to check that V' := {V3};.pa is a strongly continuous semigroup of
+

isometries. The representation V : [0, 00)? — B(X) thus obtained is an iso-
metric representation, and we shall call it the isometric representation induced
byo.

Let (t;,---,ty) € [Rﬁf. There exist ny, ---,ny € N such that, for each k, n; <
ty < nyi + 1. For each k, let iy, € {ny, ny + 1}. Define

e D), e =y
e [0, by — l’lk), ik =ng + 1.

and

Jo= [0,1 =t + ny), i = ng,
N =t + g, 1), i =y + 1.
Then, one can check that, for any £ € X,
V?tl,"',td)g(xl’ e ,Xd) = o'(il’ iZ’ R ld)*g(xl + il - tl’ te ,Xd + ld - td),

whenever (x1, X, -+, Xq) € I;; X Ij, X -+ XI;,.

Also, if £ € ker(Vz‘t . td))’ then &(x1,x,, -+, xg) € ker(o(iy, iy, -+ ,ig)*)

Loy

whenever (xy, X5, -+, Xq) € J;, X J;, X --- X J; . Conversely, suppose that § €
L%([0,1)4, %) is such that £(xy,xy, -, %,) € ker(o(iy, iy, ,ig)") Whenever
(X1, X3, -, Xq) € J, X J;, X --- X J;,. Then, § € ker(V(; 1, ...1))-

The space X can be identified with L2([0,1)¢) ® F via the map

K& D (6 ®ey) € L0, ® I,

neN

where &, : [0,1)? — C is defined by &,(%) = (£(%)|e,,) for X € [0,1)¢,n € N.
We always use this identification. Under this identification, we obtain

Vﬁ == 1L2([0,1)d) ® U(ﬁ), fOI” all ne Nd

Remark 3.1. (1) Note thatif o is a pure isometric representation on JC, then
V too is a pure isometric representation on K. To see this, consider a pure
isometric representation o : N¢ — B(F) and the corresponding induced
representation V : [0, c0)? — B(X). This implies, forall7i € N4, V; =
112(j0,00)¢) @ 0(R). Since o is pure, ﬂ Ran(o(f)) = {0}. Thus,

neNd
[\ Ran(vp) c () Ran(Vy) = {0}.
fe[0,00)d AeNd

Hence, V is a pure isometric representation.

(2) Suppose oV and o are two pure irreducible isometric representations
of N? acting on F; and , respectively, and let V(D and V® be the
corresponding induced representations. Then, oV and o are unitar-
ily equivalent if and only if V(Y and V® are unitarily equivalent. This
follows from Schur’s lemma and the fact that fori = 1,2, and i € N9,
vP=1@)

A
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Let us consider the case when d = 1. Let JH be a separable Hilbert space
with an orthonormal basis {e,,},en. Let o @ N — B(J() be a pure isometric
representation on (. Let V be the isometric representation induced by o on
XK. Recall that

K ={£ : [0,0) —» H | is measurable, square-integrable over compact sets,
§(t+n) =o(n)§(1),vt > 0,n €N},
where the inner product is defined by

1
(Eln) = f EDInOYL.
0

We usually identify & with L2([0,1)) ® J{ and ‘move’ between the two spaces
freely whenever convenient. Recall that, foreach t > 0, V, : K — X is given
by,

VE(x) :=E(x + 1)
The representation V' = {V,};5( is pure, since o is pure. We first calculate V.
Lett > 0, there exists n € Nsuch thatn <t <n+ 1. Let £, € X. Then,

Vil = €IVim)

- fo (eCInGe+ D)
- fo (o) Bl + 1 m)d
_ f _:n+l<a<n>*§(x — t+ ()
- f _1n<o(n>*§<x — E+mlCodx + f T oy e = 4 minGovd
- f _1n<a(n>*§<x — L+ ()
. f1 T o 1780 — £+ e — Dy
- f _ln<0(n)*§(x — £+ W)

t—n
+ f (o(n+ 1)*E(x —t +n+ 1)|n(x))dx
0

Thus, we have
-]

cn+1)*(x—t+n+1), forx €0,t —n),

o(n)*é(x —t +n), forx € [t — n,1). 3)
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Let 0 < t < 1. Note that Eqn. 3 implies that
ker(V}) = {¢ € LX(0,11,90) | £lpg,1-0 = 0 4)
and £(x) € ker(o(1)), x € [1-£,1)}  (5)

