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Strichartz estimates associated with the

Grushin operator
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ABSTRACT. Let G = —A — |x|?8? denote the Grushin operator on R"+. It is
well known that the Grushin-Schrédinger equation is totally non-dispersive
and hence the classical approach to obtain Strichartz estimates fails. In this
paper, we prove a restriction theorem with respect to the scaled Hermite-
Fourier transform on R"*? for certain surfaces in N7 X R* xR and as an appli-
cation, we obtain anisotropic Strichartz estimates for the Grushin-Schrédinger
equation and for the Grushin wave equation.
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1. Introduction
Consider the free Schrodinger equation on R":
idu(x,s) — Au(x,s) =0, xeR" seR\ {0},
u(x,0) = f(x),
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where A denotes the standard Laplacian on R”. It is well known that e 2 f is
the unique solution to the IVP (1.1) and can be written as
12
e 4s
u(s) = ——— * f(. (12)
(4mis)2
An application of Young’s inequality in (1.2) gives the following dispersive es-
timate: For all s € R \ {0},

1
[uC Ollzs@ny £ —— I llpigny - (1.3)
(47|s|)>

Such an estimate is crucial in the study of semilinear and quasilinear equations
which has wide applications in physical systems (see [5, 19] and the references
therein). The dispersive estimate (1.3) yields the following remarkable estimate
for the solution of (1.1) by Strichartz [29] (see also [24, 25]) in connection with
Fourier restriction theory:

lullzaw Le@ny < C0> D I f 1 2y » (1.4)

where (p, q) satisfies the scaling admissibility condition 2yt = % with p,q > 2

and (n,q, p) # (2,2, ). We refer to [9, 11, 13] for furtﬁer Study on Strichartz
estimates and its connection with dispersive estimates.

In this work, we aim at investigating such phenomenon associated with the
Grushin operator G on R"*! defined by

G=-A—|x?82, (x,t)eR"XR,

where |x| = /X7 + - + x;..

The studies of the Grushin operator date back to Baouendi and Grushin
[8, 21, 20]. Since then, several authors studied the operator extensively in dif-
ferent contexts, involving classification of solutions to an elliptic equations, free
boundary problems in partial differential equations, well-posedness problems
in Sobolev spaces etc. [1, 14, 17, 23]. Even though numerous studies in the di-
rection of PDEs associated with the Grushin operator are currently available, to
the best of our knowledge, the study on Strichartz estimates for the Schrodinger
and the wave equations associated with the Grushin operator has not been ad-
dressed in the literature so far.

Consider the following Grushin-Schrédinger equation:

idsu(x,t,s) — Gu(x,t,s) = h(x,t,s), se€R, (x,t) e R, (1.5)

u(x,t,0) = f(x,1).
For f in L2(R™1Y), u(x, t,s) = e ¢ f(x, t) is the unique global time solution to
the above IVP (1.5) (with 1 = 0). Unlike the Euclidean case, the IVP (1.5) is

totally non dispersive (see [18]) for n = 1. A similar conclusion is observed in
the following proposition for n > 1.
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Proposition 1.1. There exists a function f € S(R"*!), the space of all Schwartz
class functions on R"*, such that the solution to the IVP (1.5) (for h = 0) with
initial data f satisfies

u(x,t,s) = f(x,t+sn), VseR, V(x,t)e R (1.6)

Notice that |[u(-,s)||, = [|fll, forall 1 < p < oo, hence one cannot expect
for a global dispersive estimate of the type (1.2). Due to loss of dispersion, the
Euclidean strategy of finding Strichartz estimates fails, and the problem of ob-
taining Strichartz estimates is considerably more difficult. Similar situations
have already been handled in the literature in different contexts. For instance,
we refer to [10, 12, 22] for compact Riemannian manifolds, [4] for the Heisen-
berg group, [2] for the hyperbolic space and [6, 15] for the nilpotent Lie groups.
In particular, Bahouri-Gérard-Xu [ 7] emphasized that the Schrédinger operator
on the Heisenberg group H¢ has no dispersion at all. Further, Bahouri-Barilari-
Gallagher [4] derived anisotropic Strichartz estimates for the Schrodinger and
the wave equations on the Heisenberg group involving the sublaplacian, only
for the radial initial data, by adapting the Fourier transform restriction analysis
initiated in [29] and [31].

Since the Grushin operator is closely linked to the sublaplacian on the Heisen-
berg group, we expect analogous results in the context of the Grushin operator.
Following the strategy introduced in [4], we obtain anisotropic Strichartz esti-
mates for the Grushin-Schrodinger equation (1.5) and the Grushin wave equa-
tion (1.14) for initial data that belongs to a more general class of functions.

