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Results on a strong multiplicity one theorem

Chandrasheel Bhagwat and Gunja Sachdeva

ABSTRACT. We prove an analogue of the strong multiplicity one theorem in
the context of 7,-spherical representations of the group G = SO(2,1)° ap-
pearing in L?(T;\G) for uniform torsion-free lattices I';,i = 1,2 in G. This
is a generalisation of a previous result by the first author and C. S. Rajan in
[BR11] for the case of G = SO(2, 1)°.
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1. Introduction

It is well known that the representation theory of semisimple Lie groups and
the spectral theory of differential operators on associated symmetric and locally
symmetric spaces are intimately related. In the context of discrete subgroup T
of a Lie group G with compact quotient, the spectra are discrete, and hence
it makes sense to study the multiplicity function for eigenvalues of Laplacian
operator as well as the irreducible representations appearing in function spaces
onT'\G.

In [BR11], C.S. Rajan and the first author established a strong multiplicity
one property for L>(I'\G). In the same article, they have also studied the rank-
1 semisimple Lie groups and established a strong multiplicity one property for
the K-spherical representations of rank-1 semisimple Lie group G, equivalently
for Laplacian eigenvalues for €*°(I'\G/K).

The aim of this short note is to prove an analogue of the above results for the
7-spherical representations of SO(2,1)° for irreducible representations 7 of its
maximal compact subgroup K = SO(2). We use the classification of irreducible
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representations of SL(2, R) and SO(2, 1)°, their K-types, some properties of the
function spaces on SO(2, 1)° with respect to the regular action of K X K, and
Selberg trace formula (as in [BR11]).

Our main theorem is

Theorem. Let G = SO(2,1)°, t be an irreducible representation of K, and @T
be the set of isomorphism classes of irreducible unitary representations (7, V') of
G such that the t-isotypic component V' # (0). Suppose I'; and T', are uniform
torsion-free lattices in G such that the multiplicities of 7w in L*(T;\G) fori = 1,2
satisfy

m(z,T) = m(z,T,)  for all but finitely many representations = € G,.
Then, m(m,Ty) = m(w,Ty) forall representations w € C/}\T.

We also establish the relation for the multiplicities of 7 € G, in L*(I'\G) and
multiplicities of eigenvalues of Laplacian in €*(I'\G, 7) in Proposition 3.2. We
note that the Laplacian eigenvalues corresponding to the non-trivial discrete
series representations are negative.

It is well-known that these eigenvalues are exactly the eigenvalues of the
Laplacian operator acting on the smooth sections of the homogeneous vector
bundles on G /K defined by 7, and hence all these eigenvalues must be positive.
This bodes well with the conjecture that the non-trivial discrete series repre-
sentations do not appear in L2(T'\G).

2. Representations of SO(2,1)° and associated functions on
hyperbolic plane

2.1. Lie groups. Consider the real Lie group SO(2, 1)(R) defined by

10 0 10 0
SO(2,1)(R)=igeSL3(R) : gT[O 1 0 }g:[O 1 0 ]}
0 0 —1 0 0 —1

Let G = SO(2,1)° be the connected component of 15 in SO(2,1)(R). An
Iwasawa decomposition of G is given by G = ANK where

cosht 0 sinht
A= {at = 0 1 0 T te R},

sinht O cosht

u u
1-— u —
2 2
N=1n, = —u 1 u u e Rg,
w u 1+u2
2 2

cosf —sinf 0 B
K={k9= sin6 cosf6 O | : 66[0,271]}:“ 1] : Be S0(2)
0 0 1
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An isomorphism between PSL,(R) and SO(2,1)°: We fix an isomorphism
between the groups PSL,(R) and SO(2, 1)° once and for all.

Define ¥ : SL,(R) — SO(2,1)° by

%(a2—b2—c2+d2) ab —cd %(a2+b2—02—d2)
W([Ccl Z]): ac — bd ad + bc ac + bd
1

@ =P+ —d) ab+ad %(a2 +D 4+ d?)

It can be checked that W is a group homomorphism, and kernel(¥) = (£I,).
Thus ¥ defines an isomorphism of Lie groups between PSL,(R) and SO(2,1)°.
We also note down the images of some special elements of SL,(R) under ¥ here.

cosh2t 0 sinh2t

el 0 ]
- sinh2t 0 cosh?2t

u? u?
1-— u —
1 u— 2 2
Y =n, = —u 1 u VueR,
0 1 | 5 5
L u 1+u_
2 2

[ cos20 —sin28 0 ]

v e e [) ko =| s s 0] veen
0 0 1

Thus the Iwasawa decompositions for SL,(R) and SO(2, 1)° are related via the
map ¥. We make use of this fact later in the discussion for K-types of irreducible
unitary representations of SO(2, 1)°.