Also, keeping in mind the correspondence X = L?((0,1],7¢),forn <t <n+1
and § € X,

cm)é(x+t—n), xe[0,1—t+n),

cn+1)(x+t—n—-1), x€[l1—-t+n,1). ©)

Vi x) = {

Lemma 3.2. Letn : N — H be a map. Define, forn <t <n+ 1, 5? :[0,1) —»
X,

Nn» X €[0,1 —t + n),

Nps1s X E[1—t+n,1).

§ﬂm:={

Then, §" = {5? }>0 is an additive cocycle of V iff n = {9y }ken is an additive cocycle

of 0.

Proof. Assume that £7 is an additive cocycle of V. Since 52 € ker(V}),

a(ky i = o(k)*€(x) = V&) (x) = 0.
Thus, 5, € ker(a(k)*), for all k € N. Also,
Mieam = &, (X) = ELG) + Vikn(x) = ni + o (k).
Thus, 7 = {9 }ren is an additive cocycle of o.
Suppose 7 is an additive cocycle of . Then, forn <t <n +1,
VRET(x) = on+ 1)*5;7()6 —t+n+ 1), whenever x € [0,t — n),
£ o(n) € (x — t + n), whenever x € [t — n, 1).
_Yo(n +1)*n,41, whenever x € [0, — n),
~ |o(n)*n,, whenever x € [t —n,1).
=0.
This shows &7 € ker(V}), for all ¢ > 0.

To prove the cocycle nature, let s, t > 0 be given. Choose m, n € N such that
m<s<m+landn <t <n+ 1.Then,
Case(i) m+n<s+t<m+n+1,
Under this condition,
T (x) = Dman> X €[0,1 =85 —t +m+n),
St Dmans1» XE[1—s—t+m+n,1).

Now,

gg(x) + ng?(x)
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§;7(x)+a(m)§;7(x+s—m), x€[0,1—s+m),
§2(x)+a(m+1)§:’(x+s—m—1), x€[l—s+m,1).

N + oM, x€[0,1-s+m)N[0,1—5s—t+m+n),
=10 +o(MMys1, xE€[0,1—s+m)N[1l—s—t+m+n,l),
Ime1 +o(m+ 1), x €[1-s+m,1)N[0,1).

Dman> X €[0,1 =8 —t + m+n),

Dmans1s XE[1—s—t+m+n,1).

=§.:}+t(x)'

Case (ii) m+n+1 < s+t <m+ n+ 2. The verification in this case is similar.

Thus, &7 = {5?}20 is an additive cocycle of V whenever 7 is an additive cocycle
of o. 0

Let A(c) and A(V) denote the space of additive cocycles of o and V respec-
tively.
Proposition 3.3. The map
Al@)an & e AWV)
is an isomorphism. Hence, Ind(c) = Ind(V).

Proof. The map is clearly injective. To see that it is onto, let & = {&;};5, be a
non-zero additive cocycle of V. Recall that V acts on K where X is given by

K =1{£ : [0,0) — J|§ is measurable, square-integrable over compact sets,
§(t+n) =o(n)§(1),Vt >0,n €N},

The fact that £ is an additive cocylce implies that for all s, ¢ > 0,

Eopr(X) = () + E(x + 9)

for almost all x. By Theorem 5.3.2 of [4], there exists f € leoc([O, ), F(), such
that for every ¢,

§(x) = f(x+1)— f(x), (7)
for almost all x. However, £, € ker(Vt* ), and hence, by Eqn. 4, for0 <t < 1,
&/(x) = 0, for almost all x € [0,1 — t). This implies, for every t € [0, 1),
fx +1t) = f(x), for almost all x € [0,1 — t). Define f, : [0,00) - C by
fn(x) :=(f(x)|e,), for all n € N. Then, for every t € [0, 1), f,(x +t) = f(x)
for almost all x € [0,1 — ¢t). Thus, the distributional derivative of f,, is zero on
(0,1). Hence, the function f, is constant on the interval [0, 1), and thereby, so
is the function f

Therefore, there exists a vector y € J, such that

fx) =y (®)

for almost all x € [0,1).
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Let ¢ : [0, 00) — H be defined by
¢(x) = f(x +1) — o(1)f(x).