For 1 < p,q,r < o, consider the anisotropic Lebesgue spaces

LI(R; LIR; LE(R™)))

with the mixed norm

Y
p
I llyrare = f f(f If(x,t,S)Ipdx) ds| dt
R R Rn

Proposition 1.1 shows that the semigroup e~*C is unbounded from L?(R"*+!)
to L' (R; L{(R; LY (R™))) unless r = oo. Therefore, we investigate the following
question: can we obtain nontrivial time space estimates for the solution u of
the IVP (1.5) such that u € L°(R; LI(R; LY (R™))) for some non-trivial (p, q)?
We affirm this question by proving a restriction theorem for the scaled Hermite-
Fourier transform (defined below) on specific surfaces in Ny xR*XR and adapt-
ing general methods to derive Strichartz estimates in [29].
The scaled Hermite-Fourier restriction theorem. For f € S(R"*?), the
space of all Schwartz class functions on R"*2 | let

A (x) = f f f(x,t,5)eMesdtds, 1 € R* = R\ {0}, v € R, (1.7)
R JR
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stand for the inverse Fourier transform of f(x,¢,s) in the (¢,s) variable. We
define the scaled Hermite-Fourier transform of f on R"*2 as

f(oc,/l,v)=f ffemeivsf(x,t,s)cbf}((x)dsdtdx=(f’1’V,<I>f}(), (1.8)
Re JR JR

for any (a,4,v) € Ny XR*XR. Here ®? is defined in Section 2 and (-, -) denotes
the inner product on R". Given a surface S in Nj X R* x R endowed with
an induced measure do, we define the restriction operator Ry : L*(R"*?) —
L?(S,do) as

Rsf = fls, (1.9)
on the surface S and the operator dual to Rg (called the extension operator) as
Es(O)(x,t,s) = /e‘”%‘”“@(a,/l, V) ®(x) do, (1.10)

(2m)? Js

© € L%*(S,do). Consider the surface S = {(a,1,v) € Ng XR*XR @ v =
(2|et| + n)|A|} with a localized induced measure do),. (defined in Section 3)
and let S;, = be the support of doj,. in S. We obtain the following restriction
theorem for scaled Hermite-Fourier transform for S .

Theorem 1.2 (Scaled Hermite-Fourier restriction theorem). Letn > 1.
(1) If1 <q < p<2, then

1Rs, Fllizcs.dong < CP. DS lizre. (111)

for all functions f € S(R"*?).

(2) Forn = 1, the inequality (1.11) holds for all f € S(R3), when p = 2 and
1<g<2

(3) Forn > 2, the inequality (1.11) holds for all f € 8,,4(R™*?), the space of
all radial® Schwartz class functions on R"*2, when p = 2and1 < q < 2.

We refer to Liu and Song [26] for a similar restriction theorem associated with
the Grushin operator (see Subsection 2.3).

Anisotropic Strichartz estimates. By duality, Theorem 1.2 can be reframed
as follows: forany 2 < p’ < ¢’ < oo,

€5, Ol < CPDIONra(s.a0, (1.12)
holds for all ®@ € L3(S, doy,.).
Now, realizing the solution of (1.5) (with h = 0) as the extension oper-

ator & Sa, acting on a suitable function on S and using (1.12), we prove an

anisotropic Strichartz estimate for the solution of the free Grushin-Schrodinger
equation. More generally, we obtain the following result.

A function f on R"*2 (resp. R"*1) is said to be radial if f(x, t,s) = f(|x|,t,s) (resp. f(x,t) =
f(x|,t)) forallx € R"and t,s € R.
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Theorem 1.3. Let f € L*(R"") and h € Ly(R; L (R"*)). If (p, q) lies in the
admissible set

+

2 n
A={(, ):2<p<g<© and —+—

b.q pP=q a D >
then the solutionu(x, t, s) of the IVP (1.5) isin L°(R; LI(R; LE(R™))) and satisfies
the estimate:

e, £, lgeroe < € (IF Ny + Il @y ) - (1113)

Moreover, at the endpoint (p, q) = (2,2), the estimate (1.13) is valid for all func-
tions f and h in one dimension, and for radial functions f and h when n > 2.

Remark 1.4. The Strichartz estimates (1.13) are not the usual ones in terms
of order of Lebesgue norms. Note that the usual Strichartz estimate, i.e., the
semigroup e~*C is bounded from L>(R"*!) to L{(R; L(R; LY(R"))) only when
(q,r, p) = (o0, 2,2), by Proposition 1.1.

Consider the following Grushin wave equation:
d2u(x,t,s) + Gu(x,t,s) = h(x,t,s) s€R, (x,t) € R*1, (1.14)
u(x,t,0) = f(x,t), Jsu(x,t,0)=g(x,t).

The solution to the above IVP (1.14) (with h = 0) can be realized as the ex-
tension operator £ =~ acting on a suitable function on the surface S, (defined
in Remark 3.2). Using the scaled Hermite-Fourier restriction theorem for the
surface S,,, we prove an anisotropic Strichartz estimate for the solution of the
free Grushin wave equation. More generally, we obtain the following result.

Theorem 1.5. Let
fel(RMY), G7V2ge lXR™Y), G?he Li(R;L2 (R™H)).