2.2. Induced representations of G. Fix Haar measures on G and K such that

JS1dk = 1. We identify dk with the normalised Lebesgue measure % on
K

[0,27]. Let s € C. Define a character of the torus A of G = SO(2,1)° by
Us s a, > et Vi eR.

Inflate y; to the Borel subgroup B := NA = AN of G and then consider the
induced space V(s) consisting of all measurable functions f : G — C such that
fi, € LA(K,dk) and

f(bg) = e'uga)f(g) Vb=an,€B=AN,geG.
Define a representation p; of G on V(s) by

ps@f()=f(yg) VgyeG, feV(s.
The representation (p,, V(s)) is unitary and irreducible precisely when s €
iR U (—1,1) (see [LA85]). Furthermore, the only possible isomorphisms be-
tween (p,, V(s)) and (pf, V(s")) are when s = +5’. Thus we can without loss of
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generality assume s € iR, Ul (0, 1) while considering the irreducible unitary
representation V(s), and we call (py, V(s)) by the names principal series when
s € iR, and complementary series when s € (0, 1), respectively.

2.3. Associated spherical functionson K. Fixs € C. Let H = {z = x+iy :
y > 0} be the hyperbolic 2-space. Consider the usual action of SL(2, R) on H
by fractional linear transformations andletg : z = g -z := ¥~(g) - z be the
corresponding action of G = SO(2, 1)° on J. We use this to define a function
Xs - H — Chby

Xs(x + iy) = Xs(nxalny : 1) = :us(nxalny) = ys Vx+ iy € H.
Let ¢, be the function defined by

¢s(z)=/)(s(k-z)dk Vzel,
K

wherek-z :=¥~Y(k)-zforallz € ¥, k € K, and ¥~!(k) - z denotes the usual
action of SL(2, R) on J by fractional linear transformations.

A simple calculation (as in [LU10, p.65-67]) gives that
Lemma 2.1. Forevery s € C, the function ¢_ 1 satisfies:
2
D) ¢ 1k-z)=¢ _1(z) VkEK, z€H.
2 2

d2

dx?

(i) .1 € C°(H) and Ap 1 = 1_Ts2qb 1 where A = —y?(
2

. .
o + —) is the
2 dy?

hypzerbolic Laplacian operator on J.

2.4. Discrete series representations. For every positive integer m > 2, there
are inequivalent unitary discrete series representations D*(m) of the group G
that can be realised as an irreducible sub-representation of the induced space
V(m —1). This follows from the construction of discrete series representations
of SL(2, R) (see [LAS85]).

2.5. K-types of irreducible representations of SO(2,1)°. Let n € Z. De-
fine 7,, to be a character of the (abelian) group K by
Tn(ke) =l vy ko € K.

For any unitary irreducible representation (7, V') of G, we have a Hilbert di-
rect sum decomposition of V into K-isotypes

V= @Hn

nezZ

where H,, is the K-isotype V™ of V w.r.t. 7, i.e.
H,={veV : nlkyv = 1,(kg)v = v Vky €K}
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It can be shown that for every n € Z, the complex vector space H,, is either
(0) or of dimension 1 (this is a well-known fact. As reference, see [LA85, p.
24)).

We say that the K-type 7,, appears in 7 if H, # (0) in V. Thus

@i - @

nezZ T, appearsin 7w

The irreducible unitary representations 7 of G bijectively correspond to the
irreducible unitary representations 7 of SL(2, R) such that —I,,, € kernel(7).
Thus only ‘half” of the discrete series representations of SL(2, R) appear in the
list for G. Using this and the adjoint action of the Lie algebra g of G, we can
compute the K-types that appear in 7 for all irreducible unitary representations
7 of G. The following table summarises this information.

1 7o
DS, m>2even | 7,: n=%+j,j20
D,, m<-2even |T,: n=—%—j,j20
ps, S €1iR5oLI(0,1) T, ne”Z

Definition 2.2. An irreducible unitary representation (7, V') of G is said to be
7,-spherical if there exists a nonzero vector v € V such that

n(kg)v = 1,(kg)v = v V kg € K.

For a given n € Z, we can list the 7,-spherical representations of G as fol-
lows:

n>0 1,D} : m€{2,4,..,2n},p; : s € iR5o U (0,1)
n=0 l,pslseiRZOU(O,l)
n<0|1,D, :me{-2,—-4,..,-2n},ps : s €iR5,L(0,1)

Notation: Let G\Tn denote the 7,,-spherical spectrum of G, defined as the set of
all equivalence classes of irreducible unitary representations 7z of G such that
T, appears in 7.