For every t > 0, since §,(x +1) = g(1)&,(x) for almost all x, it follows that given
t >0,

FG+t+1D) - flx+1)=o@)(f(x+1) - f(x))
for almost all x € [0, o). In other words, given t > 0, p(x+t) = ¢(x) for almost

all x € [0, 00). This forces that ¢ is constant. Let ¥ € J be such that ¢(x) =y
for almost all x € [0, ). It follows from Eq. 8, that for almost all x € [0, 1),
Jx+1D)=c)f(x)+y7 =0y +7 9
for almost all x € [0,1). Setn, :=c(L)y +7 —7.
Combining Eq. 7, Eq. 8 and Eq. 9, we have, for0 <t < 1,

0, x€[0,1—1),

&(x) =
7, X €[1—1t,1).

By Eqn. 4, we have n; € ker(o(1)*). Setni; = n+o(k)n;,forallk > 1,k €
N, and 7, = 0. This makes = {5, }xen an additive cocycle of o. Therefore, &7
is an additive cocycle of V. Also,

ft = 5;7
for 0 <t < 1. Since & and &7 are additive cocycles, £ = £7. This proves that the
map is indeed a bijection. O

Remark 3.4. Let W = {W,};5¢ be a pure isometric representation on a sepa-
rable Hilbert space £. Then, {W,};>¢ is unitarily equivalent to {S; ® 1};5¢ on
L*([0, 00)) ® F, for some separable Hilbert space F(,. Here, {S,};>¢ is the shift
semigroup on L*([0, 0)). Moreover, dim(A(W)) = dim(JI(,). The last equality
can be proved directly, or by appealing to the index computation, due to Arveson, of
1-parameter CCR flows and the fact that for CCR flows, Ind(a"V) = dim(A(W)).
Thus, W is irreducible if and only if dim(A(W)) = 1.

Recall that
M(o) = C*({o (1)),
MWV)=C*({V,|t = 0})
and denote their commutants by M(c)’ and M(V)'.
Proposition 3.5. With the foregoing notation, M(V)' = 12101y ® M(c)'.

Proof. Define 6 : N — B(¢%(N)) by 6(n) = S", where S : £2(N) — ¢*(N)
is the unilateral shift operator. Then, & is a pure isometric representation on
¢*(N). Let V : [0,00) = B(L*([0,1)) ® ¢*(N)) be the pure isometric rep-
resentation induced by &. Clearly, dim(A(&)) = 1. By Prop. 3.3, we have
dim(A(V)) = 1, and consequently, V is irreducible, and

MVY = Clrory ® lean)- (10)
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Let o : N — B(J() be a pure isometric representation. Since o is pure, by
Wold decomposition, there exists a Hilbert space J{,, and a unitary U : £2(N)®
Fy — H such that

o(1) = U(S @ 1)U*.

So, we can assume that up to a unitary equivalence, H = ¢ 2(N® K, o, for some
Hilbert space F(y, and (1) = S®1 = (1) ® 1, where 1 € B(H) is the identity
on H,. Let V be the induced representation due to . We thus have

M(0) ={lpn) @ T|T € B(Hy)},

V[ = V[ ® 1, al’ld
MVY = {12001y ® vy ® TIT € B(Fy)} (by Eq. 10)
= I2(j0,1)) ® M(0)'.

The proof is complete. O

Now, letd > 2. Leto : N4 — B(J) be an isometric representation, and let V'
be the associated induced isometric representation. Foramap7 : N¢ — 7, we
define &7 : [R‘fr — L*([0,1)4, %) in the following manner: let (t;,t,, -, t4) €
R‘i. Then, there exist n;, n,,---,n; € Nsuch that n, < t, < ni + 1, for all
1 < k < d. Define,

g&wutd)(xl’ e, Xg) L= Ny, eeig)
whenever (x, Xy, -+, Xgq) € J;, XJ;, X -+ X J; . Recall that

J o= [0,1 =t + ny), i = ny,
O =t + g, 1), i = g + 1
With the foregoing notation, we have the following theorem.