If (p, q) lies in the admissible set

sz{(p,q):2<p§q$oo and E n+2}’

+ — =
q p 2
then the solution u(x, t, s) of the IVP (1.14) is in L°(R; L?(R; Lﬁ(R”))) and satis-
fies the estimate:

||u(x,t,S)||L;=°L§L§
<C (”f”LZ([R{"H) +1|G72g | (gnsny + ||G_l/zhl|L51(R;L)2”([R"+1))) . (1.15)

Remark 1.6. In [7], Bahouri-Gérard-Xu derived a (usual) Strichartz estimate for
the wave equation associated with the sublaplacian on the Heisenberg group,
we can expect an analogue result in the case of the Grushin operator. However,
the above theorem may be viewed as an extension of Theorem 1.1 in [7] in the
context of Grushin operator.
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This paper is organized as follows: in Section 2, the spectral theory of the
Grushin operator and some properties of scaled Hermite Fourier transform on
R"*1 are discussed. In Section 3, the restriction theorem for the scaled Hermite
Fourier transform is obtained. In Section 4, the anisotropic Strichartz estimates
for the solutions to IVP (1.5) and IVP (1.14) (with h = 0) are derived. Finally,
we prove Theorem 1.2 and Theorem 1.3 in Section 5.

2. Preliminaries

In this section, we discuss the spectral theory for the Grushin operator and
the Fourier analysis tools associated with the Grushin operator.

2.1. The Grushin operator and its spectral theory: Let H) denote the Her-
mite polynomial on R, defined by

k
H(0) = (-DF (e )e?, ke Ny ={0,1,2,-}
dxk
and h; denote the normalized Hermite functions on R defined by

1 1
he(x) = Tk T H (x)e 25, k€N,

The higher dimensional Hermite functions denoted by @, are then obtained
by taking tensor product of one dimensional Hermite functions. Thus, for any
multi-index « € Njj and x € R", we define @, (x) = H?=1 haj (x;). For 1 € R*,

the scaled Hermite functions are defined by ®%(x) = |1|+ ®,(y/|4]x), they are
the eigenfunctions of the (scaled) Hermite operator H(1) = —A + A%|x|? with
eigenvalues (2|a| + n)|A|, where |a| = Z?:l aj, a € Nj. Foreach 1 € R*, the
family {(IDQ : o € Nj}is then an orthonormal basis for L?*(R™). For each k € N,

let P, (1) stand for the orthogonal projection of L? (R") onto the eigenspace of
H(A) spanned by {®@% : |a| = k}. More precisely, for f € L>(R"),

PL(Df = D) (f, ok @t (2.1)

lal=k

where (-,-) denote the standard inner product in L?(R"). Then the spectral
decomposition of H(A) is explicitly given as

HQf = Y2k + AP ). (2.2)
k=0
Note that
Pe)f () = Pil)(fod  1)od 1 (x), (2.3)

where the dilations d, on R" is defined by d,(x) = rx for r > 0.
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For a Schwartz function f on R™1, let f4(x) = f, f(x, t)e"*'dt denotes the
inverse Fourier transform of f(x, t) in the t variable. Applying the operator G

to the Fourier expansion f(x,t) = 2i Jr e~ fA(x)dA, we see that
T

GFf(x, 1) = % f =M HH (D) FA(x)dA.

R
Using (2.2), the spectral decomposition of the Grushin operator is given by

6itx0 =5 [

R

e—idt (i(Zk + n)|1|Pe(d) f’l(x)) da. (2.4)

k=0

This operator belongs to the wide class of subelliptic operators studied by Franchi
et al. in [16]. Moreover, it is positive, self-adjoint, and hypoelliptic. The opera-
tor G possesses a natural family of anisotropic dilations, namely

8,(x,t) = (rx,r*t) forr >0, (2.5)

and this anisotropic dilation structure introduces homogeneous norm on R"*!
1

n 4
p 1= p(x,t) = (Z |x;|* + t2) . With the norm p, we define the ball centered
i=1
at wy = (xg,t;) € R™! and of radius R > 0 by B(wy,R) = {(x,t) € R"*! :
o(x — xy,t — ty) < R}. We refer to [27] and the references therein for a detailed
information about the Grushin operator.

2.2. The scaled Hermite-Fourier transform on R"*1: For areasonable func-
tion f, the scaled Fourier-Hermite transform is defined by

fla, 1) = f f e f(x, NPL(x)dtdx = (f4, ), (a,4) € NI X R*. (2.6)
Rr JR

If f € L2(R"*!), then f € L*(N§ x R*) and satisfies the Plancherel formula

1,4
L f 1 z2ntry = E”f”Lz(Nng*)- 2.7
The inversion formula is given by
1 . 5
feoy=o— | e 3 fla,2) P(x) dA. (2.8)

R aeNy
If f € LY(R™*1), it can be seen that for r > 0,
(Foo) @, A) = r 5 fa,r2), 2.9)

where &, is the anisotropic dilation on R**! in (2.5).
Replacing f by Gf in (2.8) and comparing with (2.4), we get

G, 2) = Clal + A fla,d), (a,1) €N xR (2.10)
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As in the Euclidean case, (2.10) allows us to solve (1.5) (with & = 0) explicitly.
For f € L3(R"*1), taking the scaled Hermite-Fourier transform with respect to
(x, t) variable in (1.5) with h = 0, we get

i%ﬁ(oc,/l, s) — Qla|+n)|A| d(a, A,8) =0, (2.11)
i(a, 4,0) = f(a, ).
Solving the ordinary differential equation (2.11), we get
i(a, A, s) = e SClal+mIA f(g 1),