2.6. 7,-spherical representations and 7,-spherical functions. Forn € Z,
we denote by C°(G/ /K, t,,), the space of all compactly supported smooth func-
tions f : G — C such that

f(k@l.Xkez) = ei”(91+92)f(x) Vxea, k91’ k92 eK.

Let (7r, V) be a 7,,-spherical representation of G. Lete, € H, = V'™» C V be a
unit vector. Let ¢, : G - C be a function defined by

$.(x) = (m(x)ey,e;) Vx€EGQG.

We state a lemma here which will be used later.
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Lemma2.3. Let (7, V) be a t,,-spherical representation of G. Then the character
distribution of 7 satisfies

() = f F@L@)dg V[ € C2(G//K. 1),
G

where ¢..(g) is defined by

(m()o_p,v_p) fH_, =Cv_y #(0),|[v_yll =1
0 ifH—n = (0)

Proof. Letkg € K,v,w eV, f € ¢(G//K,t,). We have
(ko) (v, w) = (7(fHv, m(k_g)w)

- j F00) ()0, 7k _g)w) dx
G

¢n(8) = {

=ff(k_9x) (7(x)v,w) dx
G

= e‘ine(n(f)v, w).
Thus we conclude that
n(flveVi~=H_, VYveV, feC®G//K,t,).

+ Case (1). The isotypic component V'-» = H_,, in (7, V') is non-zero, say
equals Cvu_,, for some v_, with ||v_,|| = 1. Thus y,(f) = trace n(f) =
(m(f)v_,,v_,) since the components H,, are mutually orthogonal and
n(flreH_,VveV.

 Case (2). The isotypic component V- = H_,, in (7, V) is zero. In this
case 77(f) = 0 from above calculation.

In both cases, we get the desired conclusion for the character distribution y,
of 7. O

From Lemma 2.3 and its proof, we also conclude that

Corollary 2.4. If 7 is 7,-spherical, and f € C°(G//K,t_,), then

1) = f FOOb.0x) dx.
G

3. Some preliminary results

Let T be a uniform lattice in G so that the quotient space I'\G is compact.
Consider the regular representation of G on L*(T'\G). For an irreducible unitary
representation 7 of G, let m(x, T') be the multiplicity of 77 in the decomposition
of L2(T\G).
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Now further assume that I' is torsion-free. The center Z(U,) of the univer-
sal enveloping algebra of G acts on the space of all smooth functions on I'\G.
Let C*(I'\G, 7,,) be the subspace of €*(I'\G) consisting of all smooth right z,,-
equivariant f i.e.

f(gke) = €™ f(g) VgeEG, kg €K,
It can be checked that ¢*(T'\G, 7,,) is stable under Z(U,)-action, and the eigen-
spaces V(4,T, 7,,), w.r.t. characters 4 of Z(U,) are finite dimensional subspaces
of C*(T'\G, ,,) (see [LU10]). We discuss the following result that relates the
multiplicities m(z, ;) for 7 € é\rn with these eigenspaces.

If (7, V) is a 7,,-spherical representation, then we can associate a character

Ar of Z(U,) such that ¢,(x) := (m(x)e,,e,) defines an eigenfunction of 1,
where e, is a vector in V, with ||e,|| = 1.

Lemma 3.1. If 7; : 1 < j < r are mutually inequivalent t,-spherical represen-
tations then gb,rj : 1 < j < rarelinearly independent and analytic functions on
G.

Proof. The conclusion of this lemma follows at once from the fact that ¢7er

are eigenvectors of distinct characters and also of elliptic essentially self-adjoint
differential operators in Z(U). O

Proposition 3.2. If 7 is a t,,-spherical representation, then
m(z,T) = dimcV(4,, T, 7,).

Conversely, if 1 is a character of Z(U,) such that V(A,T') # 0, then there exists
a unique t,-spherical representation 7 of G such that A = 1, and m(x,T') =
dimc V(/lﬂ-, T, Tn )

Proof. Let m = m(x,T). Let W; : 1 < j < m be mutually orthogonal sub-
spaces in L?(T'\G), each of them isomorphic to r. Let eﬁ,f dew ;j be a unit vector
such that it is a basis of the one dimensional 7,,-isotype WJT.". Define h; by

hi(x) = f e‘ineej(fj)(xke)% VxeGqG.
[0,27]