Theorem 3.6. Assume that o is strongly pure. Then,

(1) The representation V is pure.

(1) The map A(c) 2 n - &" € A(V) is an isomorphism.

(2) MV = 12(j0,1y0) ® M(0)'.
In particular, Index(c) = Index(V). Also, V is irreducible if and only if o is
irreducible.

Proof. We prove this by induction. The case d = 1 follows from Prop. 3.3 and
Prop. 3.5. Assume that the theorem holds for d. Let o : N¢*!' — B(H)be a
strongly pure isometric representation. Define

c® : N4 — B(F(), V() = o(11,0),
0@ : N - B(H),c@(n) := (0, n).
Then, for all (11, n) € N1 o(m, n) = cW)c@(n) = c@()ocW(). Note
that o and o‘® are strongly pure. Let V¥ : R? — B(L*([0,1)%, %()) and
V@ R, — B(L3([0,1), K)) be the respective induced isometric representa-

tion. Define
U : L*([0, )%, 70) — L*([0, 1)1, 7¢),
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U&(xy, X355 Xgq1) 2= §(x25 X3, -+, X415 X1)
for all & € L2([0,1)4+1, 7). This implies,

U(Lizony ® ViU = Visg), V5 € RY,
2
1L2([0’1)d) ® VE ) = V((),t): Vt € R_,_
Thus, by our assumption, we have
C*{Vis0)l5 € RYY = UBL([0,1))) ® 112010 @ M(aV))U*
= 112(0.1)0) ® BL*([0,1))) ® M(cWY
C*{Voplt = 0Y = BLA([0, 1)) ® 112(j0.1y) ® M(cP).
However, M(V) = C*{V (5|5 € R‘i}’ N C*{V (st > 0}. Therefore,
MVY = 1201y ® Liaqory ® MDY N M(6®@))
= 1L2([0’1)d+1) ® M(O’)’.
Let7 : N1 — 7 be a map. Recall that &7 : R*™ — L2([0,1)%*1, %() is

defined as follows: let (t1,t5,+,tq41) € Ri“, and let ny, n,, -+, ng,; be non-
negative integers such thatn, <t, <n;+1,forall1 <k <d+ 1. Then,

n .
5(11,...’td+1)(x1’ !xd+1) = n(il"",id+1)’

whenever (xy, X3, *+, X441) € Jy XJ;, X---XJ;, . Then, §7 is an additive cocycle
of V iff  is an additive cocycle of o and the proof is similar to Lemma 3.2.
We now claim that the map

Al@)an & e AWV)

is an isomorphism. This map is clearly injective.
Let § € A(V). Then, {{5}>0 is an additive cocycle of the 1-parameter

isometric representation {Vi5n}>o = {1 ® sz)}tzo- Thus, there exists f €
L*([0,1)?) and an additive cocycle £ of V@ such that g,y = f ® £ t(z)’ ie.

2
o (X1 Xarn) = FOer, -+, X)EP (xgp).

By Prop. 3.3, there exists a unique 7@ € A(c®) such that @ = 7). There-
fore,forn <t<n+1,

FOers s xamy s i Xap €10,1— 1 +n),
g((),t)(xl’ ey Xgp1) = @ .
f(x]_a tte 1xd)nn+11 1fxd+1 € [1 -+ n, 1)
Similarly, {5(5,0)}56[&1 is an additive cocycle of the isometric representation
Dy s L .
{V(§,0)}§eRd+ ={U(12(j01) ® VE. U }S~eRd+ . This implies that {U* é’(g,o)}geRi isan
additive cocycle of {1720,1)) ® ngl)}s"eRi . Therefore, there exists g € L2([0,1))
and £ e A(VD) such that

U*f(s:o)(xb e, Xg41) = (€@ §§1))(x1, o, Xdg1)s



1548 PIYASA SARKAR AND S. SUNDAR

1
and hence, &(50)(x1, -+ Xga1) = 80%as)E Ox1, -+, Xg).
By the induction hypothesis, there exists ) € A(c™) such that, for m;, <
S < my + 1,
1
g(sl’...,sd’o)(xly T xd+1) = g(xd+1)77£il),..,,id)
whenever (xq, -+, Xg) € J; X---XJ;, and x4, € [0, 1), where i € {my, m; +1}.
Let0<t; <1,forl1 <k <d+1.Then,i, €{0,1},forl1 <k <d+1.
1
E(trontgs0) (X150, Xgq1) = g(xd+1)77§il),~--,id)’

whenever (xy, -+, xg) € J;, X -- X J;, and x4,; € [0,1).