Now applying the inversion formula (2.8), the solution of the IVP (1.5) (with
h = 0) can be written as

u(x,t,s) = e 5 f(x,t) = 1 f ettt N emis@lal+mIAl fig, 1)@ (x)dA.
[R*

27 aeN"
(2.12)
We proceed to prove Proposition 1.1.
Proof of Proposition 1.1 : Fix a function Q € C¢°((1, o)) and consider
fx,t) = % f e‘Wtbg(x)Q(/l)d/l. (2.13)
1

Thus, f € S(R"*!) and comparing (2.13) with the inversion formula (2.8) we
have

o (o, ifa #0,4 € R*
fla,A) = { Q). ifa=0,1¢ R

By (2.8), the solution of the IVP (1.5) can be written as
u(x,t,s) = e 50 f(x,t) = %f e‘i’l(””s)(bé(x)Q(/l)d/l = f(x,t + ns).
1

O

2.3. Arestriction theorem for the scaled Hermite-Fourier transform on
R"*1: For u > 0, consider the surface

S"(W) = {(@,4) € Ny X R* @ 2la| + n)|A| = p},
with the measure do,, on S"(u) defined by
_ 1 H —H )
Ln(y) 0@ Ddoy = 2, 2la| +n (@(oc, 2|e| +n)+®(a’ 2|e| +n) ’

n
oceNO

for suitable functions ® on $"(u). The surface S"(u) can be viewed as an ana-
logue of the sphere of radius  in Nj x R* with surface measure do,, in the
sense that for any F € L' (N} x R*), we have

> | Fla,ddi= / ( f F(a,A)daM)du.
aeN! JR* 0 Sn(w)
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In [26], Liu-Song derived a restriction theorem associated to Grushin opera-
tor on R% x R%, analogous to the seminal work of Miiller [28]. Specifically, by

settingd, = n,d, = 1,q = p and r = p’, with lil= 1, Theorem 2 in [26]
p p

can be reframed as follows:

Theorem 2.1. [26]If1 < p < 2, then

o n(l_l)
1 Isnwllraesnuda,y < Cu 2 2 1S llLizes
for all functions f € S(R"*1) and u > 0.

In order to obtain Strichartz estimates via the Fourier restriction method for
evolution PDEs, one applies the result to specific surfaces in R"*! = R" x R,
such as the paraboloid for the Schrodinger equation and the cone for the wave
equation (see [29]).

When dealing with evolution equations associated to the Grushin operator G
on R™*! one is naturally lead to consider surfaces in Ny XR*XxR. Consequently,
restriction theorems in N X R* alone are not sufficient. Thus, we adapt the
scaled Hermite-Fourier transform on R"*2 (defined in (3.1)) and establish a
restriction theorem (Theorem 1.2) for surfaces in Nj X R* X R.

3. Restriction theorem for the scaled Hermite-Fourier
transform

For a Schwartz class function f on R"*2 the scaled Hermite-Fourier trans-
form of f on R"*2 is defined by

fla,A,v) = f f f eMels f(x, t, )L (x)dsdtdx = (f*¥, @),  (3.1)
Rr JR JR

for any (&, 1,v) € N§ x R* x R. If f € L*(R"*?) then fe LA(Nj X R* x R) and
satisfies the Plancherel formula

1 . a
1 1lL2wne2) = w”f”Lz(Nng*x[R)- (3.2)

The inversion formula is given by

flx,t,s) = 1 ffe‘ivse‘il‘ Z fla, 1,v) ®L(x) dAdv. (3.3)
R JR

2
(2”) aeNg

3.1. A surface measure: Let us consider the surface
S={(a,4,v) e Ng XR* xR : v =(2|a| + n)|4]}. (3.4)

We endow S with the measure do induced by the projection 77 : Nj XR* xR —
Ng X R* onto the first two factors, where N(’)’ X R* endowed with the measure
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du®dA, du and dA denote the counting measure on Njj and Lebesgue measure
on R* respectively. More explicitly, for any integrable function ® on S, we have

/@ do= > | 0a1 Clal +n)a])da.
S

aeNy JR*

By construction, it is clear that if ® = forr|g, where f is a function on Np x R*,
thenforall1 < p < o

18llzr(s,do) = ||f||LP(N3><R*)~ (3.5)

Our purpose here is to show that every (appropriate) function f (on R"**2)
has a scaled Hermite-Fourier transform f that can be restricted to the surface S.
In view of the Fourier restriction theorem due to Thomas [31], such restriction
property is best dealt with compact subsets in the Euclidean space. Therefore,
we consider the surface S endowed with the surface measure doj,. = Y(v)do
defined by

f@ doj,. = O(a, A, 2|a| + n)|1]) P(2la| + n)|A|) dA. (3.6)
S aeNgy VR*

with 1 any smooth, even, compactly supported function in R with an L* norm
at most 1.