These functions h;s are smooth, are in C*(I'\G, 7,,), and are eigenfunctions of
the character 1, of Z(U,). Since the vectors e;] dew ;j and are mutually orthog-
onal, it follows that functions h;s are also mutually orthogonal and hence we
have

m(z,T) < dimcV(4,,T, 1,).
Conversely, if f € C®(I'\G, 7,,) is an eigenfunction of a character 4 of Z(U,),
then f € L*(T'\G). Write

L*(T\G) = @V.,
J
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where each V; is an irreducible subspace of L*(I'\G) corresponding to 77; € G.
Hence f can be written as
=2 2505
J

where each v j is a unit vector in V. Observe that, we in fact get a sum over
only those j such that VJT." # 0. Further, since f is an eigenfunction of 4, it
follows that v; is also an eigenfunction of A for all j such that a; # 0. Using the

linear independence of characters Anj forz; € G, the sum is over only those V;
for which the representation is 7 and the associated character is 4, = 4. This
implies that

m(z,T) = dimcV(4,,T,1,,).

4. Main results

Let I'; and I'; be uniform torsion-free lattices in G. We prove the following
analogue of the strong multiplicity theorem for 7,-spherical spectra for I'; and
I,.

Theorem 4.1. Let n € Z. Suppose I'; and ', are uniform torsion-free lattices in
G such that

m(r,T1) = m(z,T,) forall but finitely many representations w € @Tn.
Then wm(x,T,) = m(m,T,) forall representations w € @Tn.
We first prove a series of lemmas here.

Lemma 4.2. The space C°(G//K,t,) separates points on the orbits of K X K-
action on G given by

(ko, ko,) - g = kelgke_zl-

Proof. Let KxK and KyK be disjoint orbits of the above action. Let f be a
smooth and compactly supported function such that f = 0on KyK and f > 0
on KxK. Define F by

. do, db
o= [ [ e ghe) T2 52
[0,277] [0,27]
ThisFisin €°(G/ /K, 1,), and separates KxK and KyK because of the assumed
properties of the function f. O

We state two more results about uniform lattices in semisimple Lie groups
here. We refer the reader to [BR11] for the proofs.

Lemma 4.3. IfT is a torsion-free uniform lattice in G, then every nontrivial con-
jugacy class [y]g of y € T is disjoint from K and hence 15 & K[y]cK.
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Lemma 4.4. Given torsion-free uniform lattices T'; and T, in G, there exists a
non-empty open set B C G which is (K X K)-stable and disjoint from all conjugacy
classes [ylg withy € T UT,.

Proof of Theorem 4.1. Let S be a finite subset of @Tn such that
m(x,T;) =m(n,T,) Vre @Tn \S.

Applying the Selberg trace formula for lattices I'; and I', for a function f €
CP(G//K,1_y), we see that

> @) -mE ) x( = 3 [a@.T) - a(.TI0,f)
res [ylell1]cull]e
(here the term O, (f) refers to the orbital integral of f w.r.t. the left invariant
measure on the conjugacy class [y] in G (see [BR11], [WA76] for more details).

Let¢p = >, (m(n,T'y) — m(x,T,)) $,. Thus using Lemma 2.3, we have
TeS

f f(8) ¢(g) du(g) = Y, laG.Ty) - a@.TYI0,(f).
G

[y]1€[T1]cUIT:]e

Choose a K X K-stable open set B that avoids all conjugacy classes appearing on
the right hand side of above (as in Lemma 4.4). For every f € CX(G//K,t_,)
that is supported on B, we have

f £(9) #(g) du(g) = 0,
G

showing that ¢ = 0 on B since C°(G//K, t_,) separates points on B as seen
in Lemma 4.2. Since all ¢, with 7 € S are analytic and linearly independent,
we conclude that
m(x,T,) =m(r,T,) VmreSs.
O

Remark 4.5. We expect that the analogous result to Theorem 4.1 should also
hold for the case of real rank one Lie groups G and the K-types of their irre-
ducible unitary representations with respect to their maximal subgroups K.
The authors would like to explore more in that direction as a sequel to this
work. It will be also interesting to ask whether the isospectrality with respect
to t-spherical representations with respect to a particular K-type determines
the isospectrality with respect to the full representation spectrum of L3(T';\G),
i=1,2.

Remark 4.6. As pointed out by the anonymous referee of this manuscript,
these results can be generalised to the case of the group SL,(R) without any
non-trivial modification of the proof. There are two cases to consider. If the
uniform lattice contains the central torsion element —I,,, but no other tor-
sion, then this case reduces to the case already studied of PSL,(R) divided by a
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torsion-free uniform lattice. If however the uniform lattice in SL,(R) is torsion-
free, then one will see in addition more representations with half-integral K-
types, namely non-spherical principal series, discrete series, and limits of dis-
crete series, as described in [LAS85].
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