0,010, (X155 X)) =
0, (x1,-++,Xgy1) € [0, 1)4 X [0,1 — £41),
2
f(xl’ Tt ’xd)r)g )’ (x17 tte ,Xd+1) € [0’ 1)d X [1 - td+1’ 1)'

Since ¢ is an additive cocycle, we get the following.

g‘(tl’""td+1)('x1’ T xd+1)
= §(t1,~~~,td,0)(x1, . Xd+1) + V(tl"",td,o)é‘(O,---,0,td+1)(x1, e xd+1)

1
g(xd+1)17£l'1),'“,id)’ (xl’ ,Xd,Xd+1) € Jil Xoeee XJid XJO’

1 : . . e
g(xd+1)77§il),..‘,id) +0(iy, i, 0)f(xy + 1y — iy, oo, Xg + tg — ld)’?i )
(%, - ’xd’xd+1) EJil X e XJid xXJ1,

Again,

'g(tl,~~~,td+1)(x1, , Xd41)

= f(o,n-,o,rdﬂ)(xla e Xge1) T V(O,--A,O,tdﬂ)g(tl,--',td,O)(xlﬂ o Xd41)

1
g(xg41 + td+1)77§i1),..-,id)’ (X1, 7, X, Xg41) € Jyy X -+ X T, X Jo,

1 2
= 1000, -+, 0, 1g(Xapy + tars = Dy o+ FGxy, o xamy,

(xl, ,xd,xd+1) S Jl'] X oo X]id XJl,
Combining both, we get, for each (i, ---,iy), given 0 < t4,1 < 1,
1 1
g(y)ngil),,__,id) =gy + td+1)nﬁi3,,,’id),
for all almost all y € [0,1 — t4,). Similarly, when (i, ---,iy) = (0, ---,0), given
t1,+,tg €[0,1), we have, for almost all x; € [0,1 — t3),

2 2
f(x1,"',xd)77i )= SO + 61,000, x4 +td)77§ ),

Thus, fniz) is constant on [0,1)? and, for each iy, ---,iy) € {0,1}, gnéil) ) is
s
constant on [0, 1), i.e, there exist ¢, ...; ), dy € C such that f(xy, --- ,xd)ngz) =
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d077§2) almost everywhere on [0, 1)¢, and g(y)n((l.l) i) = Gl d)néil) i) for al-
s R L

most all y € [0,1). Hence, forn, <t, <n+1,k=1,2,---,d+ 1, we have, for

(X1, X3, 0+, Xgq1) €y X - X J;, X [0, 1),

1
g(tl’...,td,o)('xl’ tty xd+1) = C(il—l’ll,"',id—nd)ngl‘l),,,,7l‘d)‘

Also,

2
§ (x X ) — donl(’ld)_*_la (xla R xd+1) (S [0, l)d X Jnd+1’
0,---,0,t 1> """ s Ad+1) — 5
( ) donid)ﬂ*’l’ (xl’ B xd+1) € [05 1)d X Jnd+1+1-

Denote ¢y = ¢(,... o) and define

. 1 3
N(ny,-ngyr) = COU(("i,"',”d) + O'(nl, Ny, 0)d0771(1d)+1’

for all n; € N. It is clear that 7, .
m € N¢ and n € N, we have

~-,nd+1) € ker(a(nly v 9nd+1)*)- For any

Nom0) + (171, 0N )
= ey + 00, m)dnS? + o (i, 0)(con” + (0, 0)dgn>)
= 0077%) +o(m, 0)dgny)
= Emno)(X15 > Xg41) + (171, 0)8 5 0y (X1, -+ 5 Xg41)
= g(m,n)(xl’ oy Xdy1)
=o)X, 5 Xg41) + a(0, )En0)(X15 -+ s Xd41)
M
m
= (cony” + 0(0,0)dgn) + (0, n)(cony’ + o7, 0)dyy )