Let S, , be the support of gy, in S, i.e., S; = {(a,4,v) €S : P(v) # 0}. The
restriction operator, ﬂs%c and the extension operator, £ Sore with respect to the

surface (S, doj,.) can be computed as J%SUI f=f Sa, and
(2mPEs, (O)(x,1,5) = (3.7)
e~i@lal+milse=idtg(a, A, (2]a| + n)|ADPL(x)P((2]a| + n)|A])dA.
aeNy JR*

3.2. Proof of the scaled Hermite-Fourier restriction theorem: We prove
each case in Theorem 1.2 separately. First, we prove thecasel < q < p < 2.
Before proceeding to the proof, we need to observe the following:

Lemma 3.1. Let ¢ € S(R") and 1 € R*, then forall1 < p <2,

a 1-2)
1P (Dl Lr mny < ClA]2 P71l o) (3.8)

. ; .11
where p’ is the conjugate exponent of p, i.e, = + = = 1.
p p

n—l(

—2 n-l
P2k + n) 2

Proof. Since {P; (1)} are orthogonal projections on L?>(R"),we have
IP(DPll2mny < 1@l L2(rny- (3.9)

Using the relation (2.3) and the L' — L® estimate in the proof of Proposition
4.4.2 in [30], we have

n n—1
IPk(Dllrony < 14122k + 1) 2 [|@]|Lwn)- (3.10)
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This estimate can also be found in the proof of Proposition 1 in [26]. Thus, the
Lemma 3.1 follows by interpolating (3.9) and (3.10). O

Proof of Theorem 1.2 for the case 1 < g < p < 2: By duality argument, it is
enough to show that the boundedness of the operator £ So, from L%(S, doj,,) to

L®(R; Lg/(R;Lf/(R”))). Equivalently, we show that the operator &, (Es, )"

is bounded from LI(R~L3(R;L§(R"))) to L2(R; LI (R; L (R™))), where % +
—, —1land i+ L1 =1
g Let f € S(R”gfz) From (3.7) and (3.6), we have

(27T)2555,m (&s,, ) f(x,1,5)

= / e~ ClalmItlse=i2t f(q, 2, (2]l + m)IA]) PLEOP(2lal + n)IA]) dA

n
aeNo

i

iAt
Y, st | e T e S D @ R d

oyl 2la| +n Jg 2|al+n

where the last term obtained by performing the change of variables (2|a| +
n)A — A in each integral. Using (3.1), (2.1) and writing a; = L , We obtain

2k+n
(27T)2€s (&, I f(x,t,5)

= Z 2k e Z / —L/lse+lak/ltpk(ak/1)f+ak/l A(x)z,b(/l) da

N T (P P@A R, D), (1)

k=0 +

where ¥, (1) = P(A)1,5. For fixed t € R, Hausdorff-Young inequality on the
right-hand side of (3.11) with respect to s—variable gives

oo 1 .
1€5,,,,(Es,, )" Fllyr < C 2 D3 Sl e UM P ) fEAHA ()]s
s k=0 +
(3.12)

For any function g on R"*! and for ¢’ > p’ > 2, applying Minkowski’s inequal-
ity followed by Housdorff-Young inequality and again applying Minkowski’s
inequality, we get

In view of (3.13) and (3.12), we deduce that

- 1
I€s,,,,Es,, )" Fll ey yp < C kzoz e [P DPad) fiak/l,/l(x)”Lng/,
=0 +
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But, by Lemma 3.1, we have

2a-2) a-2)
IIPk(ak/l)fi“kMIILpf <Claghl> " QCk+n) 2= P F o af o Slleps

which implies that
lEs,, (Es, )*f||L;x,Lgpr/

<CZ !

2

__/)

|||fmf( R ATV E

=0 2k 4 )+ L
21-2)
S CYIFsmaf Coms Oz 2
Lﬂ.
21-2)
S Cl[Fsmcaf ComsSlparpp A 2| by, (3.14)

where the last step is justified by an application of Holder’s inequality in (3.14)
with a > 2, - L+l =1and? + -~ = -. Then, taking a = ¢’ and applying
Minkowski’s 1nequa11ty followed by Hausdorff -Young inequality in 1— variable,
we get

)

€5, €5,V Fllmpryy S CHOA Pl (19

Thus, (1.11) follows from (3.15) by Minkowski’s integral inequality for all 1 <

qs<p<2 ]
Proof of Theorem 1.2 for the casen = 1,p = 2,1 < q < 2: Note that for
n=1,

_ 1 o [T 1 A2112
|| clocf”Lz(S,do'loc) - (27{)2 Z ]{Z;)\/(; 2k +1 ||Pk(iakl)fiak ||L2(R) ‘(,b(l)d/‘l.
+ k=
(3.16)

Consider the Hilbert space L>(NyxR*; L?(R)), with respect to the inner product

@B) = 2, | (alk,2), Bk, Dyp(A)da, for all & B € L*(Ny x RT3 LA(R)),
k=0 YR+

where R, denote the set of all positive reals. In view of (3.16) it is enough to

prove that the operator T defined on S(R?) by

Tf = %Pk(ak/l)fakl’l,
2k + 1)

is bounded from L!(R; L{(R; LZ(R™))) into L2 (N, X R*; L%(R)) or equivalently

thatits adjoint T* is bounded from L2(NoxR*; L2(R)) into L®(R; LI (R; L' (R™)))
to obtain (1.11).
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For & € L*(Ny x R*; L2(R)), the operator T* can be computed to be