= D@y + (0, WNoa0)-

= dyn$? + o (0, n)cyn

This suffices to prove that 7 is an additive cocycle of o. But, this also implies
that £” is an additive cocycle of V. Since ¢ and £” are additive cocycles, and
€s0) = §'(n§o), o) = 5276 N for § € R%,¢ > 0, it follows that £ = £7. Thus, the
map A(o) 2 n — &§" € A(V) is a bijection and that concludes our proof. O

Remark 3.7. Let ¢ : N¢ — B(H) be an isometric representation. For k €
{1,2,---,d}, define isometric representations o of N on H by setting

G(k)(m) = 0(05""09m30"”50)5

with m in the k' position. Recall that the representation o is called strongly pure
if o® is a pure isometric representation, for all 1 < k < d.

Suppose o is a pure isometric representation, not necessarily strongly pure, of
N9 on . Let aj,a,,--,a; € N? be order units for Z¢, i.e., for every x € Z¢,
there exist my, my, ---,my € N such that mya, — x € N4, for all k. Define & :
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N — B(H0) by setting (0, ---,0,1,0,---,0) := o(a;) whenever 1 is at the kth
position. Since o is a pure isometric representation and ay, is an order unit,

m Ran(5(0,---,n,---,0)) = ﬂ Ran(o(nay))

neN neN

= ﬂ Ran(o(ny, ---,ny))

(ny,-++,ng)ENd

= {0}
Therefore, 3% is a pure isometric representation of N, forall 1 < k < d. Thus, &
is strongly pure.
We can choose the order units a,, --- , ay such that they span Z¢. Then, due to

Prop. 2.3, dim(A(0)) = dim(A(&)) and M(c) = M(&)'.

4. Examples

In this section, we prove Thm. 1.1. First, we explain that Thm. 1.1 follows
if we prove the analogous two parameter discrete version. The reduction is
explained below. Let P be a closed, convex cone in R¢ that is spanning and
pointed. Assume thatd > 2.

(1) Since P is spanning and pointed, without loss of generality, we can as-
sume that P C IRdJr. Thanks to Prop. 2.3, it suffices to prove Thm. 1.1
when P = [Ri. Hereafter, assume that P = Ri.

(2) Suppose V' : Ri — B(¥) is an isometric representation of Ri. Let
W : RY — B(J() be defined by

W(tl’tZ""’td) L= V(t17t2)'

Then, it is not difficult to show that A(W) = A(V). Consequently,
Ind(W) = Ind(V). Clearly, W is irreducible if and only if V is irre-
ducible. To denote the dependence of W on V, we denote W by WV

Moreover, for isometric representations V; and V, of Ri, W1 and
W2 are unitarily equivalent if and only if V; and V, are unitarily equiv-
alent. Thus, it suffices to prove Thm. 1.1 under the assumption that
P=R:.

(3) Thanks to Thm. 3.6, to prove Thm. 1.1 when P = Rf_, it suffices to
produce, for any given k, a continuum of strongly pure irreducible iso-
metric representations of N? with index k. Remark 3.7 allows us to drop
the requirement that the desired irreducible isometric representations
of N2 need to be strongly pure.

With the discussion above, the problem now boils down to finding pure iso-
metric representations of N? that are irreducible and whose space of additive
cocycles have dimension k for k € {0,1,2,3,---,} U {co}.

Proposition4.1. Letd € {1, 2, ---}U{oo}, and let F( be a separable Hilbert space.
Let {P;|1 < i < d} be a family of mutually orthogonal projections on J such that
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d k
ZPi = 1. Foreach k > 1, define Q, :=1— ZPi' Let U be a unitary on H.
i=1 i=1
Define an isometric representation o : N> — B(J ® ¢*(N)) by
d
0(1,0):=1Q®$S, 0(0,1) := Y UP; ® S,
i=1
where S is the usual shift operator on ¢(N). Then,
(1) dim(A(0)) = dim(ix € K|x € ker(U — Dand 3, [1Qix|]? < oo}),
and
2) M) =C*{U,Pl1 <i<d}) ® 1.

Proof. Let {5;};( be the standard orthonormal basis for £2(N). Suppose &
{&(mn)Yommyene 1s an additive cocycle of o. Since &(; ) € ker(a(1,0)*), {10
X ® &, for some x € H. Let §o 1) = Z Y ®3;. Asa(0,1)*§(p1) =0,

j=0
D QP Uy) ® 8y =0.
k>0 j>k
This gives us that for each j > 0,
j+1

U*y; € ker(D] P;) = Ran(Qj41).

i=1
Now, since £ is an additive cocycle, it satisfies
§a,0) +9(1,0)801) = &01) + (0, 1)Eq 0)s
which in turn implies
j+l
U*y; = U*x — (D P)x,¥j > 0.
i=1

Since U*y; € Ran(Qj,,), we get Pix = P;U*x for every i, and consequently,
for every j, U*y; = Qj;U*x, i.e y; = UQ;U*x. Since Pi(x — U*x) = 0, for
all i, and ZiPi = 1, we have U*x = x. Hence, yj = UQjux. The fact that
% 150Y) ® 8; € I ® ¢3(N) implies > Qx| < .

Conversely, choose x € ker(U — 1) such that Zil [|Q;x||? < oo. Let Na,0) =
X ® Jpand 1) = ijo UQj+1x ® §;. Itis routine to check that

Na,0 + (1, 0)101) = N0,1) + (0, e ).

Therefore, there exists an additive cocycle € : = {&(, ) }m.n)enz Such that §; o) =
X ® pand ) = ijo UQj1x®9;.

Define a map {x € H|x € ker(U — 1) and 2?21 [|Q;ix||?> < oo} = A(c) by

x - &X,
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where é’(xl,o) = X ® §, and §(’§)’1) = Z UQj41x ® §;. It is now obvious that
Jj=0
this map is an isomorphism. Therefore,

d
dim(A(0)) = dim({x € H|x € ker(U — 1) and Z [|Q;ix||? < oo}).
i=1
That concludes the first part of the proof.
LetT € M(o)'. Since, T € C*{c(1,0) =1Q® SY, Tisof theformT =T, ® 1,
for some Ty € B(¥(). Also, Ta(0,1) = 0(0,1)T. Thus,

D T,UP; ® S = Y UP,T, ® S
i>1 i>1
Hence, ToUP; = UP;T,, for all i > 1. Summing over all i, we get
T U = UT,,
and that implies, for alli > 1,
ToP; = P;T,.
Thus, M(c) € C*({U,P;|]1 < i < d}) ® 1. Clearly, the reverse side of the

inclusion holds as well, and we get
M(o) =C*({U,P;[1 <i<d}) ®1.

Remark 4.2. Note that, in Prop. 4.1, when { is finite-dimensional,
Ind(oc) = dim(A(o)) = dim(ker(U — 1)).

We use Prop. 4.1 to produce concrete examples of irreducible isometric rep-
resentations of N? with any given index.

Example 1: For this example, we refer to the work of Albeverio and Ra-
banovich [1]. Let B; denote Artin’s braid group,

By =(S,J|S? =J3)

Let m be a positive integer. Theorem 5 of [1] asserts that there exists a non-
empty open set Q in a Euclidean space and a family of irreducible unitary rep-
resentations {7y, },cq of By on C®™ such that

(1) for h # k, ), and 7). are not unitarily equivalent, and
(2) for h € Q, dim(ker(m,(J) — 1)) = 2m.
For the explicit expression of the representation 7;, the reader is referred to
Section 3 of [1]. For h € Q, set P;, := LH7a(S)
isometric representation o, : N> — B(C%" ® ¢2(N)) by setting
0,(1,00=1®3S; 6,(0,1) =U,P,®1+U,(1-P,)®S.
Let h € Q. It follows from (2) and from Prop. 4.1 that Ind(c,) = 2m for every

h € Q. By Prop. 4.1 and the fact that 7;, is irreducible, it follows that o), is
irreducible.