T*(@)(x,t,5) = f L el py (@A) @tk OB
k=0“R* (2k +1)2
Using Minkowski’s inequality together with the Hausdorff-Young inequality
(see (3.13)), for any fixed t € R, we have

||T*(&)(’ L, ')”L;I’L)ZC < C”g”LgLi’

where

g6, 2) = PA) Y, ——— P(aed) @k, D)(x).
k=0 2k +1)2
Now

||g(’/‘l)||i2([R) = l,b(l)z Z 11 1 <Pk(ak/‘l)&(kal)aPl(akl)&(lsA)>

KI20 (2k + 1)2(21 + 1)2

alk, V|2 lled, V|2
<CpaR Y ek, Dl ([R3)|| ( )llL ([R)f L
k<l Qk +1)+(21 + 1)+ R

dx,

)

(3.17)

(&)

where the last line obtained by Cauchy-Schwarz inequality and a change of
variable x — Ax. Using Proposition 6.2 (see appendix), (3.17) turns out to be

l
- 1 -
I8¢, DFoqqy < CPA? 2 180 Dy | 7 2 e, Dllzaqey |-
1 k=0

By Hardy’s inequality (see [3]), we get

1
2

I8¢, Dllzay < CHA) (Z lak, A)IIiZ(R)) :
k=0

Further, applying Holder’s inequality, we have

lgllarz < CIIPAI 20 [1&llz2vgxrs)-
L, (R*)

O
Proposition 6.2 plays a decisive role in the proof presented above. However,
we could not find such estimate for the higher dimensional Hermite functions
(n > 2). Nonetheless, we prove the restriction inequality (1.11) for n > 2 and
p = 2 for the radial functions. Recall that a function f on R"*?2 is said to be
radialif f(x,t,s) = f(|x|,t,s)forallx € R"andt,s € R. If f is radial on R"*+2,
then f*” is radial on R" for any 1 € R* and v € R. Thus, by Corollary 3.4.1 in
[30] and the relation (2.3), for all k € N, we get

1 1 vy s ] 2y, ~ 2 IxP?
Pt D7) =0 and Py (D)(f*")(x) = Ry (f*)LE (14][x]%)e 277,
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where
I'k+1)

R V) —
2w (f*) F(k+g)

n T4 1]
1A]2 f L (AlIxPe s M dx

and L,f denote the Laguerre polynomials of type §(> —1) defined by Llf(r) =

k
%e’r‘5%(e"rk+5) forr > 0.
Proof of Theorem 1.2 for the case n > 2,p = 2,1 < q < 2: Letf €
8,qd(R™?). To prove (1.11) for n > 2 and p = 2 (proceeding as in (3.16) for

n = 1 case), it suffices to show

A L T <
k;fo <|R(k’ 4k+n,/1) +|R(k, 4k+n,/1) )/12¢(/1)d/1_C||f||L}LgL§,
(3.18)

where

1

2

L 1l
Rk, 2,v) = o f FeoLE (Al M dx.
Rn

Dk + 2)(ak + )zt
(3.19)

Consider the operator T : 8,,4(R"*?) — L?>(N, x R*) defined by
(Tf)(k’ A’) = R(k7 aZkA’ l),

where f is related to R through (3.19) and the space L*(N, x R*) endowed with
the measure £2(N,) ® L>(R*,12¢(1)dA). To prove (3.18), it is enough to show
the adjoint T* is bounded from L?(N, X R¥) into Lf°(IR;Lg (R;Lf (R™))). For
a € L2(Ny X R*), the operator T* is given by

T*@)(x,t,5) = Y | alk, e iate=i1As £, (ay 1) (x)/lgz,b(/l)d/l,
k=0 /R

with

n

L0 = | ——EED ] e

Tk + 2)(4k + n):""

Again using Minkowski’s inequality together with the Hausdorff-Young inequal-
ity (see (3.13)), for any fixed t € R, we have

||T*(OC)(, t’ ')”L;ZIL)ZC S C”g”LgL)zc’
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where g(x,4) = /131,0(/1) Z a(k, 1) £y (ayA) (x). By an obvious change of vari-
k=0
able, we get

18C, IR,y < TH@P Y el Dlla@ D] | L@@ |£ila)x)]|dx.
k,I>0 R~
(3.20)

Now, by Lemma 4.2 in [28], there exists C > 0 such that for all k,[ € N,

fRn (=) @) () @

N
4k +n max(k, )’

Note that the above result is stated in Lemma 4.2 of [28] for even n, but a same
idea works for odd n as well. Once we have (3.21), applying Hardy’s inequality
in (3.17) and after using Holders inequality (arguing as in the proof of n = 1
case), we obtain (3.18). O

dx < (3.21)

Remark 3.2. We consider the surfaces
S. ={(a,4,v) e N X R* X R : v* = 2|a| + n)||,+v > 0}, (3.22)

to obtain Strichartz estimate for the wave equation (1.14). The induced measure
do, by the projection 77 : Nj X R* X R — N x R* onto the first two factors,
for the surfaces S, are given by

f@daf > f O(a, A, +V Qlal + n)[A] ) da,
S R*

n
+ aeNy

for any integrable function ® on S.,.