,and U, := 7, (J), and define an
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Let h,k € Q be given. Suppose T is a unitary operator that intertwines o},
and oy, i.e To,(-) = 03 (-)T. Then, T(1®S) = (1® S)T. Hence, T is of the form
T = T, ® 1 for some unitary operator T, on C*". The equality

(To ® 1)54(0,1) = 04 (0, 1)(Tp @ 1)

leads to the conclusion T U}, = U, Ty and TyP), = P, T,. In other words, ), and
7, are unitarily equivalent. Thus, the isometric representations o, and o}, are
not unitarily equivalent if & # k. This gives a plethora of irreducible examples
with even index that are not unitarily equivalent.

It is not difficult to construct other examples as the following two classes of
examples show.

Example 2: Let J be a finite-dimensional Hilbert space with an orthonor-
mal basis {e;, e,, ...,e,}. Let P; € B(H) be the projection onto the subspace
spanned by e;, fori = 1,2, ...,n. Choose a € K such that {(ale;) # 0 for every
i=1,2,..,n Let P, € B(J() be the projection onto the subspace spanned by a,
i.e. Py(x) :=<(x|a)a,forall x € K. Define U, € B(})byU, = 1—2P,. Then,
U, isaself-adjoint unitary on K and dim(ker(U,—1)) = dim(ker(P,)) = n—1.
Also, C*({U,, P4, ..., P,,})) = C. Define an isometric representation oc@ N2 >
B(J ® £*(N)) by

n
0@(1,0) :=1®S5, c'9(0,1) := Y, U,P; ® SL.
i=1
It follows from Prop. 4.1 that Ind(c‘®) = n — 1, and 0@ is irreducible
Let a,b € J be such that {(ale;) # 0, (ble;) # 0,foralll < i < n, and
there exists k € N, 1 < k < n such that [{a|e;)| # |{blex)|.- We claim that

0@ and o® are not unitarily equivalent. Let us assume there exists a unitary
T : HQ*(N) - H Q ¢*(N) such that

To@D(m, n) = o®(m, n)T

for (m,n) € N2,

Since T commutes with ¢(®(1,0) = ¢®(1,0) = 1 ® S, it follows that there
exists a unitary T, € B(J¥() such that T = T, ® 1. Also, the equality (T, ®
1)a‘@(0,1) = o®(0,1)(T, ® 1) gives

ToU,P; = UpP;Ty, foralll <i < n. 11)
Adding them, we get
ToU, = U,T,. (12)
Eq. 12 and Eq. 11 imply that TyP; = P;T, for every i. Thus,
Toe; = Aie;

forsome A; € T, forall 1 <i < n. Eq. 12 implies TyP e, = P,Tyey for all k,
which simplifies to

AilexlaXale;) = Ai(ex|b)(ble;), Vi
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Thus, we get |[(ale,)| = |(bley)| for all k, which is a contradiction. There-
fore, (@ and o® are not unitarily equivalent whenever there exists k such that
[Kalex)| # [(blex)l.

Example 3: Let JC be an infinite dimensional Hilbert space with an or-
thonormal basis {e,},cn. Define P; © ¢ — I by Piej = §jje;, foralli € N.
Choose any a € H with (ale;) # 0 for all i € N, and let P, be the projection
defined by P,e; := (e;|la)a, for alli. Set U, = 1 — 2P,. Define an isometric
representation 0@ : N? — B(H ® ¢3(N)) by

(0]
o@(1,0) :=1® S, 09(0,1) := Y U,P; ® S,
i=1

Note that C*{U,,P; : i = 1,2,---} = C. Hence, by Prop. 4.1 o(@ is an irre-
ducible isometric representation of N2. By Prop. 4.1, ¢(® has index equal to
the dimension of the space {x € ker(U, — 1)| Z(n — D||Px||* < oo} and

n>2
the latter has infinite dimension. Thus, I nd(a(a)) = o00. Also, just like in the
finite-dimensional case, if we choose a,b € H such that for some k € N,
I{alex)| # |(ble)|, then 0@ and o® are not unitarily equivalent.
We encompass all of the above in the following theorem.

Theorem 4.3. For each k € {0,1,2,---,} U {0}, there is a continuum of irre-
ducible isometric representations of N? that has index k.

Note that Thm. 1.1 is now immediate from Thm. 4.3 and the discussions
made at the beginning of this section. As explained in the introduction, Thm.
1.1 implies Thm. 1.2.
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