Arguing as in the proof of Theorem (1.2), the restriction inequality (1.11)
can be archived for the surface S, = S, U S_ endowed with the corresponding
localized measure.

4. Anisotropic Strichartz estimates for the homogenous case

We consider the following class of functions : A function f € S(R"*!) is said
to be frequency localized in a ball By, center at 0 of radius R if there exists a
smooth, even function 3 supported in (—1, 1) and equal to 1 near 0 such that

f=9(-R?G)g, (4.1)
for some g € S(R"*!), which equivalent to saying that for all (a, 1) € Nj X R*,
[, ) = pR72(|a| + m)[ADg(, D). (4.2)

Note that (4.1) is defined using functional calculus for G. By construction it is
clear that any function f € S(R"*!) can be approximated by frequency local-
ized functions in L? sense. Now we are in position to prove Theorem 1.3 for
h=0.

Proof of Theorem 1.3 for h = 0: First, suppose f € S(R"*!) is frequency lo-
calized in the unit ball B, i.e., there exists a smooth, even function i supported



1636 SUNIT GHOSH, SHYAM SWARUP MONDAL AND JITENDRIYA SWAIN

in (—1,1) such that f(a, 1) = ((|a| + n)|A])g(a, 1) for some g € S(R"*1). Let
O = gorr|g and the localized measure on S be doj,. = do defined in (3.6). In
view of (2.12) and (3.7) we can write

e B0 f(x,1) = Es,, (O)(x,1,5).
By the restriction inequality (1.12), we have for2 < p < q < »
||e_iSGf||L;>°L;1ij < Cl1Oll2(s.doy,) = Cllforlsllzas.doy = Cllf 2y, (4.3)

where the last equality is obtained by (3.5) and the Plancherel formula (3.2).
Next, assume that f is frequency localized in the ball Bg. By (2.9) one can

check that the function f; := fodz-1 is frequency localized in B, and hence
applying (4.3) we get
—i ]
e fRCe Dllgerarr < Cllf Rl = CRZ Il (44)

Again using (4.3), we have e C fp(x, ) = e R "G f(R~1x, R=2t), thus from
(4.4) we obtain

2 n
— —=—= . _iR—2 - - -
le™56 fllppagp = R 1 2l ® ™50 R, R21)|[popary <CR 2 1 2[|f [l 2oy
(4.5)

So, if f is frequency localized in the ball B, then

e fllpopaze < ClF lzqnsy.

provided 2 + % = ”—:2 and hence the estimate (1.13) (with h = 0) follows by

density of frequency localized functions in L2(R"*1).

Using Theorem 1.2 for (p, q) = (2, 2) and following the preceding argument,
we can derive Theorem 1.3 (with h = 0) at the point (2, 2). O
Proof of Theorem 1.5 for h = 0: Let f, g € S(R"*!) with G~'/2g € L2(R"*1).
Using (2.10) and the inversion formula (2.8), the solution of (1.14) (with h = 0)
is given by

1 . _ R

uCx,t,s) = ), > f e 3, eTVOCIEIIG (@, )@L(x)dA,  (4.6)

27 =
+ R* aeNr

where ¢, = %(fi lG/—l/\zg)

Let the surface S, = S, US_ endowed with the measure do,, where S, do..
are defined in Remark 3.2 and © = @ or| s, on each sheet. With this, (4.6) can
be writtenasu(x, t,s) = Eg, (O)(x, t, s). Assume that g+ are frequency localized
in B;. Proceeding as in the proof of Theorem 1.3 for the surface (S,,,do,) and
using (3.5), we obtain

lluCx, t, 9o parp < CllOIlras do,) = @llanexms) = [1@2llramarny, — (4.7)

for2<p<g<oco.
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If ¢, are frequency localized in Bg, then the functions ¢, g = ¢, 0dg-1 are
frequency localized in B, and give rise to the solution
ug(x,t,s) = u(R~'x,R~2t,R71s).
Thus, using (4.7) we obtain

nt2 1 n

By Plancherel formula, we have
1P sy = 1941 gy + 19— Poggunssy = IF 1Paqgunssy + 1167281 gunery
Hence, we conclude that if f, g are frequency localized in Bg, then

G, £, )llpmgare < C (1 llznesy + 1678l 2gon)

provided Til= n7+2 Thus, Theorem 1.5 for h = 0 follows by density argu-
a9 p

ment. ]

5. The inhomogeneous case

The solution of inhomogeneous Grushin-Schrédinger equation (1.5) is given
by Duhamel’s formula:

N
u(x,t,s) = e 50 f(x,t) — i/ e~ i6=Gg(x, t,5")ds’. (5.1)
0

S
Proof of Theorem 1.3: Let v(x,t,s) = i f e—i(s—s')Gg(x, t,s")ds’. Clearly, we
0
have

oG lgpae < f o0 Og ., )| papds'. (5.2)
R

First, assume that, for all s’, g(, -, ") is frequency localized in unit ball B, in
R"+1, For each §', using (4.3) and the unitarity of ¢/5'C, (5.2) yields

||U||L;’°L§ij < C/ ||eiS,Gg(', ':S’)”LZ(R"“)dS, = C/ llgC, ',S’)||L2(Rn+l)dsl~ (5.3)
R R
Now assume, for all s, g(-, -, s) is frequency localized in Bj. Letting
S
8r = R_zg(', K] R_Zs)oaR*1 and UR(X, S, t) = l/ e_i(S_Sl)GgR(x, L, Sl)ds,,
0

we find that gp(-, -, s) is frequency localized in ball B for all s and vg(x,¢,s) =
v(R™'x,R™2t,R~2s). Applying (5.3) to gz and using
E
llorllzerary = R Plvllpeorarr
with

241
llgrllL1r:r2mn+1)) = R2 77 ||gll L (Rir2(rr+1))s
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we obtain
2 2 n
lVllzerae < CR > @ Pligllpiriz @) (5.4)
Taking 24 = n7+2 and using density of frequency localized functions in

q
Li(R; L2 ,(R™*1)), (5.4) turns out to be

Vllzerere < Cligllniwizz, @) (5.5)

t sTXx

and holds for allg € L}(R; L2(R"*')). Combining the estimate for the first term
in (5.1) from Theorem 1.3 together with (5.5), we get (1.13).

We can derive Theorem 1.3 at the point (2, 2) using Theorem 1.2 for (p, q) =
(2,2) and arguing as before. ]

For the inhomogeneous Grushin wave equation (1.14), one can apply Du-
hamel’s principle and follow similar arguments as those used for the inhomo-
geneous Grushin-Schrodinger equation (1.5) discussed above to establish The-
orem 1.5. The details of the proof are left to the reader.

6. Appendix

Let usrecall asimplified pointwise estimate for the Hermite functions {h }ien,
(see [17], Corollary 2.8). For k € N, we denote 1, = 2k + 1.

Lemma 6.1 (Rough pointwise estimates for Hermite functions). There exits
C > O such that for any k € Ny and x € R,
(

ifolx <2

1
4

.’

2
|hk(x>|sc‘<a,;+|x2-z,§|) if S xS 2

x2

ke—

8 if x| = 24.

Using the previous lemma, we derive the following proposition, which plays
a crucial role in proving the endpoint case for n = 1 in Theorem 1.2.

Proposition 6.2. There exists C > 0 such that for any k,l € N,

c
< maxik, [}’ ©6.1)

1 f ( X ) ( X )
3 3 hy. h dx
Ck+1):(2l+1): /R V2k +1 Va2i+1

Proof. Let k < I. We split the region of the integration in (6.1) into three parts
and estimate each part separately.
(1) In the region {x e R : |x| < 2/1%}, applying Holder inequality and using
1

2
the estimate ||k (4. ) hy (4, -)”LZ(R) < (21%)1’ in Corollary 5.2 of [17], we
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obtain

3
.
/ 2 e (A1) [l (271 x) | dox < 22 ([l (A7) by (7)) oy < @k+1): 1); :
Ix|<222 2l +1)4

(2) In the region {x € R : 2/1]% <|x| £ 2/112}, we use the pointwise estimates
in Lemma 6.1.

Case I: Assume %/112 < 2/1i. Then

212 X2
1 =
-1 -1 22 1
f2/12<| . | (A1) || (A7) | dx Scfuz e Mi— ~dx
<|x|< _ 1
k ! k (/1l3 + 4 2x2 —/112|)4
3 2 A;‘ 2
— 2 T 1
_Clllzfaie k — 1dx
3 (4, ° +Ix2 =13
s A2
<Clle 24 —dx
1 Py
3 |x2—1]¢
C
< —7F,
Q2L+ 1)+

where the second equality is obtained by changing the variable x /112x and
24
. . —ﬁ 322;
the last inequality follows from the fact thate **% < -
1

Case II: Assume 24, < %/1[2 Then
1 l/112 x2
_ _ - [ =
fz . | (2" )| [ (21 x)| dx < €2, 2 /2 e Medx
222<|x| <222 222
2
Lol g2
<Cca* f —dx
2/12 x2
k
< —c s
Ql+1)+
and arguing as in the Case I, we obtain f |hk (Alzlx)’ |hl (AI—lx)‘ dx <
%/1125|x|s2/112
Ll. Thus,
2l +1)-

_ _ C
[ ) ax s ——.
2WsIx| <22 (2l +1)s
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(3) In the region {x € R : |x| > 2/112}, again we use the Lemma 6.1. We
obtain

0 ( zzc”zz) 2
“\ sz ¥
f |hk (/1];1)6)| ’hl (ﬂ,l_lx)| dx < Cf e \*A ) dx.
|x|22ﬂ.12 2/112
.. +A7 )
Then writing A = I and X = 247, we have
k™l

—Ax? —Ax? —AX?
e dx < —— 2Axe dx = ——e <—\|—).
fX 24X J, 2AX 24X \ /2 x)

Thus,

[SRE%

2

1 1
e (A7) |y (A7) |dx < C | —%— ) = <
Lw[z;k(k )| | (471)| yrwed by

C

—_—
2l+1)2
After combining the estimates obtained in each case, we get (6.1). O
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